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We construct explicitly a special class of semigroups of completely positive maps on the CAR
algebra and give an application on a model of thermal contact.

|. INTRODUCTION

Recently, semigroups of completely positive maps on
C *-algebras have been introduced in mathematical physics.
The main physical motivation to study such objects comes
from non equilibrium statistical mechanics. Groups of auto-
morphisms have been used with success to describe dyna-
mics of reversible processes. They give also a good descrip-
tion of return to equilibrium for weakly interacting systems
close to equilibrium.

In opposite, one cannot hope to use groups of automor-
phisms to describe irreversible processes arising from sys-
tems far from equilibrium. The use of semigroups of com-
pletely positive maps is a simple theoretical alternative in
this case, which conserves the deterministic properties of
groups in only one time direction and involves nonhomo-
morphic transformations of the algebras.

The general structure of such semigroups is only known
under some strong continuity conditions.! On the other hand
several constructions are available in particular cases.>”

This paper is organized as follows. In Sec. 11, we intro-
duce semigroups of quasi-free completely positive maps on
Clifford algebra and describe their structure. In Sec. 111, we
consider more specifically a one-dimensional continuous
system of fermions and study a special class of quasi-free
semigroups, namely those which transform in itself the class
of quasi-free states which are stable and invariant under the
free evolution. We give explicit constructions in Proposition
IIL 5.

Finally, Sec. IV is devoted to an application on a model
of thermal contact. We exhibit a quasi-free semigroup which
asymptotically transforms an initial state describing two
subsystems at different temperatures to the expected equilib-
rium state for the total system.

Il. COMPLETELY POSITIVE QUASI-FREE SEMIGROUPS
ON CLIFFORD ALGEBRA

Let (H, s(.,.)) be a real Hilbert space; its associated Clif-
ford algebra A(H,s) is generated by 1 and the self-adjoint,
real linear elements B (), YeH, satisfying

{BW)B(p)} = 2s(t.)1.
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A linear map @ : A(H,s)—A(H,s) is called completely
positive (CP) if, for all neN, @ ® 1,, is positive on
A(H,s) ® M, where M, is the algebra of n X n complex
matrices.

In the following, we shall deal with CP maps of a special
structure, namely the quasi-free completely positive maps.

A linear mapping p from the algebra of finite, complex,
linear combinations of 1 and the monomials B (¢,)...B (¢,,)
with ¢,€H, n = 1,2,..., into C is called a quasi-free functional
on A(H,s) if it satisfies:

® P(B ¥)-B¥,, + 1)) =0,
(ii) p(B (¢, )-+B (,))

= > (= YWp(BW,)B®,))pBW,, )BE,))

where the sum is taken over all partitions P of {1,2,...,2n}
intosets {i5, 1, is |, kK = 1,..,n,suchthati,, | <iy andi,
<y <+ <y, | and where y (P) is the parity of the permu-
tation {1,2,....2n}—{i 5,y }-

Theorem I1.1: Let TeB(H ), p be a quasi-free functional
on A(H,s) and P be defined by:

D BW)-BW®)) =Y (— DYBTY,)-B(TY,)

xp(B@, )B{,)), ey
where the summation is taken over all the partitions P of
{1,...,n} into two sets {7,,....0; |, {ix | |esi,, } satisfying 7,

<y < <yl < <i, (amonomial of order zero s tak-
en to be 1) and where y (P) is the parity of the permutation
{1, m)—{d i, ]

Then @ extends to a completely positive unity preserv-
ing mapping on (H,s) if and only if

(1) T'is a contraction on (H,s);

(ii) p extends to a quasi-free state on A(H,s,), where
570 =s(,.) — s(T.,T.).

Proof: The sufficiency of the conditions (i) and (ii) fol-
lows from a straightforward generalization of Ref. 4.

We now prove the necessity. As p is quasi-free one has
forye H

s@.¥)’p(1) = p(B W)B (B (B (¥))
= p(B(W)B (¥))p(B W)B (¥))
= s ¥)p(1),

and so

p()=1.
As Viye H,

D (B(@)) = B(TY)p(1) = B(TY),
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and as @ is certainly 2-positive, one has:
s(TY, TY)1 = B(TY)B (Ty)
=D (BW)P(B®Y))
<P (BB [¥))
=s@)P 1)
=51

Therefore T is a contraction.
Finally for ¢, ¢,€ H and A€C one finds, using:

P[BW,)+ABW,)]P [BW,) +AB () ]*
<P [(BW,)+ABW:))B @)+ AB[¥,))],

that

|4 %57 (#22) + 2 Re{4 p(B (4,)B (%))}
+ 5,(¢,,3,)>0.
As Tis a contraction on (H,s) this implies that

|p(B @)B ¥,)) I 2<sr (@2 2)5 (%1 1) 03]

Using the self-adjointness of p and (2) one now immedi-
ately obtains

p(B¥))B W) = sr (¥ ) + isp (A, 1),
where AcB(H,s;) satisfies

sr(AY, ) = —sp(¥,,4,)
and
41, <L

It follows that p extends to a quasi-free state on A(H,s,). |}
A completely positive unity preserving map on N(H,s)
that satisfies the conditions of Theorem II.1 will be called
quasi-free and we use the short-hand notation CPQF to des-
ignate it. In order to define a CPQF map it is sufficient to
give its action on monomials B (¢, )B (¢,) of second degree.
Usually, one starts from a complex Hilbert space
(##,(+|-}). Its underlying real Hilbert space (H,s), with
s(-,©) = Re(:|-), coincides with #° as a real vector space. In
this case, creation and annihilation operators are defined by

a*(¥) =1 3B@ - iB fiiﬁ)], ve F,

a(y) = 3[B ) + B ()],
and satisfy the usual CAR. The gauge automorphisms y, are
then given by

voa*(¥) = e®a*(y), 6€[0,27].

We are especially interested in strongly continuous se-
migroups of CPQF maps which commute with the gauge
automorphisms.

One immediately checks that such a semigroup @, is
defined by

@, : a*(Pa()—a* (T, Pa(T.@) + (L@ |¥), 3
where { T, |tcR * } is a strongly continuous contraction semi-
group on & and {Q, [tcR * | is a weakly continuous family
of bounded operators on 7 satisfying

0<Q,<1 — T*T,, >0
and

Qt,+t2 =Qt, + T:Qtsz, » b, 8520
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Let w, be a gauge invariant quasi-free state defined by*
w(a*Walp)) = (p |49),

and {®,|tcR " | asin Eq. (3), then v, © P, is again a gauge
invariant quasi-free state and

04O P = Drayr s g - 4)

lll. CPQF SEMIGROUPS ASSOCIATED TO FREE
EVOLUTIONS

In this section we explicitly construct gauge invariant
CPQF semigroups. To keep the situation as simple as possi-
ble, we will treat a one dimensional continuous system of free
fermions. From now on, % is the Clifford algebra built on
LR,dx) = .

The free evolution on 9 is described by a group
fa,|teR} of automorphisms given by

a,a*(P) =a*le” "), yeX.
We pass immediately to the momentum representation.
The free evolution is then given by

a*(l/,)_,a*(Mexp( k) ¥),
where M. denotes the multiplication operator on 7 with
the function ki—F (k).

A gauge invariant quasi-free state which is invariant
and stable for the free evolution is determined by a multipli-
cation operator M., on #° with O<a(k )<1 and
a(k) =a( — k).

We now write # = %~ @7+ with

* = {¢e X’ | Suppy C R},
and define the inversion operator

(p)k) =¢(— k). &)
So, the gauge invariant quasi-free states which are invariant
and stable for the free evolution are in one-to-one correspon-
dence with the multiplication operators on # *, nonnega-
tive and bounded by 1.

We wish now to study the subclass of gauge invariant
CPQF semigroups which are essentially characterized by
the requirement that they conserve invariance and stability
properties of states with respect to the free evolution. As long
as only gauge invariant quasi-free states are concerned the
previous remarks allow us to restrict our study to semi-
groups on (7" ). Then, using in the momentum represen-
tation the same notations as in Eq. 3, it is sufficient, consider-
ing Eq. 4, to impose that & (#) C M, where

D(4)=T*AT, + Q,, AeB(F ),

and .# is the Von Neuman algebra of multiplication opera-
tors on 77 .

For clarity, we summarize the previous notions in the
following definition:

Definition I11.1: A free semigroup of CPQF maps on
9(H#° ") is a semigroup of maps D,, teR *, defined by

@, : a¥(@)a()—a*(T,9)a(T,¥) + (¥ |p )
with the following properties:
(i) teR * —T, is a strongly continuous semigroup of
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contractions on #° %,

(ii) teR * —Q, is weakly continuous and 0<Q,
<1—T*T,

@) Q, ., =0, + T20.T.. 1,450,

(ivyo,(#)C .

It follows immediately from (iii) that Q,€ .# and
T* 4T, C #.As T, is a contraction semigroup 7 7, is
decreasing and bounded by 1 from above, s-lim, . T*T,

= R, exists and belongs to .# . It follows also from (ii) and
(iii) that Q, is increasing and bounded by 1, therefore also
Q_ =s-lim,___ Q, exists and belongs to .# . Two essentially
different cases can be distinguished:

(1) R_ =0, then T, converges strongly to zero and one
sees immediately from (1) that for any state w, @ © @, con-
verges in the w*-topology as +— co to one and the same gauge
invariant quasi-free state defined by Q_ . Explicit examples
of this type of situation can be found in Ref. 2.

(2) R, #0. In this case there exists at least a one param-
eter family of gauge invariant quasi-free states, invariant un-
der @,; namely those defined by the operators @ + AR _,
0<A< 1. We now investigate this case in more detail.

Lemma II1.2: With the same notations as above: Let
{T,|teR * } be a strongly continuous semigroup of contrac-
tions on #°* such that

O T*#4T, C 4, 120,

(i) T*M. T, =M, , where 0#Fe % (R", dk),
and where M is the multiplication operator by ¥, on %" .

There exists then a strongly continuous semigroup
{V,|teR * } of isometries on % * such that for £>0

O Veav, C #,

(i1 MF“(I/Z) T, = VrMF0(1/2) :

Proof: As T¥My, T, = M, one has for the polar de-
composition of My (5, T,:

Me )T, = VfMFo(l/Z) ’
where V, maps { M., 77 * } into itself. Extending ¥, by

the identity operator on {M % * ]* one obtains a col-
lection of partial isometries, still denoted by V,, that satisfy:

Mﬁ,(l/Z)Tz = J/IMF(,(I/Z) »
Vo =g, ¢E{MF0(1/2)%+ Jh ©
Writing
M = TrMF(. T, =MFU(I/2) V?‘V!MF.,(I/Z) s
and using Eq. (6) one obtains V*V, = 1,¢>0.So ¥, isan
isometry. As
Vf. + IZMFU(l/Z) =Mra,nT, 0, = MF0(1/2) T:. T,
= K.MFO(I/D Tz, = Vz, K,MF“(I/Z)’
t, 1,0,

one finds, using Eq. (6) again, that {¥,|tcR* } is a semi-
group. In order to show that it is strongly continuous it is
sufficient to observe that

v, — Vr.)Mﬁ.(1/2)¢7 | = ”Mﬁ,(l/Z)(Tl - Tr.)¢7 |
<”(Tl - Tr.)¢) ”’ f tl >0» qje%Jr

and to use the strong continuity of {T,|re R " }.
Finally we show that V*.#V, C .# . As_# is maximal
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Abelian, M, € .# and using the construction of V, it is
enough to show that for F,, F,e.¥ (R " ,dk) and >0,

[VP’MF, VnMF, ]“"Ilf.,(l/z)y/)r } =0.

Let Y ¥+, then
Mii 0| [VEME VM M0 )
= <¢ | MF[,(I/Z) VTMF, V:MF,MFu(l/z) '/’)
— (Y My My VMV M 00 ¥)
= W T*M M, T My 1)
— (WIM T*M M, T,)=0. [

Our aim was to construct explicitly the free semigroups
of CPQF maps as characterized in the Definition III. 1.
However, as we cannot solve the equations in Definition
I11.1 in their full generality, we will supplement them with a
regularity condition introduced in the following lemma.

Lemma IT1.3: Let { V,|teR * | be a strongly continuous
semigroup of isometries on % * which satisfy V* 4V,

C .# . The following conditions are equivalent:

(i) 3t>O0suchthat M.V, =V, V*M_ V,, M. . #,

(ii) 3z > O such that ¥,V *e .« . If one of these condi-
tions is satisfied then both hold for all >0, and M,
—V*M_.V, is a semigroup of s-homomorphisms of .#'.

Proof: ()—(ii) Consider M in .# . Then

MFVrVr = VIVrMFVr Vi= Vt{ Vl VTM’FV:}*

=V (MVI*=V VM.
As # is maximal Abelian, ¥,V *c .#.

(i1)—(1)

VV*M.V, =MV, V*V, =M.V,.

The last statements of the lemma follow immediately. B

Proposition I1T.4: Let (V,|teR * | satisfy the conditions
of Lemma II1.3, then there exists a family {u, |[teR * } of
absolutely continuous functions keR * —u, (k)eR *, and a
family {6, |t€R * ] of real-valued measurable functions
keR * —0,(k )eR such that:

(i) uy (k) = k and t—u, (k) continuous k-a.e.,

(ii) 6,(k ) = 0 and t—8,(k ) continuous k-a.e.,

(@iii) u,, , (k) = u,, (u,(k)), 1,,1,>0,

(lV) erl + Iz(k) = 012(k) + B,I(u,z(k ))’ tl 9t2 >0r

W) Vro)k) =" |uitk) | (u,(k)), g .

Proof: Consider the strongly continuous group of uni-
taries {M ..|seR} on 7 *. By Lemma IIL3, V' *M_ ..V, is
unitary. Hence { V *M ..V, | scR} is also a strongly continu-
ous group of unitaries in .# . By Stone’s theorem

VrMem V, == Mexp[isu,(k) I

where k—u,(k ) is a measurable function from R+ intoR *.
It follows that:

VMV, =M., , FeL~R*,dk).

By Lemma II1.3, ¥,V *e .#. We note 4, the support of
V,V'¥. Consider now a ¢ #°* such that SuppV, ¢ =A4,;
then, as ¥}V, = 1, Suppy = R *. One has for F

e =(R*,dk)

V?M)plle'/':M]Fo u’ll ¢’»
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SO

[ 1@ v | dk = [ 1o 191 dk

It follows that k—u, (k) is absolutely continuous.

We take now e # . Since

Vie=Vv.Vie,
one can suppose without restriction that Suppe C 4,, in
order to prove (v). We have

VIM, V. Vig=M,. .Vig=VIM .
Taking the scalar product with ¥ *@ one finds:
NG RGN NN G CIRE
A1
Hence, if

f |F(u, (k) |*|(VE@)k) [P dk =0, YFes (R ™, dk),

@k)=0o0n4,,
and

Ve =0.
Consequently

f |F (e, (k) |2 |V 0 )00 |2 dk

- f |F G, () 2K | o (at, G ) |2 ik,
leads to

|(VipXk)| =
and (v) follows.

The other statements of the proposition now follow
easily:

(iii) and (iv) are consequence of semigroup properties of
v ler ™|

(i) and (ii) express the initial conditions and the conse-
quences of strong continuity of t—V,. n

We are now in position to construct explicitly a class of
free semigroup of CPQF maps.

Let v :R * —R be a differentiable, strictly monotone in-
creasing function such thatv(R *) + R ™ C v(R *). Putting
in Proposition I1L4 u, (k) =v '(v(k) +t)and 8,(k) =0
one finds by (v) of Proposition II1.4 a strongly continuous
semigroup of isometries { V' *|tcR * } of #°*. Let now
A : R—C be a measurable function such that Re.2>0 and
such that

ui (k)| @ (u,(K))]

vk )
Fok)= exp( -2 ds Reh (s))ef‘”(]R *,dk).
(0)
Theequation T M, ,,», = My, 5, V¥ of LemmaIIL.2 then
admits as unique solution a strongly continuous semigroup
§ T*reR ™ | of contractions on #° * satisfying the condi-
tions of Lemma II1.2. Finally letg : R * >R ' be a bounded
measurable function such that g<2Re(A © v), and put

Q0 = fdsT:*MgT\.,
(0]
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then {7, {teR* } and {Q, |reR * } satisfy Definition IIL.1.
This situation can be generalized as follows:

Proposition [11.5: Suppose that

(a) v: R " —R is differentiable, strictly monotone in-
creasing and satisfies R *) + R C v(R ™),

(b) A : R—C is measurable and Res >0;

(c)g:R* —>R™" is measurable and g<2 Re(k o v).

Then

(@) {T,|teR ' } and { Q,|r€R " } satisfy Definition 1.1,
where

(T *)(k)
_ ’ dv !
dk

o)+ )| | 2 |

Xexp[ — f/?(v(k) +5) ds]z//(u “Notk) + 1)),

Q( = MK,’
with

K(k)= L ds exp[ —2 L Reh (u(k) + 7) dr]

Xgw "(vk)+s)), keR".
(ii) The semigroup { 7, |#R ' | tends strongly to zero iff

f Reh(s)ds = + oo.

€0)
(iit) M., with F absolutely continuous, is invariant un-
der { ¢, |tcR ' | iff it satisfies the equation:

F'=v'[2FRe(hov)—gl]
@iv) If
I}im F(k)y=0, Fe¥"R",dk),
then ‘

st-lim T*M. T, =0.

Proof: (i) is straightforward to check. Note that X,
e (R",dk) as:

0<K, (k)< J ds 2 Reh (v(k) + s)
(4]

Y exp[ -2 f Reh (v(k) + r) dr]

<1 —exp[ —ZJOIReh (v(k)+r)dr}.

This inequality yields also Q, <1 — T*7,
(i1) Define a unitary operator

V.. 7R, ds)—.2([v(0), ], ds),
by
oo '),
se[v(0), ], Ye¥ ',

and the strongly continuous semigroup {5, |t€R * | of (right)
shift operators on .7 >([v(0), « |, ds),

dv=!
7 (s)

Vo = |
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SNE =0, s<v0)+¢,
=¥(s—1), s>v0)+1t
One has then
T,=V*M,S,V, )

where M,, is the multiplication operator on

ZL*([(0), 0 1,ds) by
H,(s) = exp[ — th G—t+r) dr].

Therefore the semigroup { T, |t€R * } converges strongly to
zero on 2%+ iff {M, S,|teR * } converges strongly to zero
on .Z*([v(0), 0 ],ds) and this is the case iff:

J- Reh(s)ds = + oo,
w0)

(iii) is immediate;

(iv) with the same notations as in part (ii) of the proof,
VMV * is the multiplication operator on .Z*([(0), w0 ],45)
by s—F (v~ '(5)). As lim___ F (v~ !(s)) = O one finds

S— o0

s-imS¥MEM,.,  MyS, =0,

f-—>c0

one .Z*([v(0),  ],ds), and so, using Eq. 7,

s-lim T*M.T,=0, on #*. [ |

To put in evidence the physical content of Proposition
IIL.5, we give immediately a possibility of application in a
simple but typical situation.

Consider a system which is prepared in a translation
invariant quasi-free state determined by a function
k—F, (k) which vanishes at infinity. In order to let it evolve
towards the translation invariant quasi-free state deter-
mined by k—F (k ), where F (k ) also vanishes at infinity, one
can try to use a semigroup { P, |teR * } of CPQF maps. One
gets the desired result if it is possible to construct functions v,
h and g satisfying (a), (b), and (c) of Proposition III.5 and
such that

F' =y (2FRe(hov) —g) {[Prop. 1115 (iii)].
Then, by invariance of M. under &, and by Proposition
IIL.5 (iv), one gets
My = slim &,(M;) = slim (T*M, T, + Q) =0, ,
o0 froo
and so
s-lim @, (M) = slim (T*M. T, +Q,)

{-+oo

= s-lim Q,

— o0

=Q., =M.

IV. APPLICATION TO A MODEL OF THERMAL
CONTACT

We explicitly construct in this section a free semigroup
of CPQF maps which describes the physical effect of tem-
perature equalization between two systems of fermions.

We start from a one-dimensional free fermion system
which is initially far from the thermodynamical equilibrium:
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At the left of the origin, it is in equilibrium at the inverse
temperature and chemical potential ( 3, ,u, ) and at the right
at the inverse temperature and chemical potential ( B, ., ).
We look for a dissipative evolution under which this initial
state tends asymptotically to the equilibrium state at the in-
verse temperature and chemical potential ( 5, ,u,), deter-
mined from ( 5, i, ) and (B, ,i4, ) using standard thermodyn-
amical considerations.

We introduce some notation: & * is the Clifford algebra
built on .£%(R * ,dx); if keR—F (k )€[0,1] is a measurable
function, o, will denote the gauge and translation invariant
quasi-free state on 9 = A(.¥*(R,dx)) determined by the 2-
point function:

op (@ )a() = L‘”‘ J) F (o )pik).

If  is a state on %, @ * denotes the restriction of w to A~ .
We note F, , the Fermi-Dirac distribution function at in-
verse temperature 8 and chemical potential x:

1
eBK - ’
The initial state of the system is taken as the product state a
la Powers’:

F, (k)= keR.

— +
@ (0]
Foyin ® Fripr ?

and our aim is to calculate

lim [0, ®of, )°® |@*@aW), ey,

oo

for the as simple as possible semigroup {®,|teR * } which
leaves wp, invariant and which is constructed with the
help of Proposition III.5.

Thus, we consider in momentum representation the ac-
tion of the semigroup {®, |tcR * }. We first describe it on
B(.L>(R T, dk)) and then extend it by inversion with the
help of the operator P defined in Eq. (5).

We propose:
wk)Y=k, keR™,
F,  (k
h(k)=~§——ﬁ"—”—’——)—, keR*,
I—Fﬁsyﬂs(k)
Fo (k)
gk)y= — b =2h(k), keR*.

1—-Fy , (k)
One easily verifies that the conditions (a), (b), and (c) of
Proposition IIL.5 are satisfied, and that M Foym, is invariant
under { @, |rcR™* } [(part iii) of the proposition].

The operators T, and Q, on .¥*(R *,dk ) are then given

by:
(T, ¢ *)k)
0, k<t
=R -0 Ve |
( = Fy ) RGN
) Fy, (k)—F, . (k+t) .
Q¢ )= e =T k3D oo

1 —F; (k+1)
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Proposition IV.1: With the same notations as above

)¢—CUF

B3 13

*
w*-lim (a),” ., ® a)pn

t rac

Proof: As the free semigroups of CPQF maps transform
gauge invariant quasi-free states in gauge invariant quasi-
free states, it is enough to compute, for all pe.#*(R,dx)

M@ (a*(@)a(@))).

This 2-point function can be written as a sum of two
terms; the first one contains the action of the operators T,
and the second one pertains to the operators Q,:

@, . @, (a*@)a@)))
=1,(0) + L,(0),

L= Z;EJ*: dp [ F/f.‘u,(p)} ﬁw dxe—'rx

< [ ake o] + £, 0

t oo ) + =
f dx e "’"f dk e
0 -

LU%:fiwdk¢w)@L¢Xk)

In these formulas 7, and Q, stand for the operators on
|

Illfr: (a)F”I . ,”

+
® (z),:“:‘

X

(R, dx) extended from Eq. (8) by inversion. Due to the
form of Q, one obtains immediately

1

i~ [

:(L)[

quﬂ(k)Fm B3 (k)¢(k)
(a*(¢ Ja(p ).

We prove now that
m I,(¢)=0

I, () is the sum of two terms with the same behavior as
t— 0. We only treat the second one. We can write:

e + =
JdPF/snxz(P)’J dxe””"f dk é*
0 o

<2J@Fgmw)

» + oo
dxe ¥~ f dk e*(T, ¢
[§] x

|
o 4 o .
J- dxe”""f dk e
o .

where ¢ * is the restriction of ptoR*.

We can again limit ourselves to the first term in the
right part of the inequality which becomes by introducing
Eq. (8) for (T, ¢ *(k):

2

b= o ) o ) l_F k_t
f dP F/}_“ (P)~ f dXefszJ‘ dk e:kx( /3,‘,113( )
£ 2 M2 0 1 _ FBJ . (k)

<2J dpF, .. p+t)U dxe*"”‘J dk é*[1 — F, . (k)] ¢ (k)‘ +zf

172 n
) g “(k—1)

+ o

dpFy . (p+1)

oo

The first term tends to zero as t— o0 because
lim F, , (k)=0
Ak »u o

The second one can be estimated by

2 1
8rF, | [1— —— 1
O O

and tends to zero because

lim F; , (k)=0
koo 0

! .
d 'ftprA dk el/\x _ I F . s +k
f xe | ( [1—Fﬁj‘fts(k+t)]l/z)[ )] 6 )|

fu—ﬁmgmmé*wi

In conclusion, we have explicitly exhibited a semigroup which asymptotically performs the temperature equalization.

Remark that { T, [teR *

} does not strongly converge to zero, as follows immediately from Proposition ITL5 (ii).

On the other hand, it is not surprising that the final state is to a large extent independent of the initial conditions. Indeed
the model is purely descriptive with respect to the thermalization and in particular does not take in account the notions of
conservation of particle number and energy which permit to induce theoretically the value of ( 8, i, ) from the values of ( 5,

) and (Bs, 1y
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Generalized back coupling rules for the Racah algebra of Gin
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Two subgroup relations for double coset matrix elements (DCME) of the symmetric group S, are
derived by considering the processes of subduction and induction. The duality of outer product
coupling in Sy and inner product coupling in Gln identifies these as generalized back coupling rules
for the Racah algebra of Gln. An iterative procedure for evaluating the DCME, once a consistent
phase convention is established, is given. As an example the Racah sum formula for the
Clebsch-Gordan coefficients of SU2 is derived from consideration of Sy coupling only.

. DUALITY OF S,, AND Gin

In a series of papers' we have been developing the con-
sequences of duality between coupling in the symmetric
group Sy and coupling of the integral representations in the
general linear group Gln and its unitary Un and unitary uni-
modular SUn subgroups. Outer product coupling in S, cor-
responds to inner product coupling in Glz and/or outer
product coupling in Gl(n, + n,)/Gln, ® Gln,. This has al-
lowed the identification of Racah recoupling matrix ele-
ments in Gln with double coset matrix elements (DCME) in
Sy and isoscalar factors in Gln with weighted double coset
matrix element (WDCME) in S),. As a consequence, results
which follow from the representation theory of S, (ortho-
gonality of the matrix representations, adjointness with re-
spect to the alternating group A4, character theory, and the
group orthogonality completeness condition) hold also for
the Racah algebra of Gln. Duality shows the Racah factors
of Gln are independent of the particular dimension » and
requires symmetries (e.g., Regge’s symmetries) that appear
“hidden” when considered with respect to Gln only. Con-
versely, the DCME’s and WDCME’s of S, are independent
of the rank N to the extent equivalence relations in SUn may
be invoked, and symmetries which follow from SUn appear
hidden when considered with respect to Sy, only. The basic
combinatorial structure of the general Racah algebra is evi-
dence by the universal occurrence of square roots of rational
numbers for the numerical values of all recoupling or isosca-
lar factors. While developing the structural significance of
the duality between S and Gl has been our main objective,
completion of the work requires developing an evaluative
scheme for the DCME and determining a phase convention
showing which phases are fixed by consistency with the alge-
bras of S and Glz and which phases can be set arbitrarily.

In this paper we develop two recursion relations ex-
pressing the DCME of a group in terms of equivalent ele-
ments of a subgroup. The first of these relations when used in
Sy is the generalization of the Biedenharn, Elliot, and Racah
sum rules of angular momentum theory.? When used in con-
junction with the second relation it allows an interative
scheme to be developed for evaluating a general DCME of
Sy. The two relations are inverse to one another in the same
sense that subduction is inverse to induction. We give some
further examples of the nontrivial nature of these two rela-
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tions including a derivation of the Racah formula’® for evalu-
ating the Clebsch—Gordan coefficients of SU2.

The simultaneous consideration of several groups and
their irrep’s requires an initial section on notation. A resume
of some results from previous work is also given. The next
section derives the recursion relations for a general group.
This is particularized to .Sy in the next section and the itera-
tive evaluation of a general DCME is demonstrated. Other
examples of these relations and some comments on their
consequences for a phase convention are also given in this
section. A complete phase convention remains to be
established.

Il. NOTATION AND DOUBLE COSET RESULTS

Any group G can be factored into disjoint double cosets
(DC) with respect to two subgroups ;G \G /G ; (perhaps
identical) as G = U, ,GgG ;, where g are conveniently chosen
(but fixed) double coset representatives (DCR). In bases
symmetry adapted to the subgroup sequences (the symbol
~indicates an isomorphism)

_G,—q ' ,GgnG, .
G ~N
G— .GngG,q~"
on the left (bottom) and on the right (top) the double coset
matrix element (DCME) can be represented as

/l q AjAj mm'[/{ /{j ]
[,./1,./1,.m ,1“,1;,,,,]—6 | 4 Al 1)

a result which follows from the isomorphism between the
subgroups

iGWIqu— "= qlg™ ! qunGj)q - lziqu
and an application of Schur’s lemma. Here A with appropri-

ate left or right subscripts labels irrep’s of the respective
groups. Because the DCR g is implied in the symbol

5
i/{ iij ’

it will usually be omitted as a subscript except when a sum
over the DC is to be taken. Because of the assumed unitarity
of the matrix representation, the DCME are unitary on the
indices (;4, 4 ;) with the indices (4, ; 4 ) fixed. This is the

© 1980 American Institute of Physics 227



unitary transformation between the equivalent bases sym-
metry adapted to the two different subgroup sequences. Let
|4 | indicate the dimension of the irrep. and |G | the order of
the group. A weighting factor occurs frequently in what fol-
lows so we introduce the symbol

211611611 4]
1G] 4]]4,]]:G|
Because of the group orthogonality-completeness condition,

the weighted double coset matrix element (WDCME), de-
fined as

A4, A= 22)

A A A A
1/2 J = j
444, 4] [,.4 x.H,-x [4,]' 23)

()

also possess unitary properties on the indices (4, ; 4 ;¢) with
the indices ( ; A4, 4 ;) fixed. The WDCME is the unitary
transformation between two induced representation known
to be equivalent by Mackey’s subgroup theorem.

To develop the relations of the next section a third sub-
group G (k) is introduced with the notation ;G (k)
= ,6nG (k)and G,;(k )=G (k )nG, and a similar labeling of
the irrep’s. Fixed irrep. labels will be designated by A and
summed irrep. labels by €. Limits are always implicit in the
DCME’s occuring in the sums.

. EQUIVALENCE RELATIONS FOR DCME
A. By basis transformations in the irrep

Let G (k) be a subgroup containing a given DCR ¢ for
which the matrix representation is block diagonal when
symmetry adapted toG (k )\ G /G (k). Ifthematrixisknown
in this basis, equivalence transformations allow the matrix to
be evaluated in any other bases. The subgroup sequences of
concern for the equivalence transformations are

4, GgnG;
G,-/ \q,"‘GqﬂG,-(k)
/ _—
G G, (k)
\G(k)/ T~ 6.()
/ \ / J
G "G (k)
\ \
,G\ P G k)gG,q~"
iGﬂquqk‘

The isomorphism between the final groups in the se-
quence follows from geG (k). Since the corresponding
DCME’s accomplished the transformations among the
equivalent bases, one has

6,4,,,1; A ’{j
A A

!

[i/l k) 2 G(k)]
=2 fft,-(k)]u/{ e(k)
[f(k) Ej(k) ][ j ]
k) A k)] etk) e,k)
A A 1
X[e,(k) A,00) @D

We prefer the form with no explicit delta factors
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[,1, A,(k) [/1 A; ]

Ay AR LA A
_ A ek) e(k)
B 2[.-/1,- (k)] [ A elk)

15 R ) o
i€k) A;k)] Letk) A,k)
This is the first equivalence relation which by itself does not
provide an iterative procedure for evaluating a DCME due
to the occurrence of similar terms in the sum which except
for special choices are presumed unknown.

B. By projection operators
Matrix basis projectors defined by

=l |7 (32)
satisfy the orthogonallty condition
e/:nm’ e:rl"n = 5,{1 ' sm'n' e/rlnn (33)

and, on DC decomposition, factor as

- A A
ej,./lm,,{jn - Z em,,,{que,-jljp,n

€, P9

A A »
X|AA A A P (D" B9
i i€jlq
By induction a matrix basis projector of a subgroup becomes
a linear combination of matrix basis projectors in the higher
group summed over all irrep.’s appearing in the induced re-
presentation, i.e.,

= 2 es,-/lm, Am'

Consider the effect of a sequence (taken here as three) of
projections in various subgroups

(3.5)

€ i m 16005, € A pu 1) 92 E1 k) p A
A ] . € Ak)
- 2 Ak) Ak) Exnma,d;m ,{j ,1j(k) ’
(3.6)

where DCME transformations have been used to symmetry
adapt the induced middle projector to the subgroup se-
quences of the initial and final projectors. The intermediate
subgroups and irrep.’s indicated by ;A (k) and 4 ;(k ) need
not be unique and are chosen so there will be some nonvan-
ishing intersection as indicated by the DCME’s on the rhs.
One can identify the coefficients of identical elements on
both sides of this expression (the matrix basis projectors are
by construction orthogonal). In particular, the coefficient of
the DCR g on the rhs is

3jgmm e €L A ]
2961 |G| /l(k) A (k)
A k)
[ A A ] [/1 A,k
Evaluation of the coefficient of ¢ on the lhs requires care and

details are presented in the Appendix. Here we note the sub-
group sequences involved are
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'GgnG ,—q,;' GquG s’ "' G (k)s
/q, q g, Gqu ()\

S'
5q 'Ggs' ™ lhG(k)
\G e
/ t,.*‘GmGj(k) N
G—G (k) G (k)
\ / Gk)ns Gt ! ~
G(k)
G(k)ns“quq 's ~
5
Ganq '—.GngG,q~ ‘nsG(k)s*‘/

When consideration is restricted to DCR’s for which

g = sts’, the second and third subgroup sequences become
identical as do the fourth and fifth subgroup sequences.
Moreover, the final subgroups are all isomorphic

S= ;G;(k)=S". the final result demonstrates an equiv-
alence relation among induced representations, i.e.,

€ iA e A;1{e Ak)
Z{M) ,A(k)H,-/l iaj]{aj A,(k)]

A AR [AK) A,
ZS,SZ_,,{,-A, e,—(k)]x[/»(k) €, (k)]

’11' f/lj
X{A,(k) &), G7)

The DCR subscript is specifically indicated on the right be-
cause the sum is over ;€ (k) and all DCR for whichsts’ = g.
A form more comparable to Eq. (I) is obtained by using the
orthogonality of the WDCME to obtain

5 cwll 7
A, Al la 4,

A €(k)
zzlll'lf(k)ief(k)"/ljl[,l_ -6.(k)]
[/1 i(k)] [i(k) A,(k)

A €k)], | etk) €,(k)],

[ A; A ] 1
e el b
The sum is over all intermediate irrep.’s and compatible
DCR. Relations (I) and (II) are inverse to each other in the
same sense subduction and induction are inverse processes.
Substitution of either relation into the other leads to an
identity.

V. APPLICATION TO THE SYMMETRIC GROUP S,

For DC decomposition of the symmetric group
®S y\Sy/ ®Sy we consider cases where the range of all
subscripts is 2. The DC are in one to one correspondence
with DC symbols

[ %)
iN ,~N i
such that all entries are nonegative integers. For a given DC
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symbol the DCR may be chosen as the (; ¥, )th power of the
cyclic permutation C(  , v, of ordered sets { , N, } and

{ 1N} ie,g=(C n 4 w) V2 causes the permutation

;+
( 1 Nl 2N2 1 Nl 2 NZ)
1 Nl 1 NZ 2 Nl 2 NZ
all subsets maintaining a standard order. For the DC symbol
7 4 3
5 3 2
2 1 1

with Sy ® Sy, =81,34 ®Ss67 and S y ®S v = 812345 ®Se7,
one may choose the DCR g = (456) > = (654). The inter-
twining subgroup S, ® §; ® S, ® S, of ® Sy 55,3 ® S,

® S, ® S,, which is isomorphic under conjungation by g to
the subgroup S,,; ® Ss ® S;5 ® S5 of ®S . All matrix re-
presentations of S, can be taken as orthogonal, which seems
to be the reasonable (but not necessary) choice which we
assume here. Since two equivalent orthogonal representa-
tions are related by an orthogonal transformation, all double
coset matrices of S can be considered orthogonal. Ortho-
gonality requires

[/l Ai] [,1 ,./1]
A A LT A Al

The irrep. label stands for a partition A |- N with order parts
(rows) [;>1, ., . The rows or columns of a DCME must cou-
ple by the Littlewood-Richardson outer product rules.* In
the particular case of a one part (node) removal we use the
notation A  to signify the subduced representation [} =/,
— ;. The orthogonality relations alone allow the evalua-
tion '© of DCME of the form

(,1 Al 1] 1
AT A = —/—/————— 4.1)
1 1 of hTliHI
or
(A A7 1]
AT AE 1
i 1 o
_ +{(l,.—lj'i+j—i+1)(l,.—l,’i+j~i—1) ]1/2
B G —1i+j—ip

=i‘/{/1iiij/1j|vl/2. (42)

The invariance of these values under the transformation
I,;=1, + m,m a fixed integer, is an example of a hidden sym-
metry in S, which becomes apparent under the identifica-
tion of the DCME with a Racah recoupling transformation
and the use of equivalence in SUn.

The subduction relation (I) is simply the generalization
of the closure condition on transformation matrices that has
led to a variety of sum rules in angular momentum theory.
The induction relation (IT) has no such counterpart.
DCME’s are identical to (9 — /) recoupling transformations,
and WDCME’s for irrep.’s with parts not exceeding the re-
spective dimensions are identical to isoscalar factors !@©
for U(n, + n,)/Un, ® Un,. One may express a recoupling
transformation of U (n, + n,) in terms of recoupling trans-
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formations of Un, and Un, and the appropriate isoscalar
factors. This leads to a particular case of the induction rela-
tion (IT). The induction relation is more general since there is
no dimensional restriction on the irrep.’s.

An iterative procedure for the evaluation of a general
DCME by sequential one node additions can be established.
For the indicated choices, Eq. (II) becomes

which allows an iterative buildup of this form from

T A, 1P
1 0 1|=1 (4.4)
A, A4, O

1 A0 1k (The unit value of this initial form is justified below. Thus
A, A4 1
A AT 1P
S N oL o san
Iilfljl’ljlm’ljll 1 1 ———2— m'{'l, (4.5)
T AU T k=0~ T tm =) AT AT O -
/11' /{ik 1 2 R .
i am 1] 4 |4 | @.3) where ¢ (1,) = + 1 for A, = [2] or [1?]. Presuming
! ! 4N, ' ‘ DCME’s of this form known, relation (I) with the indicated
Ay Ay choices becomes
A Ay A A A, A € 1[4 e 1 e A A, 1A 4, 4,
1’11 l/llf 1 l'l 1’11 1’12 = Z 1’1| 1’111‘ 1 1’1 1€ 1 1€ l'llI( 1’12 € '1{ '12 ’
2/{1 2/11 O ZA' 2/11 2/12 1/12 1/12 O 21‘ 21' 0 2/1 2/11 21‘2 l 1 O

(4.6)

which, once a phase convention is established, allows iteration to evaluate any general DCME.

V. OTHER EXAMPLES

Relations (1) and (II) have an important bearing on establishing a consistent phase convention. For the indicated choices,

relation (I) becomes

/{] l/{‘l 2/7'1 /{’2 2/12 1’12 A‘ 1’1 /12 6(1) l/{’l 2'{’2 6(2) 211 1/12
1/11 IA’I O 1/{2 O 1/12 l/l l/ll 112 = Z 1/11 ]'{1 O 1/12 O 1/{2
2/11 0 2/11 2/12 2 2 /{ 2 1 2 2 2/12 0 2/12 2/11 2/11 0
A A A A A A 5(1) e(z) A A A
X A A 0 24 [1’1 14y A le(D) A4 a4, | 4.7
142 0 142 ] L242 24 Az Al e A 142
Matrix elements of the identity in a given bas1s of the form
(A A, A4,
Ay A O
A, 0 4,
have unit value. Matrix elements of the form
A A, A,]
A, 0 4,
A4, 4, 0 ]

are identical to a 3- j symbol and must have value ¢ (1 — A, — 4,) = + 1 because of orthogonality. The above expression

thus becomes

A A, A, A €l) €2
44, 14 | = Z¢(2/{ — 241 — AP (E) — (A, — KA ) Ay — 1Ay — 54;) A ad 14
Lz'i A 24y A A A
A A, A,
x|e() A a4 4.8)
€2) A4 142
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The product of phases may be regarded as the matrix element of the DCR in a basis giving block diagonal form, while the other
DCME’s bring about the transformation to the alternate bases. A similar application of Eq. (I) gives the phase upon exchang-
ing the second and third columns (similarly for the rows) as

A A A A A A
lﬂ' 1}‘2 1'{1 =¢('{ —/12 -/11)¢( 1'{ - 1’12 - 1/11)¢(21- - 212 - 2'{1) I’{ 1/11 1}*2 . (4-9)
A Ay LA A LA LA,

An obvious constraint on any phase convention is that it be consistent with the characteristic roots of the DCR in S,. The
phase ¢ (A — A, — A, ) is in general not separable into a product of phases associated with each irrep. as is the case when
consideration is restricted to bipartition (SU2) irrep.’s only. The first counter example is 4, = [2,1] = 4, with 4 =[3,2,1]
occuring in the symmetrized square and the antisymmetrized square. In such cases it is assumed a phase convention

(A —A1Yy= 41and (A — A "y= —1is possible.

As an example of another application of Eq. IT, consider A = [N — M,M ] abipartition irrep. of S, and let the other
irrep.’s be the one dimensional symmetric irrep.’s of their respective groups. We wish to calculate the DCME

[(N—MM] N, N, ]
NV N, N |
L 2N 2V 2N2_
Choose A (k) = [m*}[N — M — m,M — m), m arbitrary, for which ;A tr\d (k)1 =41 =4 (k)1n A ;1. Equation (I) yields
[[N-MM] N N, ] [m?] m m
N 1V, N, | = 2 m [m—L] L
Y A A A R O A 2
([N—M—m,M—m] [N, —m] [N, —m]
X [\N—m] [N, —m+L] [N —L]
L [.N—m] (.M —L] [:N,—m+L]

< O G

By choosing m = M, the problem is reduced to evaluating the DCME

X

[[M2] M M

M [M—K] K |

| M K (M—-K]]

which by an application of the same result is given by

[[M2] M M ] [m?] m m

M [M—K] K =3 m [m—L] L

| M K IM—k1]l "lm L [m—L]
[(M — my?] (M~ m] (M — m]

X| [M—m] [M—m~K+ L] [K—-L]

(M —m] [K—-L] [M—m—-K+L]

X[(Z:g@ (Z)] @.11)

By induction and using

[[12] 1 1
1 0 1= -1
! 1 0O
one obtains
[A2] M M
M [M—-K] K =(—1)K(11‘:) I (4.12)
| M K {M—-K]

and therefore

231 J. Math. Phys., Vol. 21, No. 2, February 1980 John J. Sullivan 231



[N_MvM] Nl NI
lN 1N1 1N2
N 2Ny LN

N

TR 0 P) P)
X

The WDCME of this element is an isoscalar factor identical to a Clebsch-Gordan coefficient of SU2, i.e.,

N /2 ,N/2
(N — (NV,) (LN, — . N,)
2 2

(3 )
(Nl _Nz)
2 2

which agrees even in sign with previously developed sums for evaluating the Clebsch-Gordan coefficients of SU2.}

IV. CONCLUSION

We have established two sum relations for DCME or
recoupling coefficients. They are sufficient, once a phase
convention is established, to allow an iterative evaluation of
any DCME. However, an iterative one node addition proce-
dure may be very inefficient for evaluating a specific DCME.
One may take advantage of all symmetries of the DCME’s
and WDCME’s to reduce the number of steps relating a de-
sired coefficient to other known coefficients. Association of
the irrep.’s of S, with respect to the alternating group 4, as
a subgroup of index two and relations based on the character
theory of Sy appear as hidden symmetries from the point of
view of SUn. Equivalence of irrep.’s in SUrn and complex
conjugation appear as hidden symmetries from the point of
view of Sy and lead one to consider interchanges of all rows
and columns in a DCME. In this regard irrep.’s with rectan-
gular Young patterns seemn to have special properties.

There exists historic precedence for a phase convention
in SU, (and a history of fixing arbitrary phases in different
ways). A phase convention for general SUn must be certain-
ly nonsimple.® Proposing a phase convention consistent with
both S and SUn requires further study.

Note added in proof: All symmetries and a consistent
phase convention are considered in a paper being prepared
for publication.

APPENDIX: Evaluation of the coefficient of g on the lhs
of Eq. (3.6)
Under DC decomposition the lhs of Eq. (3.6) expands

as
Z e"n?,Jf l(k)pls € ;:;((:))Plv € kY p, ¢ e);é(/fk))lpzy €KK)" pa s’
"y A A ek) Ak ["/l A0
Xelarpum | AiAy ey A0 | 7T
Ak) A;k)
) €(kY A,
XA k) A k) e( )Aj(k)|[i/1(k) €)1,
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)] . 4.13)
_ (N—2M+ 1) ,N!,NN,IN,! ]1/2

(N=M+ D)IM! N,!,N,!,N,1,N,!
(N-MM] N, N,

IN lNl INZ

2N 2N1 2N2

A kY A [ /lj i/{/"
XIA] j(k)i€j( ) i jl Aj(k) iej(k)" P
X (] €,k | e, (kY [ | €, ()" 177, (AD)

where sums are to be taken over all €, p, and DCR for which
sts” = g. DC decompose the inner two projectors and restrict
consideration to the DC with the identity as DCR. In gener-
al, such a restriction proceeds as follows:

. v | Arer’| A T
eﬁw’p’ e = Z Crep, Ceprp el | r €
o 1ANT]
=8 "e" . AN A e A2
" 1G] 7] (42

where the last equality holds iff the subgroups 7'\ G /T are
identical as in the present consideration. Carrying the
DCME’s and weighting factors implicity and just writing
down the operator portion, we now have

(A3)

A vy
D el qrrp SIS €Ll pm-

Finally, since sts’ = ¢, we may commute the remaining
projectors with sts” (because of the isomorphism), sum on p,
and restrict to the identity element to obtain the factor

LA L]
|G,
Collecting all factors generated above and identifying the
coefficient of g on the two sides of Eq. (3.6), we have

Ll i
2igTlicy amlla a1l 2,00
_ g PR A®) 64,6

6."1,/1_;5"!’"'

|G |44 .4;4;]
[,,1 ,A(k)] [/z(k) Aj(k)]
A, g, LAK) e k)],

[ A 4 ] A4
) el a4

Use of the unitarity on the WDCME removes the sum of the
lhs and gives the expression (II).
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An algorithm is developed which permits us to construct all the finite subgroups of the
generalized Lorentz groups O(p,q) up to an O(p,q) conjugation. The application of this algorithm
to the Lorentz group O(3,1) is outlined, and the full list of finite subgroups compiled.

I. INTRODUCTION

Properties of the Lorentz group O(3,1) and its represen-
tations have been intensively studied for many years in view
of the important role of the group in physics.! Continuous
subgroups of the Lorentz group have been classified” a long
time ago and have often been used since.

A classification of the finite subgroups of the Lorentz
group is undertaken for the first time here, although, as we
explain below, the problem has been almost solved on several
occasions in a different context.

The purpose of this article is to bring together known
general results concerning finite subgroups of the pseudo-
orthogonal groups O( p,q) and to formulate a computational
procedure which provides the desired list of representatives
of O( p,q)-conjugacy classes of finite subgroups of O( p,q).
Naturally, such an algorithm requires that the finite sub-
groups of O( p) and O(g) are known. As an illustration we
solve the problem completely for the Lorentz group O(3,1).

Technically, a classification of finite subgroups of
0(3,1) could proceed in several ways. A possible approach
would be to recognize that our problem practically coincides
with a problem of Shubnikov and Koptsik® and to complete
their list of 122 antisymmetry point groups which are exten-
tions of the crystallographic groups to the full list of the
antisymmetry point groups acting in R . According to
Lemma 1 below; every finite subgroup of O(3,1) is an O(3,1)-
conjugate of a subgroup of O(4). Hence one could start from
the known® subgroups of O(4). Still another way would be to
use a continuous epimorphism of the group SL(2,C) on the
orthochronous Lorentz group O, (3,1).

In Sec. II two lemmas are formulated which lead to an
algorithm for finding all the finite subgroups of the general-
ized Lorentz group O( p,9) up to O( p,g)-conjugation start-
ing from known finite subgroups of O( p) and O(g). In Sec.
I1I the algorithm is applied to the Lorentz group. The last
section contains general comments: the relation between the
finite subgroups of O(3,1) and the Shubnikov point groups; a
criterion which easily distinguishes to which of the five
groups DO(3,1), SO(3,1), 0, (3,1), 0,(3,1), and O(3,1), that
are locally isomorphic to O(3,1) any given finite subgroup G

“'Work supported in part by the National Science and Engineering Re-
search Council of Canada and by the Ministére de I’Education du Québec.
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of O(3,1) minimally belongs; the relationship between the
finite subgroups of (SL(2,C), (§ 4)) and those of O(3,1); th
generating functions and the corresponding integrity bases
for invariants and general covariants of all irreducible repre
sentations of the finite subgroups.

Il. THE GENERAL ALGORITHM
A. A first lemma

The apparent simplicity of the classification problem
resides in the following misleading argument: Suppose that
finite subgroup of O(3,1) contains a Lorentz-boost B, i.e., a:
O(3,1)-transformation which mixes the space and time co-
ordinates. Since the order of the group must be finite, B *
must be the identity for some finite #. But this is impossibl
since one knows physically that the repeated application o
the same Lorentz-boost is equivalent to a Lorentz-boost wit.
a parameter y = v/c approaching 1. Hence a finite subgrow
of O(3,1) cannot contain a Lorentz-boost and all its element
will be of the form of a direct sum of an O(3)-rotation with:
possible inversion of the time ( — +¢).

The error in this reasoning lies in the fact that one hasi.
mind a pure Lorentz-boost which mixes only one of the
space coordinates with the time. But if the transformation }
makes simultaneously a Lorentz-boost and a rotation of tk
space, it is not impossible that B " will be the identity for
some finite #. In fact, the following O(3,1)-matrix:

1 0 4] 0
0 0
B= * A
0 a B? apf
0 - —af -—-a
Y a, BeR, such that @> — %=1, (

is a Lorentz-boost of order 2,i.e., B*=1.

With this fact, how can one hope to find all the finite
subgroups of O(3,1) with only those of O(3) and the time
reflection group { — 7, ) ? (The brackets “(---)”” mean “th
group generated by the element(s)---".) The answer to this s
given by the following lemima.

Lemma 1: Let G be a finite subgroup of O( p,q). Then
there exists a regular (p + q) X (p + q) matrix YeO(p,q)
such that, for all the elements X of G,Y ~' XY is of the forn

(s )
o x,)
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where X', €O( p) and X', €0(g).

In other words, any finite subgroup of O( p,q) is O( p,q)-
conjugate to a finite subgroup of O(p) & O(g).

Proof: The group O( p,g) is formed by the elements of
the set

{X |XeR (P + %P+ guch that XTKP’QX - Kp,q} ,
2
where K, =1, ® (—1,).
Firstly form the following set S(G ):
S(G) = {X |X = XTeR (r +9>(» +9 gych that
g'Xg=X\VgeG}. 3)
By definition (2), K, ,€S(G). The elements of this set are in
one-to-one correspondence with the real quadratic forms
A (x) = x"Xx (xeR » + 2%1) | that are invariant under the ac-

tion of G.
Note that

P, = 3 g'geS(G), @
gel

which is a consequence of the finite order of G. Moreover, P,
is a positive definite form,

xTPox= Y x'g'Igx
geG
= > (gx)'1(gx)>0, VxeR 7 +ox!, 5)
geG

By a theorem of linear algebra, the two symmetric ma-
trices K , . and P, , of which one is positive definite, can be
simultaneously diagonalized by means of an equivalent
transformation,

Z'K,,Z and Z'P,Z, (6)

with a nonsingular matrix Z. Since the diagonal matrix
Z'K ,,Z has the same signature as K ,_ , it is possible upon
replacement of Z by ¥ = ZM, where M is a suitable mono-
mial matrix, tohave Y 'K, Y =K, , . Note that a matrix of
degree p + g is said to be monomial if there is precisely one
nonzero coefficient in each row and column. And then

K,,=Y'K,, Y and P',=Y'P,Y, ™

and YeO( p,q). We claim that the O( p,g)-conjugate sub-
group H obtained from G by calculating ¥ ~' g¥, VgeG, is
the subgroup we are looking for.

It is easy to show that P',e€S(H ); that is a direct conse-
quence of P,eS(G ). Define the g following matrices P
I=1,.,q:

p+i

1
Pp+i =Kp,q +

Py, ®)
p+i
where a , , ; is the (p + i)th diagonal entry of P’, . The
P, ; obviously belong to S(H ). These diagonal matrices
have their first p diagonal entries positive and at least one
zero diagonal element in the last ¢ entries.
Since P, ,€S(H), its null space,

KerP, ., = {x|xeR "+ 9=1 such that P, x =0},
&)

1s H-invariant. Further, since KerP , , ; does not contain iso-

235 J. Math. Phys., Vol. 21, No. 2, February 1980

tropic vectors (x #£0but x'K ,  x = 0), the decomposition of
R +9>VinKerP, , , and inits K , ,-orthogonal comple-
ment holds:

R“’*"’X‘:(Keer“) @& (KerP,, ), (10)
where
(KerP,, ) ={y|yeR**9*" and 'K, x=0,
VxeKerP,, . }. an
(Ker P, ;) is also invariant under the action of H.

Since the intersection of invariant subspaces is invar-
jant, n?_, {(Ker P o .)'}is invariant. However, the ele-
ments of this intersection are just the vectors whose ¢ last
coordinates are zero:

q
n {(KerP,, )'}={x[xeR »*1 & 09>}, (12)
i=1
where 0! means the null vector in R @>! .
One could show in the same manner that

{x|xe0P>' ¢ R @x1} (13)

is also H-invariant.
The invariance of the two subspaces is tantamount to
saying that all the elements of H have the desired form:

h (X"
“\0
Y heH . (14)

Thus Lemma 1 is proved. O

0
X ), where X', €O(p) and X',€0(g),
2

B. A second lemma

Although the preceding lemma provides a simplifica-
tion in the search for finite subgroups of the O( p,g) groups,
one still needs an easy test to recognize whether or not two

finite subgroups are O( p,q)-conjugate. This is achieved by
the following lemma.

Lemma 2: Two subgroups G,H of O(p) ® O(q) are
O( p.g)-conjugate if and only if there is an isomorphism:

aG=>H
of G on H for which:

4 0 ) (h 1 0 )
= 5 = h == 5

& ( 0 g @) 0 A
g, ,h,€0(p), and g, ,h,€0(g), and

Trg)=Tr(h) and Tr(g,)=Trh,).

Proof: If there is an isomorphism of G on H of the type
described above, then the traces of the upper block g, and 4,
= [a(g)], are equal, so that these blocks form equivalent

representations of the abstract group & . There exists 4 in
O( p) such that

hy =[a(@], =4 'g,4A, Y geG. (15)
For the same reason, there exists B in O(g) such that

h, =la@], =B ~'g,B, VgeG. (16)
Hence

h=a@@ = e B) 'gd e B) Qa7

and A & BeO( p,q).
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Conversely, let G and H be O( p,q)-conjugate subgroups
of O(p) ® O(g) such that H = A ~'GA for some A
€0( p,q). Then there is a finite set of nonequivalent unitary
irreducible representations ¢, ,@, ,...,,. of the abstract
group % such that:

G, (@) 0 .
0 G, (g)) » G~ ,‘GB ]aik¢7k )

1 ®) 0

0 H@E)

GBg:(

), H,-""A@ b:’k¢k 3y
= 1
(18)
for i = 1,2. Here the multiplicities a,, , b,, are nonnegative
integers fori = 1,2, k = 1,2,...,v.
It is our aim to show that G; and H; are equivalent for
i=12ie,a, =b, fori=1,2,...,v. Without loss of gener-

ality, we may assume that the following equalities already
hold:

H
H>34 ‘g4 =(

G = ®awp H=obpli=1). (9
¢ — 1 k-1

We want to show that G, = H, fori = 1,2.

Now let ¥, be the R-linear subspace of the (p + ¢)-
column space R 7 * 9! which is invariant under the action
of G, & G, such that it is maximal among the G, & G,-
invariant supspaces of the ( p + g)-column space with the
property that every irreducible component is equivalent to
@ - Itis known from general representation theory that ¥,
is uniquely determined by @, and it gives rise to a representa-
tion of G that is equivalent to (a,, + a,, )@, . In fact, itis
formed by all ( p + g)-columns with the property that all jth
coefficients are zero unless:

Z ay [@n] < i< z ay[ex]
h<k

h<k
or
(20)

S anlenl<j— p< 3 anlen],
hsk

hek
where [@, | denotes the degree of the representation ¢, .
The signature of the restriction of K, , to V_ is equal to
(@ [@x 1, ax L@y ]) - Similarly we define the corresponding
subspace V', for H, @ H, and find the signature of the
restriction of K, to V', to be equal to (b4 (@« |,

b,x [@x 1) - But because of the O( p,g)-conjugacy of G,
e G, ,H, @ H, that was assumed above, it follows that
V', =AV, sothat

a, =b, (=12), Q21
fork = 1,2,..,v.

These equalities are tantamount to the equality of the
traces of the upper blocks g, and 4, = [a(g)], and of the
lower blocks g, and 4, = [a(g)],:

Tr(g,) = Tr(h,) and Tr(g,) = Tr(h,),

VgeG and £ =a(g)eH.
O

C. An algorithm

The two lemmas lead to a natural algorithm for finding
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the finite subgroups of O( p,g) [up to O( p,¢)-conjugation]
starting from the known finite subgroups of O( p) and O(g).

Let FSG {O(m)] be a list of representatives of conjugacy
classes [under O(m)] of the finite subgroups of the group
O(m) of orthogonal m X m matrices. A list FSG[O( p, ,
P, )] of the representatives of the conjugacy classes
[under O(p, , p,)] of the finite subgroups of the group
O(p, , p,)ofpseudo-orthogonal ( p + ¢q) X ( p + g) matrices
will be given by the following procedure:

1.Pick out of the FSG[O( p,)], i = 1,2, two members
X, (one for each p;) , construct the “natural” representation
¥,

¥ X, —O(p,), (22)

and the subgroup of the group Aut(X,) of automorphisms of
X; which preserve the character of the representation ¢, ,

Aut, (X,) = {a|ac Aut (X;) and VxeX,:
Tr(x) = Tr(ax)} . 23)

2. Form a list of the representatives of the conjugacy
classes under Aut,, (X,)XAut, (X,) of the subgroups

G ={4,(9)x4,() = g4, @)X, i=12}, 24

of the direct product X, X X, such that G satisfies the semi-
direct product condition,

4.GY=X, i=1.2. (25)

3. Form the (finite) list SG(X, ,X) of the subgroups of
O( p, , p,) obtained from G,

G={4,@) o 4,(®)gG }. (26)
4. The union of the lists SG(X, ,X,) for all pairs X,
€ FSG[O(p,)] and X,€ FSG[O( p,)] gives the desired list
FSG[O(p, ,p,)]-

I1l. AN EXAMPLE: FSG[O(3,1)]

The application of this algorithm to the Lorentz group
O(3,1) supposes that one already has the lists FSG[O(1)]
= FSG[( — 1, )] and FSG[O(3)]. In fact, FSG[{ — I, )]
contains only two elements, {(1)} and {( — 1, )
= {(1),(—1)}], and FSG[O(3)] is well known. First let us
explain how to obtain FSG[O( p)] for p odd, from the known
FSG[SO( p)] because the procedure is exactly parallel to the
problem of finding FSG[O(3,1)] from the known
FSG[O(3)).

A. The list FSG[O(3)]

Any subgroup G of O( p) for p odd is an element of one
of the following disjoint sets: (i) the set of subgroups of
SO( p), (ii) the set of subgroups of O( p) containing — I,
and (iii) the set of the remaining subgroups of O( p). In the
second case (ii), there is the decomposition G = [G n SO( p)]
X { ~1,) of G into the direct product of its intersection
with SO( p) and the center of O( p). In the third case (iii), we
can obtain from G a subgroup GC SO( p), i.e., a subgroup
belonging to the set (i), by a Goursat twist*:

G = {glgeGSO(p) or ge —1,[G\(GnSO(p))]1}.
2N
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The intersection G n SO( p) is an invariant subgroup of G of
index 2. Conversely, from any subgroup G of SO( p) which
has a subgroup N of index 2, we can construct a Goursat
twist G in the following way:

G = {glgeN or ge —I,(G\N)}. (28)

If p is odd, it is easy to show that O( p)-conjugacy is
equivalent to SO( p)-conjugacy. As a corollary, two sub-
groups of the set (ii) [or (iii)] will be O( p)-conjugate if and
only if their intersection with SO( p) is SO( p)-conjugate.

Consequently a representative list FSG[O( p)] (for p
odd) is derived from a representative list FSG[SO( p)] upon
extending FSG[SO( p)] with the list of the direct products
G X CO(p) [CO( p) is the center of O(p), i.e., (—1,),and
G ranges over FSG[SO( p)] ] and with the list of the Goursat
twist subgroups of the form (28), where GeFSG [SO( p)] con-
tains a subgroup N of index 2 and N ranges over a representa-
tive set of the conjugacy classes of the subgroups of G of
index 2 under the normalizer Norgg, ,G of G in SO( p).

Explicitly, the list FSG[SO(3)] is known to be formed
by:

(a) The cyclic rotation groups C, = (R, ) for neN * of
order n, where

1 0 0
21 . 21
0 cOsS—— sin—
R, = n n 1,
0 - sinz—” cos—21
n n

which satisfies the relation R, =1, .
(b) The dihedral rotation groups D, = (R, ,D ) for
2<neN * of order 2n, where

-1 0 0
D=} 0 1 0
0o 0 —i

The generators satisfy the relations
D*=(DR,) =1;;

(c) The tetrahedral rotation group T = (R, ,D,R ', ) of
order 12, where

0 0 1
Ry=[1 o ol
0 1 0

which satisfies (DR';)’ =R "3 =1, ;

(d) The octahedral rotation group O = (R,,D,R 5,
R',Y={(R',,R",) of order 24, where

0 0 1
R,=l0 -1 o
1 0 0

which satisfies (R ',)> =R ', R'})* =1, .
() The icosahedral rotation group I = (R,,R ", ) of
order 60, where

a B 0 a —Bf 0
R",=l-B a OJR]B a 0
0 0 1 0 0 1
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with
o= .;_(\/2+\/2\/§-2 )
and

B: ——\/1-——(12,

subjectto (R ", =R, R",)Y =1, .

A list FSG[O(3)] is obtained, as mentioned above, by
extending FSG[SO(3)] by the direct products G X CO(3),
GeFSG[SO(3)] and the Goursat twists. These Goursat twist
groups are

(—R,) for n even >2,

obtained from the cyclic

groups,

(R,,— D) forn>2, obtained from the

(—R,.D)for neven >4, dihedral groups,

(—R',,R"}) obtained from the octahedral
group.

B. The list FSG[O(3,1)]

To follow the algorithm presented in the preceding sec-
tion, one must pick X, eFSG[O(3)] and X,eFSG[( —1I,)].
Since FSG[{ — I, )] has only two elements, the elements of
FSG[O(3,1)] will be groups either with no elements revers-
ing time [X, = {(1)}], or with some elements reversing it
(X, = ( —1I,)) . The second step of the algorithm consists in
constructing the subdirect products of X, , X, . Thus the
groups with some time reversing elements can be distin-
guished as the groups which are the direct products of X,
and X, = ( — I, ) and the groups which are their subdirect
products but not their direct products. In consequence of
this procedure, the list FSG{O(3,1)] is partitioned as follows:

() X, @ 1, where X, eFSG[O(3)] and 1 is the identity
acting on the time coordinate,

(i) X, @ ((—1)), the direct product X, X { — I, ),
and

(i) [(X;\N) @ (—1) Ju[¥ & (1)), where N is a re-
presentative of 2 Nor,;, X, -conjugacy classes of subgroups
of X, of index 2 (see below): The subgroups (iii) are the
subdirect products and correspond to the Goursat twists.

Let us give an example of the procedure. Let X,
= (R, ,D, — 1, ), the group obtained by the direct product
of D, with the space inversion. If one takes X, = {(1)}, one
obtains (R, ,D, — K, ) . [When the 4eO(3) is used to de-
scribe a generator of O(3,1), it must be understoodas 4 & 1,
—A,and — I, A denote (- I;4) & (+1)and — I,

(4 ® (+1)) respectively.] In the same way, if X, = ( — I, )
and one keeps all the elements of the direct product, one gets
(R,.D, — Ky, )X (— 1)

The subgroup X, = (R, ,D, — I, ) leads to many twists.
For any n, one has at least three subgroups of index 2:
(R,,D),(R,,—1,),and (R,, — D). When nis odd,
those three are the only ones. For » even, R,, may not appear
as a generator and four other subgroups are possible:
(R,,,D, — L), (- R,D), (R.,DR,, — 1), and
(—R,, — D). (It can be seen that those seven subgroups
exhaust the possibilities for # even; in fact, each of them
corresponds to a way of removing at least one of the three
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generators R,,,D , and — I, of the elements of the initial
group. For example, none of the three generators appears in
the last example given above.)
Since Aut,, (X, ) [see relation (23)] contains only the
identity, Aut, (X,)XAut,, (X,)is isomorphic to
Aut,, (X)), which is isomorphic to a subgroup of Norg,;,
X, . The second step of the algrorithm is then equivalent to
finding which of the seven aforementioned subgroups belong
to distinct conjugacy classes under Norg ) X, . One can
find Norgos, (R, ,D, — I ) as follows: The centralizer of
the dihedral groups D, (n>4; n = 2 must be studied sepera-
tely) is ( — 7, ) in O(3) and simply {7, ) in SO(3). But the
centralizer of a subgroup is an invariant subgroup of its nor-
malizer and the factor group is isomorphic to a group of
automorphisms of the subgroup. Since the D, are finite, all
groups of automorphisms of D, are also finite. Then
Norggy D, must be finite and equivalent to a member of
FSG[SO(3)]. Morever it contains D, . If R, eNorg3,
(R,,D),therelation R ~' DR, = DR = DR’ must
hold for a given /. The greatest value of m is then m = 2n and
Norso, {R,.D ) = (R,,,D ) . Hence Norgo, (R,,,D,
—1,) = (R,,,D ) . The first three subgroups are not conju-
gate and they lead to the three twists:(R,,D, — I, ), (R,

—K;,,—1,D),and (R, ,

— D, — I, ) . The sixth and

seventh ones are respectively conjugates of the fourth anc
fifth ones by the matrix R,, . Hence X, = (R,,D, - I,)
leads to two other subgroups of the type (iii) for n even »:
(R, ® (=1),D,—Ky,),(—R,,D,—I,) . The proce-
dure is then finished for this pair (X, ,X,) .

Table I gives the list of representatives of FSG[O(3, ]
in terms of their generators. Each column represents one

type [(1), (ii), or (iii)].

IV. CONCLUDING REMARKS

The first observation is that the representative list
FSG[O(3,1)] becomes finite if we restrict the representatie
list FSG{O(3)] to the crystallographic groups. In fact, wi
must omit the icosahedral groups and all the cyclic and dik-
dral groups with n5£2,3,4, and 6. In this case our list wil
present the 32 crystallographic groups (first column), 32 i-
rect products of the 32 crystallographic groups with the
group (I, & (—1) ) (time inversion) (second column), ad
58 Goursat twists (third column), i.e., 122 crystallograplc
groups where the time is allowed to be reversed. These 12
groups are in fact the two-color crystallographic groupsr
the Shubnikov point groups. This knowledge enables us >
represent the elements of the list FSG{O(3,1)] by means f
the Shubnikov two-color diagrams.?

TABLE I: The Representative List FSG[O(3,1)}. The items in curly brackets are present only when n is even.

() GCOB) @ 1

(G X, @ (~1))

(iif) Goursat twist

Cyclic Groups (R, ) n>1 (RYX(K, )y n> (R, ® (—D)} nz2
(RIXL—Ky1) nz1 (Ru>x(‘13)x<K,m) (R)X{(=1) nz1
(R, @ (=) )x{(—Ky )| n>2
[(—R,,)X(—I4)I n>2
=R n>2 f{—R,)X{K:)} n>2 {{—~ LR} n>2
Dihedral (R,.D) n>2 (R, ,DYX{K.,) n>2 (R,,D & (1)) n>2
Groups {(R, & (—1),D )} n>4
(R,.DYx{—K.,) n>2 (RmD}X(KJ,l)X(’“Ia) n>2 (R.,DYX{(—1) n>2
(R,,,—I4 D)X(—K}_l) n>2
(R, — DYX{—1,) n>2
{(R, @ (=1).D)
X{—K; ) n>4
{(—R,,,D)X(-L)} n>4
(R,,— D) n>2 (R,, —DYX(K,,) n»2 (R,,—1,D) n>2
{(R,, 63(——1),—D)l nx2
{(—R,,D)} n>4 {{—R,.D)X (K} n>4 {{(~R.,.D & (=D} n>4
[(D, —LR,,)} n>4
{{D o (1), ~I,R)} n>4
Tetrahedral (R,,D,R'.) (R,,D,R'yX(K,,}
Groups (Ry,DR'IX(—Kyy) (R DR )X (K )X (— L) (Ry:D,R'IX{— 1)
Octahedral <R R (R R '3>>< <KM) (R S e (—D,R%)
Groups (R'I,R")X<—Kl,> <R'2:R’1)X<Km>><<—14> (R'zyR'3>><<_14)
(= RLR)X(=1)
<R'z e (—D.,R ’J>X<_K1.l)
(—R'z,R11> (_RlZ!R'J>X(KJ.I> (‘IAR'zvRIJ>
Icosahedral  (R,,R”",) (R, R, Ix (K, )
Groups (R,,R"\)X(—=K.,) (R'2R " )XAK IX{(— 1) (RyR " DIX(— 1)
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O(p,q)

01 (p,q) SO0 (p,q)

}‘p’q)

FIG. 1. Hasse diagram for O( p,q). DO( p,q), SO( p.9), O, (2.9), O, ( p.9),
and O( p,q) are respectively the identity component or derived group, the
group of (p + g) X{( p + q) real matrices with determinant det = 4-1, the
group of transformations with the spinor norm® spn = +1, the group with
det spn = +1, and the full pseudo-orthogonal group.

0, (p,q)

As a second observation, we want to classify the finite
subgroups of O(3,1) with respect to which of the five groups
DO(3,1), SO(3,1), 0,(3,1), 0,(3,1), O3,1) they minimally
belong. The commutator group of any generalized ortho-
gonal group coincides with the identity component. The fac-
tor group of any generalized Lorentz group over its identity
component is a Klein 4 group with the Hasse diagram of the
intermediary subgroups (see Fig. 1).

Each subgroup G of O( p,q) generates together with
DO( p,g) one of the five groups diagrammed above. In par-
ticular for each member of FSG[O(3,1)], we find that:

(i) GCDO(3,1), if G=H & 1 where
HeFSG[SO(3)],

@) (G,DO3,1)) =0,(3,1), if G=Ha 1 where
HEFSGISO(3)] but
eFSG[O(3)],

(iii) {G,DO(3,1)) = SO(3,1) if not all the generators of
G are expressible in the
form X & 1 [XeO(3)] but all
these are of determinant

+ 1 ’

(iv) (G,DO(3,1)) = 0,(3,1), if not all the generators of
G are of the form X @ 1but
all are either of the
form X & 1 with XeSO(3) or
X & (—1) with Xe — [,
SOQ@3),

v) (G,.DO(3,1)) = O(3,1), otherwise.

Thirdly, we want to point out that our list FSG[O(3,1)]
can be used to determine subgroups of

e )

Observe first that the following decomposition of the Lo-
rentz group into the direct product of the subgroup O, (3,1)
and of the center holds

239 J. Math. Phys., Vol. 21, No. 2, February 1980

03,1)=0,3,)X(—1,).

Moreover, there is a continuous epimorphism (a surjective
homomorphism),

€:<SL(2,C),((1) (1))> =0,(3.1),

of the group formed by the complex matrices of dimension 2
and determinant +- 1 on the subgroup O, (3,1) of the Lo-
rentz subgroup. The epimorphism € is a local isomorphism.
Its kernel is the center of SL(2,C) which is generated by

— I, . The subgroup SL(2,C) is mapped by € on the identity
component of the Lorentz group. Making use of ¢, our classi-
fication also leads to a classification of the finite subgroup
conjugacy classes of the factor group of

seof, o))

over the center { — 1,) .

Finally, it should be noted that the generating functions
and the integrity bases for all the irreducible representations
of the elements of FSG[O(3,1)] are already calculated. When
the finite subgroup G lies in the first set (i), it is isomorphic to
the subgroup G 'eFSG[O(3)] from which it has been ob-
tained. In this case, Patera, Sharp, and Winternitz® have cal-
culated all the generating functions and the integrity bases
for all the irreducible representations. When G lies in the
second set (ii), the generating functions are obtained from
those of G’€FSG[O(3)] (G = G’ X ( — I,))) using the rela-
tions (34)-(37) of Ref. 6. Then, in the case (iii), G is isomor-
phic to the group from which it has been obtained by a Gour-
sat twist. Hence, its generating functions and integrity bases
are the same as those of this group.
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This work employs the powerful geometric methods previously developed in order to determine
all solutions of the nonlinear system (Vy)’==Vy.Vy = f(3), (V?9)* — (1/2)(N +2)f ' (1)V?y

+ (I/HN +D[ D — QW/2DNFPY " () = — NVy-V(V2y), where f(7) is an arbitrarily as-
signed function and ¥ is an arbitrary constant. The circumstances are determined under which
compatible solutions exist, not only when y is real, but also when y is complex, and all of the
corresponding solutions are found. This is done by referring the system of equations to a set of
coordinates based on the (real or complex) equipotential surfaces of constant . The relationship
between the solutions and the geometry of the equipotential surfaces is examined, and a close
association is discovered between the set of allowable equipotential surfaces and the class of
surfaces of constant total (Gaussian) curvature. These results are analogous to those in Collins,
Math. Proc. Camb. Phil. Soc. 80, 165-87 (1976), where the system under study was associated
with equipotentials of constant radii of principal normal curvature. The geometrical method used
throughout is remarkable in that it yields a knowledge of a#l solutions of the given system. It
thereby offers the possibility of application to a wide variety of fields in physics where similar

systems of equations are encountered.

1. INTRODUCTION

In a previous article', a system of nonlinear partial dif-
ferential equations, viz.,

(V) =VrVr =/ (1.1a)

and

Viy =g®), (1.1b)

was studied, and an application was later given.” The quanti-
ty y was real or complex, the functions f(y) and g(y) were
arbitrarily assigned, and the operators V and V? referred to
(complexified) three — dimensional Euclidean space. In ef-
fect, all possible functions f(») and g(y) were determined for
which the system (1.1) admits a solution, and, in each case,
all compatible solutions for ¥ were found. This was done by
developing a geometric technique due to Friedlander,” who
solved a certain system of nonlinear partial differential equa-
tions by considering the geometry of the equipotential sur-
faces for one of the dependent variables. In the case of system
(1.1), where y may be complex, equipotential surfaces may
be investigated in complexified three-dimensional Euclidean
space. This engenders a richer class of solutions, since the
geometry of such surfaces is more diverse than in the real
case. This is particularly exemplified in the case where
f(¥)=0in Egs. (1.1). The equipotentials are then “null” sur-
faces, having the property that any vector normal to the sur-
face at any point is also tangent to the surface at that point.
On the other hand, if f(y) # 0, then the rate of distortion of
the normal congruence is described by means of a symmetric
shear tensor, which, since it is in general complex, does not
necessarily have three distinct eigenvectors'. Such diversity
is directly reflected in the wider class of solutions that
emerges from the system (1.1) in the case where ¥ is complex.
In Ref. 1 (cf. Ref. 4), the geometry of complex surfaces in
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complexified three-dimensional Euclidean space was devel-
oped, and some familiarity with that discussion will now be
assumed. For future reference we shall re-state the following
theorem.

Theorem 2.5 (Ref. 1): The set .+ of all null surfaces
consists of the set Z7 of all null planes, together with a set .#
of surfaces described (parametrically) by the equations

x = iffsina + p(a),
y = ificosa — J Lo (a)tana da 4 a,
and
z=p,
where u(a) is an arbitrary function, and «, is an arbitrary

constant. No member of % is a null plane. Symbolically,
N = PuFS withZnS =¢.

In the present article, we shall discuss the following
system of nonlinear partial differential equations:

(V)= Vy-Vy = £ () (1.22)
and
(V) — 3N 22 ) Vy + WV +D) ' 0)°

— N () = — NVy-V(V?p), (1.2v)

where 7 is real or complex, f(¥) is an arbitrarily assigned
function, and N is an arbitrary constant. This system is su-
perficially much more complicated than the system (1.1). It
will be shown, however, that system (1.2) is closely related to
system (1.1), and that compatible solutions to Eqgs. (1.2) exist
only in rather special circumstances. These circumstances
are summarized in Table I. An application of the results will
be given in a subsequent article.

In the case where the equipotentials of ¥ are not null
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TABLE 1. A summary of compatible solutions to the system (V9)? = f():(V¥) — N +2) f (N V¥ + N +1) [ f ’.(‘y) P—WNfNF® '
= — NVy.¥(V?). The quantity ris finite and nonzero. The entry %01 means that () is not identically zero and that it has been transformed to unity b_y a
change of variable. The quantities 8 and o are respectively the area of expansion and the shear scalar of the normal geodesic congruence of the equipotentials

{¥ = constant}.
(Generalized)
Principal radii of | Total
y? N normal curvature | (Gaussian)
= f(y) | (constant) | Solution y of equipotentials | curvature |V*¥| 6 | o | Conditions
Y="%o ¥, constant
0 ¥,I,m,n arbitrary; I,m,n not all zero
Arbitrary and 1>+ m* 4+ nt=0.
0 ) =1x + m(y)y @,
+ n(y)z 0
0 0
(a, B) eliminant of u(a,y), a,(y) arbitrary functions
x = iff sina + p(a,y)
1
y=if cosa o, #0]#0
X fu(. (@)
tanada + a,(y)
z=4
Yo constant
*0 Y=% 0 j ] ]| fOG)=N+D L))
=2Nf (o) S () =0
Ix+my+nz+ A I,m,n,A constant; [+ m*> +n* =1
Arbitrary 0,0 ] 0 |0 | 0| ¢arbitrary; ¢"E0; u,, p,, f5,
X 4 oy + a2
+ A x + A,y + 432) Ay, Ay, Ay constant; ut +uf +ul = 1;
A,, 45, A, not all zero and
AT 4+A24+23=0
Ay +Agpty + Az, =0
#£0-1 | 1 1(a)x + m(a)y w,r #0| 1?4+ m? 4+ n? = 1; at most one of I'(a), m'(a),
+ n(a)z + A (a) and r'(a) is identically zero; a = a(x,y,z)
given by
l'@x+m'(@y+n@z+A4'@=0
+[x=—x)Y+@—p) » #0 %0 x,, ¥\, Z,, and constant
2 +(z—-2))"+4 nr % 0
FB x,y,2=¢B)+ (1 - BIx
+ il + 8%y 2821 =0,
% +A4PB) A (B) and ¢ () arbitrary except that
A'(B)and ¢'"'(B) are not
simultaneously zero

[ F(»)=£0], we can assume, without loss of generality, that
Sf(®) = 1, by a change of dependent variable. Compatible so-
lutions will then exist only if V 2y = 0, or if V 2¥#0, and

N =1 or 2. In the real case, the equipotentials of y are
planes, nonplanar developables, and spheres, respectively.
In the complex case, the equipotentials are complex general-
izations of these surfaces, together with a more complicated
set of surfaces which is not admitted for real y.

If the equipotentials of ¥ are null [f(y)=0], compatible
solutions exist only if either V?y = 0 or N = 1 and V >y #£0.
The equipotentials (necessarily complex) are, respectively,
null planes and arbitrary elements of the set ¥ of nonplanar
null surfaces. In other words, if (Vy)? = 0, then necessarily
(V29) = — V-V (V).

The above discussion exhausts all possibilities for the
equipotentials of solutions to the system (1.2), and the only
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other cases admitted are those for which there are no equipo-
tentials at all, viz., ¥ is identically constant.

The system (1.1) has been investigated,’ first in the real
case, resulting in Theorem 3.1 of Ref. 1 (which gave the
conditions for compatible real solutions, and determined all
such solutions), and then in the complex case, resulting in
Theorem 4.1 of Ref. 1 (which gave conditions for compatible
complex solutions, and determined all such solutions). Fi-
nally, it was shown in Theorem 4.2 of Ref. 1 that the equipo-
tential surfaces for (nonconstant) solutions of system (1.1)
could be characterized by their constant (possibly infinite)
principal radii of curvature. In the present article, we present
three analogous theorems for the system (1.2). In Sec. 2, we
determine all real solutions, in Sec. 3 all complex solutions
are found, and in Sec. 4 we characterize the equipotential
surfaces for (nonconstant) solutions of system (1.2) by their
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constant (possibly infinite) total (i.e., Gaussian) curvature.
In particular, we observe that the system (1.2) is a general-
ization of system (1.1), in the sense that all solutions of Egs.
(1.1) are also solutions of Egs. (1.2).

2. REAL SOLUTIONS OF THE SYSTEM (1.2)

In this section we examine the system of equations

(V) =VyVy =71, (1.2a)
(V) =N+’ D) VY + SV +D) [ f0]°
—INF(Y"(¥) = — NVy-V(V?p), (1.2b)

determining the functions £ () and the values of N for which
real solutions exist, and determining the solutions them-
selves in each case. The method used here will be the same as
in Ref. 1; this method adapts the technique of Friedlander’
to the system under discussion. Our general result is now
given.

Theorem 2.1: Real solutions to the system
(Vy’=VyVy =)
(V) — N 2 VY + NV +1) Lf'(N)]°

— W) = — NVy-V(T),
(where N is constant) in three-dimensional Euclidean space
can exist only when one of the following holds:

(i) f()=0; then y = y,, where y, is a constant, or

(i) f(»)=£0,f(¥)>0; then ¥ = ¥, isasolutionifand only
if 7, is a common root of £ (y) and (N +1[ f'(¥))?
=2Nf () "'(y), or

(iii) £ (1)=£0, £ () >0, and, if vis any solution of the equa-
tion v' = [f(y)] ~'/*, where a prime (') denotes differenti-
ation with respect to y, then

(Vv)’=VvVv =1 (1.2¢)

and
(VW) = — NV».V(VZ). (1.2d)

Three possibilities occur: Either (a) V *v = 0and Nisan
arbitrary constant: The equipotentials are planes, and
v =[x + my + nz + A, where [, m, n, and A4 are constants,
and /2 4+ m?>+n*=1;o0r

(b) V*v#0 and N = 1: the equipotentials are the non-
planar developable surfaces, and v is given by the @ eliminant
of

v =1I(a)x + m(a)y + n(@)z + 4 (a)
and

O0=1"(@x +m'(a)y +n'(@)z + A4 '(a),
where [ %(a@) + m*(a) + n*(@) = 1, and at most one of / '(a),
m’(a) and n'(a) is identically zero: or

(c)V*v#0 and N = 2: The equipotentials are spheres
andv= + R+ A4, where R=[(x —x,)> + @ —»)

+(z—z,)*]"? and x,,y,,2,, and A4 constants. The con-
stants /,m,n,x, V1,2, ,¥,, and A4 are all real.

Proof: If f(¥)=0, then the only real solution is clearly
¥ = 7,, Where 7, is an arbitrary constant. In this case, ¥ is
arbitrary.

If £ ()40, then ¥ = 7, is a solution if and only if £ (7)
and (VN +DIf"(N])* — 2Nf ()" (y) possess a common zero
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¥, . For example, .= 0 is a solution if f(y) = 7.

Real solutions with ¥ not identically constant will exist
only when f()==0 and f (¥) >0, and we shall now focus atten-
tion on this remaining case. Defining a new variable v by
dv/dy=v' = [f(¥)] 772, it follows that (V+)* = 1. This
means'* that the equipotential surfaces are orthogonal to a
congruence of straight lines (“rays”) and that a Gaussian
coordinate system («,3,v) can be introduced by specifying
any point p (sufficiently locally) by means of its normal dis-
tance v to an initial surface v(x,y,z) = 0, and the position
(a,3) of the point of intersection g of the ray through p with
the initial surface. It is most convenient to choose the coordi-
nates (a,/3) in the initial surface by using orthogonal curva-
ture line parameters, making the coordinate system («,/3,v)
orthogonal. Using Rodrigues’ formulas

a, = —m, anda; = — sug, 2.1
the metric becomes
dx? = H%a* + K%dB? + dv’, 2.2)

where a(a,f3) is a vector drawn from the origin to the point ¢
on the initial surface, n is a unit normal to the initial surface
atgq, r = Ha,) and s = s(a,3) denote the principal radii of
curvature (which are nonzero, but may be infinite) of the
initial surface, H = (a,-a,)"” (1 — v/r), K =(az-a5)'"

X (1 — v/s), and suffices denote partial derivatives. Further
details are given in Ref. 1. In this coordinate system, Eq.
(1.2a), or equivalently Eq. (1.2¢), is seen to follow automati-
cally. The equations

1 a 1 1
Viv= — 2 (HK)=
v HK 81/( ) v—r+ v—s
and
3 1 J
V- V(V? =—(——~ HK)
YO = 2o\ ax 5 EE)
_ 1 _ 1
(v—r)? (v —s)’

show that Eq. (1.2b), or equivalently Eq. (1.2d), becomes

2
(Vo) = — NVv-V(Tr)e—> ( LI )
v =7 v—3S

=N ( 1 + L ) 2.3)
v—r?  (v—s)

Three possibilities now arise. One [case (a)] is that both
r and s are finite, and then r =5, N = 2, and V?v#£0. A
second possibility [case (b)] is that exactly one of 7 and s is
infinite (without loss of generality, s = « ), and then N = 1
and V 2v=£0. Finally [case (c)], both 7 and s can be infinite, in
which case Eq. (2.3) represents no restriction on , and Eq.
(1.2b) is identically satisfied, since V >v = 0. We shall con-
sider these three cases separately.

Case (a): ¥ = s = w0, NV is an arbitrary constant: Here
V 2y = 0 and our system is identical to that treated in Case
(3.7a) of Ref. 1. The equipotentials are therefore planes, and
the general solution is v = Ix + my + nz + A, where
1+ m?+n*=1,and [, m, n, and 4 are (real) constants.

Case (b): s = oo, r finite, N = 1, V?» = 0: By Eq. (2.1)
we have a, = — m, and n; = 0. Thus, n,; = 0, which im-
plies a_; = (r,/ra,, and so ag-a,; = 0. It follows that
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K = (ag-az)""* depends on 8 only, and so by redefining 8 we
can arrange for K ==1. Then az;-n = (az3-n)g —ag-n, =0,
ag;-a, = (ag-a,)s — 58,5 =0,and agz-a; = §(ag-a,),
=0, i.e., agy = 0. 4 fortiori, 855, =2,5; =0, and s0 750,
= 0. Now n, #£0, for otherwise, as shown in the proof of
Theorem (3.1) of Ref. 1, n, = ng = 0 implies that the equi-
potentials are planes and r = 0, a contradiction. Conse-
quently, 75, = 0. Moreover, (3 /3B) (a,-a,)""?

=(a,2,)  *(a,a,,) = (r5/r) (a,-a,)"? and so

r vr
Hy=2@a)70-H+ L@, a,)”
r r 7

r,
B
= T (aa ‘a, ) ‘/2)

which implies
HBB = (’313/") (aa .aa)l/z _ (rf;/rz) (aa ‘aa)x/z
+ (3/r)a,-a,)* =0.
This is the necessary and sufficient condition that the sur-
faces {v = constant}, in the metric induced by Eq. (2.2),

should be flat, i.e., of zero total curvature. Thus, the equipo-
tentials are “developable surfaces” and so v(x,p,z) satisfy

[Vex  Vep  Vaz Vil
T M M g @4)
Ve Ve Va Vi
v, v, v, 0

Furthermore, since (Vv)? = 1, it follows that
Vx vxx + Vy ny + Vz vxz = O’
ViV + VY, + vy, =0, 2.5)

Vx vxz + Vyvyz + 1"zvzz = O

Using Egs. (2.5), elementary row operations performed on
the determinant in Eq. (2.4) show that "

v)(y Vyy Vyz VXX ny VXZ
Yoz vyz Vo | = |V Vyz Vez
V. Vy v, Vi Vy v,
Viex ny Viz

= |V, Y, V.| =0 (2.6)
ve v, v,

Using Eqgs. (2.5), elementary column operations performed
on the determinants in Eq. (2.6) show that

Yy Viz Vi Yea| Yoo Vi Vix  Vaxz ‘
vyZ VZZ VXZ VZZ vxz Vyz vXZ VZZ
Viex Vx y Vix Vy Cy
= = = 0. Q.7
1",\rz Vyz ny Vyy

The interpretation of Eq. (2.7) in terms of Jacobians shows
that v,,v,, and v, are functionally dependent in pairs. In
general (Vv £0), this gives two simultaneous differential
equations:

v, =f(v,), (2.8a)
v, =g(v,), (2.8b)
where the functions fand g satisfy (Vv)? =2 + f(v,)
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+ £%(v,) = 1. In the special case where Vv, = 0, then
W =+t =142 280

(there is no special subcase where two of Vv, Vv , and Vv,
vanish, since then v, , v,, and v, would then all be constants,
and the equipotentials would be planes, for which 7 = «).

Equations (2.8) are most readily solved by considering
the general case [Eqgs. (2.8a) and (2.8b)] and special case
(2.8¢) separately, employing Jacobi’s method” in each case.
The complete integral is

v=Ix+mp+nz+A, 2.9)

where /,m,n, and 4 are constants and /% + m* 4+ n? = 1.
However, such a solution corresponds to planar equipoten-
tials, where r = o and so is inadmissible. Singular solutions
do not exist, since dv/d4 = 1, and so cannot be equated to
zero. The general solution is found by regarding /,m,n, and A
in Eq. (2.9) not as constants, but as functions of some param-
eter a, viz.,

= [(a)x + m(a)y + n(a)z + A (a), (2.10a)
and then eliminating a between Eq. (2.10a) and
0=1"(a)x + m'(a@)y + n'(a)z + 4 '(a). (2.10b)

Iftwoof /', m’, and n’ are identically zero, then so also is the
third, and then 4 (a) is constant, and 7 = o, a contradiction.
Hence, at most one of /', m’, and n' is identically zero.

Case (c): r = s(finite), N = 2, V’v£0: We shall first
show that ris constant. By Rodrigues’ formula (2.1), we find
thata,, = a,, requires rz;a, =r,a,.Sincea,-a; =0, it fol-
lows that r, = r; = 0. Hence, Vv = 2/(v — r), with r con-
stant. The problem is now identical to Case (3.7¢) of Ref. 1.
The equipotentials are spheres, and the general solution is
ver+ [x-x)Y+0-y)V+( —21)2]l/2’ where x,,
¥y, and z, are constants. O

Corollary: Any real nontrivial solution of the system

(Vy) =Vy-Vy =£(p), (1.1a)
Viy =g@) (1.1b)
is also a solution of the system
(VY =VyVy=£®), (1.2a)
(V)Y — IV +2' () Vy + AV D [ /(D)2
—INFf " (¥) = — NVy-V(V?p). (1.2b)

Proof: The proof follows immediately, using previous
results' in conjunction with the proof of Theorem 2.1. O
Remark: A particular example of a solution in case (b)
is provided by the case where / (a) = a, m(a)
=1 —a*~ k%" nl@)=k,and 4 (@) =0, where k is a
constant satisfying —1 <k < 1. The g eliminant of Egs.
(2.10a) and (2.10b) is then simply

ve 4+ V(1 —k) &+ + ke

If £ = 0, the equipotentials are concentric right-circular cyl-
inders whose axis is the z axis. If k #0, the equipotentials are
parallel right-circular cones whose common axis is the z axis.

The equipotentials in cases (a) and (c) are identical with
those of Cases (3.7a) and (3.7b) of Ref. 1 for the system (1.1).
However, the set of equipotentials in case (b) (i.e., the set of
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developable surfaces) is much larger than the set in Case
(3.7b) of Ref. 1 (i.e., the set of cylinders). By an appropriate
specialization of Egs. (2.10a) and (2.10b), and bearing in
mind the Corollary, it is possible to recover Case (3.7b) of
Ref. 1, since the necessary and sufficient condition for the
equipotentials to be concentric cylinders is that, in Egs.
(2.10a) and (2.10b), 4 (@) is constant and I XV'=/|I'| isa
constant unit vector, where / =(/,m,n) and I'==d 1/da. This
follows because, if the equipotentials are concentric cylin-
ders, we can, without loss of generality, take the common
axis to be the z axis. Then v = + (x*> + y%)'? + B, where B
is a constant. Now from Eqs. (2.10a) and (2.10b),

Vv = (I,m,0) = (x,y,0)/(x* + y»)"% Since 1 = 1, I'l' = 0,
where 1’50, and so I' < (y, — x,0) and (IXI')/|Y'|

= + (0,0,1). Moreover, v = Ix + my + B=>A (a) =B is
constant. Conversely, if 4 (@) is constant and (1 XY)/|l'| is a
constant unit vector [without loss of generality (0,0,1)], then
mn' —nm' =1In'—nl'=0and Im’' — I'm = |I'|. If n#0,
thenl = §(a)l,, where 1, is a constant vector, and

Im' — I'm = 0, acontradiction. Then n=0, and, since n'==0,
/'m#0. Writing a = a(/) in Eqgs. (2.10a) and (2.10b), we ob-
tain two equations from which we can determine the / eli-
minant, namely, v = + (x> + y*)"/* + B, where B is a con-
stant, and the equipotentials are concentric cylinders.

3. COMPLEX SOLUTIONS OF THE SYSTEM (1.2)

In this section we extend our results to the case of com-
plex solutions of the system (1.2). The main result is now
given.

Theorem 3.1: Complex solutions to the system

V) =VyVy =), (1.2a)
V) =N+ ') Vi + WV +D) [F')]1?
—INFOf"'(¥) = — NVy-V(V?p), (1.2b)

(where N is constant) in complexified three-dimensional Eu-
clidean space can exist only when one of the following holds:
(1) f (¥)==0: Three possibilities arise: either (a) y=y, , where
¥, is constant; or (b) ¥ satisfies an equation of form

¥(r) = L (Vx + m(y)y + n(y)z, where Y(¥), I (), m(y), and
n(y) are arbitrary, except that /> + m? 4+ n*=0and not all of
l,m,n are zero; the equipotentials are null planes; V?y =0
and N is an arbitrary constant; or (c) ¥ is given by eliminating
« and £ from the equations

x = iff sina + u(a,y)
y=iffcosa — J u,(a,Ptana da + a, ()

and

z=5,
where u(a,y) and a, () are arbitrary functions. The equipo-
tentials are members of the set . of nonplanar null surfaces
(see 'Theorem 2.5); V2y#0and N = 1; or

(ii) £ ()==0: Then ¥ = ¥, is a solution if and only if ¥, is a
commonrootof f(3)and (N +1) [f'(1)]> —2Nf ()" (y); or

(iii) £ ()40, and if v is any solution of the equation
v = [ f(#)] ~'/?, where a prime (') denotes differentiation
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with respect to y, then
(Vv =Vv-Vv =1
and

(V) = — NVv-V(V?).

(1.20)

(1.2d)

Five possibilities occur; either (a) V>v = 0 and N is an arbi-
trary constant: The equipotentials are planes, and

v=Ix + my + nz + A, where I,m,n, and A are constants,
and /? + m® + n* = 1; or (b) V*»#0 and N = 1: The equi-
potentials are the nonplanar developable surfaces, and v is
given by the a eliminant of

v=1(a)x + m(a)y + n(a)z + 4 (a)
and

O0=1'(a)x + m'(a)y + n'(a)z + A '(a),
where /%(a) 4+ m*(a) + n*(a) = 1, and at most one of / ‘(a),
m'(a), and n'(a) is identically zero: or (c) V2v#£0and N = 2:
The equipotentials are spheres and v = + R + A4, where
R=[x—x,)+ @ —y)V+@E—2)]" and x, y, .2,
and A are constants: or (d) V?v = 0 and N is an arbitrary
constant: Now v =, x + g,y + 432

+ (A, x + A,y + A;2), where ¢ is an arbitrary function
satisfying ¥"'=£0, and y, 1, 4454, ,4,, and A, are arbitrary
constants satisfying u? + ul + 43 =1,

A2+ A3 +A%2=0,and u, A, +u,A, + 34, =0, and
not all of 1,,4,, and A, are zero: or (¢) V2¥#0and N = 2.
Now v = r(B) + (GF /3f3), where F and 3 are given by
FBxy2)=¢ @)+ (1 —B%x + i(1 + )y ~2B2] =0,
and the functions /() and ¢ (B) are arbitrary, except that
r(#)and ¢ "’(B)are not simultaneously identically zero[i.e.,
either r'(8)==0, or ¢ '"(8)==0, or both].

Proof: As in the proof of Theorem 2.1, it is clear that y is
identically (complex) constant y=y, if and only if
S@o) =W 4D [f'Go)]* —2Nf(v0) f"(ro) =0, e, 7, i
a common zero of f(y) and (N +1)[f'(0) 1> 2Nf Y "'(¥) .
This proves case (ii) and case (ia).

If ¥ is not identically constant, we observe from Eq.
(1.2a) that the equipotential surfaces for ¥ have null normals
if and only if £(¥) = 0, and hence if the normal to an equipo-
tential is null at one point, it is null everywhere. Consequent-
ly, either £ (y)=0 [cases (ib) and (ic)], or there are equipoten-
tial surfaces whose normals at each point are not null [case
(iii)].

Suppose that the normals to all (sufficiently local) equi-
potential surfaces are null. By Theorem 2.5 of Ref. 1 (see Sec.
1), the equipotentials are either null planes or they lie in the
set ., and can be described by the equations

x = if sina + u(a, ¥) ,
y=IiBcosa — J . (a, Ytanada + ay(y),
z=4.

If the equipotentials are null planes, we must have

W) = 1 (P)x + m(y)y + n(y)z for some function ¢¥(y), and
for functions / (¥), m(y) and n(y) satisfying / *(y) + m*()
+ n?(¥) = 0. One can readily check that (Vy)* = V) =0

(3.1
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for arbitrary ¥(y). In this case Eq. (1.2b) is satisfied for arbi-
trary constant N. If, on the other hand, the null equipoten-
tials are not planes, then, in the coordinates of Eqs. (3.1), the
metric is of the form®

ds’ = ADa* +2Bda dy +2CdBdy + Dd ¥*,

where 4 =(i8 + pseca)® and C = C(a, y)==0. It is easily
seen that this form guarantees that (Vy)* = 0. Moreover,

vy = %(lnA ) = [C(B—ip seca)] ™",
and so
1
Vy-V(Viy) = ra (V*¥)s

= — [C(B—ipgseca)] > = — (V).
Consequently, Eq. (1.2b) is satisfied if and only if N = 1.
Note that there are no restrictions on the set of null surfaces
in . This completes case (i).

It means to investigate case (iii). It is clear that when-
ever the shear tensor of the normal congruence possesses
three linearly independent nonnull eigenvectors, we can di-
rectly generalize the arguments of the proof of Theorem 2.1,
which concerned the real case. The only change that must be
made is that the constants /, m, n, x,, y,, z,, and A may now
be complex. This completes cases (iiia—c).

In the case where the shear tensor possesses only one
nonnull eigenvector, there exists a single null eigenvector a,
which is orthogonal to n, and only one curvature line param-
eter' a. Since the equipotential surfaces are not null, it fol-
lows' that there are two families of null curves in any surface.
One of these families is the set of integral curves of a,. Let 8
be a parameter for the second family, i.e., the second family
is the set of integral curves of a5, and a;-a, #0. We obtain
the following generalizations of Rodrigues’ formula (2.1):

n, = — iaﬂz (3'2)
r
and
n,=— La, _ Lla, (3.3)
s r

where s = s(a, B)#0 is finite, and r = H(a, ) #0 is either
finite or infinite’. Furthermore, the metric can be put in the
form

? ( a )(1 )2

_ i—” (@, -2,) (1 ~ %)dﬁz +dv,
from which it follows that (Vv)* = 1 and Vv
= 2/(v — r) (cf. Ref. 1). Thus, V4-V(V?) =
—2/(v — r)?, and Eq. (1.2c) and (1.2d) are satisfied.
We consider first the case (iiid) when » = «. Then
(Vv)? = 1 and Vv = 0, the solution to which® is

v =X-p + 'p(X'A) ’

where p and A are arbitrary constant vectors satisfying 2
=1, A’ =0, A-p = 0, A5£0, and ¢ is an arbitrary function
satisfying ¢” %£0 [the case 3" =0 reduces this solution to that

34
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of case (iiia) above]. The constant N is arbitrary. This com-
pletes case (iiid).

There now remains only case (iiie), for which (Vv)* = 1,
V2v =2/(v —r), and r = H{a, ) is finite and nonzero. In
this case, N = 2, as follows from Eqgs. (1.2d) and (3.4). More-
over, r = 1 f3), as we now show. We have that a,-a,
=l(a,a,), =0, and so, from Egs. (3.2) and (3.3),

n,; =Ng <::>—1~a +(Q’;— fﬁ)a — —r—a[,=0.
a, a s aa r2 s2 a r2
The component of this along a, yields r, = 0; hence,
r = r( #). The method of solution to case (iiic) in Ref. 1 ap-
plies here, to the point where it is obtained that

v=r+Fy, (3.5
where
F(B,x,y,2)

=4 (B)+ i1 -Bx+ (1 + 8%y —Bz=0, (3.6)
the function ¢ (8 ) being completely arbitrary, and a 3 suffix
denoting partial differentiation with respect to S, holding x,
», and z constant. A direct calculation as in Ref. 1 shows that
v, given by Eq. (3.5), satisfies (Vv)* = 1 and V*v

= 2/(v — r), with r = 1 ) arbitrary. However, we must
still check the validity of Eq. (3.2) and (3.3). Consider the
initial surface v = 0:

HB)+ [(¢'(B)—Bx+iBy—z]=0.

The unit normal to this surface is

n=Vy
=Vr4+ VEF,
'—‘("B iFﬁﬁ)VBi(_‘ﬁ: B, —1)
- - >ap)- 2,
where

G(B)= xr[ 41 -8~ 11+ B?),B]
{6 (1 -8 +Bp -4,
il A +BY)—Bs" +61,—Bs" +¢'}.
Thus equation (3.2) is valid, and Eq. (3.3) holds if and only if
— (1/s)a, = — (1/nG'(B) ~ (r5/r)n. A direct calculation
shows that this is equivalent to the requirement
1 1 tre
= — 8= —{+ 0pFs +7,Fy) +6"F, + 1, }VB.
Since we require (1/5)70 in Eq. (3.3), it follows that A 8)
and ¢ (B) are restricted so that
+ (rapFp +rgFgg) + ¢ ""F5 + 13 #0.
We shall show that this condition is violated if and only if
both 7, = 0 and ¢ """ = 0. For suppose that
T (refp +raFpg) + ¢ "Fy + 15 =0.
Then,

P(B,x,p,2)= [(+ rg +6" +rptry6”]
- [ i(ﬁrﬁﬁ + rB) +B¢m]x
+ [+ Bras +r)+B" iy
+[Frs—¢")z=0. (3.7
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If P; =0, it follows immediately that 7, = ¢ "' = 0. If
Py #0, the fact that (V)* = 0 implies P2 + P2 + P2 =0
(where suffices denote differentiation holding A constant),
ie., thatrgy + @' =0,and sor; + ¢ " is constant. Now
Eq. (3.7) becomes

P(B’x’y)Z)ErB[(rB i‘¢”)’?(x_ly)]=0 (38)
Ifr; #0in Eq. (3.8), thenr; + ¢ " = + (x — i), and the
fact that 7, + ¢ " is constant yields a contradiction. Conse-
quently, r; =0, and then ¢ "’ = 0. Thus, the only possible
case where our solution (3.5) and (3.6) fails is when 7, = 0
and ¢ """ = 0. This exceptional case, where 7 is constant and
where the function g isof theform ¢ (8) = af > + bB + cfor
constants g, b, and ¢, was discussed in Ref. 1. Application of
the prescription (3.5) and (3.6) in this particular case yields

v=r+{lx—@—01+ [y—il@a+ >+ —by}H?,
showing that this case reduces to that of case (iiic) above. We
observe' that the particular (quadratic) form of the function

¢ is generated from the function ¢ (5)=0in Eq. (3.6) by a

translation of the origin
x—»x—(@—c¢), y—y—ila+c), z—oz—b.

This completes case (iiie), and the proof of the
theorem. 0O

Corollary 1: Any complex nontrivial solution of the
system

(Vy)’=VyVy = f(), (1.1a)

Viy =g (1.1b)
is also a solution of the system

YV’=VrVv= /@, (1.22)
(VY =N +2) f' () V¥

+INHD SO = INFDS" @)

= — NVy-V (V). (1.2b)

Proof: The proof follows immediately, using previous
results' in conjuction with the proof of Theorem 3.1. O

Corollary 2:

(Vy)'=Vy-Vy = 0=(Vy) = — Vy-V(V?).

Proof: If ¥ is identically constant, the result is immedi-
ate. If y is not constant, the result follows from the proof of
Theorem 3.1. [J

Remark: Case (iiia) can be considered as the special
case of (iiid) in which ¢"=0, and case (iiic) can be consid-
ered as the special case of (iiie) with rg=¢ ""'=0. It is more
convenient to separate these cases in order to compare the
results of Theorem 2.1 with those of Theorem 3.1.

It is also possible to recover the complex generalization
of Case (3.7b) of Ref. 1 from case (iiib) of Theorem 3.1, in
much the same way as was done in the real case following
Theorem 2.1. The necessary and sufficient condition for the
equipotentials to be concentric cylinders in case (iiib) in
Theorem 3.1 is that 4 (a) is constant, I’ is nonnull, and
(A x1')/ |V is a constant unit vector. The proof follows pre-
cisely as in the real case.
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4. CHARACTERIZATION OF THE SOLUTIONS

We shall give two characterizations of the solutions to
the system (1.2) in terms of the imbedding of the equipoten-
tial surfaces in (complexified) three-dimensional Euclidean
space. These two characterizations are analogous to ones
that can be obtained for the system (1.1).

Theorem 4.1: A family of surfaces {y = constant] is a
set of equipotential surfaces for (nonconstant) solutions of
the system

(VY)'=Vy-Vy = f() (1.1a)

and

Viy =g() (1.1v)

if and only if the surfaces are orthogonal to a congruence of
straight lines whose area expansion is constant on each
equipotential.

Proof: We use a notation in which a semicolon denotes
covariant derivative, indices are raised and lowered using the
metric tensor, Greek indices denote component indices, &5 is
the Kronecker delta tensor, and the summation notation for
repeated indices is employed. Since ¥z 7* =y, iagib

= 3(r5¥°Y* = }1(V¥)*1*, it follows that the curves of the
congruence normal to the equipotential surfaces {y = con-
stant} are geodesics (i.e., straight lines) if and only if
(V9)* = f(v) for some function f(y), i.., if and only if Eq.
(1.1a) is satisfied. If v is a solution of the equation
dv/dy = [ f(y)] ~'/?, then (Vv)* = 1 and we can decom-
pose' the term v, as

4.1)

where 8,,,, 0,,,, and 6 are interpreted as the “expansion ten-
sor”, the “shear tensor” and the “area expansion” of the
normal congruence, respectively, and satisfy 8, ,v* =0,
0, =6,.,0% =0,0,,v*=0,0,, =0,,,andg; =0.The
tensor 4,,, is the “projection tensor” into the tangent plane
at each point on a surface, i.e., h,, =8, — v, v,

By, =h,, hs =2,and b, h#*" = h ;. For future reference,
we also define the shear scalar o by 20° = 0,0, 0>0.
Thus, V?y = g(y)ifand only if V>v = 4 (v) for some function
h (v), which is true if and only if @ = 6 (v), since

V2v = v*, = 6. Thus, Eq. (1.1b) is satisfied if and only if §
is constant on each equipotential {v = constant}. The above
decomposition is analogous to that employed in the pseudo-
Riemannian manifolds of general relativistic cosmology
(see, for example, Ref. 6).

If f(y)=0, the equipotential surfaces are null. Again,
the curves of the congruence normal (and hence tangent) to
the equipotential surfaces are geodesics (i.e., straight lines).
The quantity 7, can be decomposed into its trace and tra-
cefree parts as

Vi =0z, =04, +16h,, ,

“4.2)

where in this case the interpretations of 6,,, 0, , and 6 for
the normal congruence are the same as before [for the case
SF(¥)=0], but &, while still being a projection tensor ortho-
gonal to ¥,,, is now degenerate, since 4, y* = 0 and
Yuv*=0.Thus, h,, =h,,,h} =1,andh, h* =h].The
proof of the theorem in this case [ f(y)=0] now follows as in

Vi = 0/1# = Oy + ahi;t ’

C.B. Collins 246



the case where f(y)£0. 0O

Theorem 4.2: A family of surfaces {y = constant} is a
set of equipotential surfaces for (nonconstant) solutions of
the system

(Vyy=Vy-Vy = f(») (1.1a)

and

Viy =g®) (1.1b)

if and only if the surfaces are orthogonal to a congruence of
straight lines and have constant (possibly infinite) principal
radii of normal curvature.

Proof: This theorem is merely a restatement of Theorem
(42)inRef. 1. 0O

Two corresponding characterizations for the system
(1.2) are given in the next two theorems.

Theorem 4.3: A family of surfaces {y = constant} is a
set of equipotential surfaces for (nonconstant) solutions of
the system

(Vy)’=Vr-Vy = (1), (1.2a)
(V) — WN +2) f' (1) Vy

+IN+D [P -V @)

= — NVy-V(V%) (1.2b)

(where N is constant) if and only if the surfaces are ortho-
gonal to a congruence of straight lines whose shear scalar o
and area expansion 0 are related by

INA+ €+ (N—1—€)82=0,

where € = 0 for null equipotentials, and € = 1 for nonnull
equipotentials.

Proof: Asin the proof of Theorem 4.1, it follows that the
curves of the congruence normal to the equipotential sur-
faces are geodesics (i.e., straight lines) if and only if Eq.
(1.2a) is satisfied.

If the case f(y)=£0, we consider the variable +(7), being
a solution of the equation dv/dy = [ f(¥)] ~'/?, and
satisfying

(VY)P=V4Vy = | (1.2¢)

and

(V) = — NVv-V(T). (1.2d)
A

Now Viiu Vi = Vip vt = (v;ll;u v¥) " — Vi v
= — W, ), v = — Vv.V(V?V), recalling that
V., v = 0. It follows from Eq. (4.1) that V+.V(V?v)
= — (40" + 67?). Thus, Eq. (1.2d), and hence Eq. (1.2b), is
satisfied if and only if 4No? + (N —2)8* =0.
If £(y)=0, Eq. (1.2b) is satisfied if and only if
2No? + (N —1) 8* = 0, where we have used the decomposi-
tion (4.2). 0O

Corollary: If a set of surfaces is orthogonal to a congru-
ence of straight lines whose area expansion 8 is constant on
each surface, the shear scalar o is related to 8 by the equation

INA+e)*+(V—1—€62=0,

where &V is a constant, € = O for null surfaces, and € = 1 for
nonnull surfaces.
Proof: This follows upon application of Theorems 4.1
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and 4.3, the Corollary of Theorem 2.1, and Corollary 2 of
Theorem 3.1. O

Remark: The expansion & and shear scalar ¢, have been
evaluated for each class of nontrivial solution given in Theo-
rems 2.1 and 3.1. Whether or not they vanish identically is
indicated in Table I.

Theorem 4.4: A family of surfaces {¢ = constant} is a
set of equipotential surfaces for (nonconstant) solutions of
the system

V)'=VrVr= f(»), (1.2a)
VY =N+ f'(») Vy

+INED IS DY =N S'®)

= — NVy-V(V?y) (1.2b)

if and only if the surfaces are orthogonal to a congruence of
straight lines and either have zero total (Gaussian) curvature
or have nonzero total (Gaussian) curvature but equal finite
principal radii of normal curvature.

Proof: We have already seen in the proof of Theorem 4.1
that the surfaces are orthogonal to a congruence of straight
lines if and only if Eq. (1.2a) is satisfied.

Suppose that Eq. (1.2) are satisfied. If the equipotentials
are not null and the shear tensor possesses three linearly
independent nonnull eigenvectors [case (iii) of Theorem 2.1
and cases (iiia—) of Theorem 3.1], it follows that the total
curvature is zero, unless the principal radii of curvature »
and s are finite and equal, in which case they are constant,
and hence so is the total curvature. If the equipotentials are
not null and the shear tensor possesses only two linearly
independent eigenvectors [cases (iiid) and (iiie) of Theorem
3.1}, it follows from Eq. (3.2) and (3.3) that the principal
curvatures are equal (taking the value 1/7). If 7 is infinite,
then the total curvature is zero. If # is finite, 7 is an arbitrary
function of the variable 8. While the total curvature is vari-
able, this occurs only if the two principal radii of curvature
are equal and finite. Finally, if the equipotentials are null,
then the total curvature is necessarily zero (principal radii of
normal curvature p, and p,, can be defined for a null sur-
face'; the “‘generalized total curvature” 1/p,p, = O for all
null surfaces).

Conversely, suppose that a set of surfaces {y = con-
stant} is orthogonal to a congruence of straight lines [so Eq.
(1.2a) is satisfied), and that the surfaces either have zero total
curvature, or have nonzero total curvature with equal finite
principal radii of curvature. If the surfaces are not null and if
the shear tensor of the normal congruence has three linearly
independent eigenvectors, the result follows immediately, by
the proofs of Theorems 2.1 and 3.1. If the surfaces are not
null and the shear tensor of the normal congruence possesses
only two linearly independent eigenvectors, the principal
radii of curvature are equal, by Egs. (3.2) and (3.3). Again
the result follows from the proofs of Theorems 2.1 and 3.1.
Finally, if the surfaces are null, then f(3)=0, and we see
from the proof of cases (ib) and (ic) in Theorem 3.1 that Eq.
(1.2d), and hence Eq. (1.2b), is satisfied. [

Corollary: If a set of surfaces is orthogonal to a congru-
ence of straight lines, and if the surfaces have constant (pos-
sibly infinite) principal radii of normal curvature, then they
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either have zero total (Gaussian) curvature, or have nonzero
total (Gaussian) curvature but equal finite principal radii of
normal curvature.

Proof: This follows either from previous results’ or from
an application of Theorems 4.2 and 4.4, the Corollary of
Theorem 2.1, and Corollary 2 of Theorem 3.1. (]

5. CONCLUSION

We have exhibited all compatible real or complex solu-
tions of the system

VyY¥=VyrVy= f(), (12a)
(V7)Y —UN +2) f'(v) V¥
+INED DV = INSFDDS' D)
= — NVp-V(V¥). (1.2b)

An interesting relationship was discovered in Theorem 4.4
between the nontrivial solutions (y=Econstant), and the set
of surfaces whose tatal curvature is zero, or whose total cur-
vature is nonzero and whose principal radii of curvature are
equal (and finite). An alternative characterization was given
in Theorem 4.3, involving the shear and expansion scalars of
the normal congruence of a set of surfaces. We have also
shown that every solution of the system

(Vry’=VyVy= /(). (1.12)

Viy =g(®) (1.1b)
studied previously' is also a solution of the system (1.2), but
that the converse is false, so our present results represent a
generalization of the previous work. Normalizing f(y) so
that £(¥) = 1in the case where f(7)#<0, we can conclude by

taking real and imaginary parts of Egs. (1.2) that we have
obtained all solutions to the real set of equations

(VXY —(VYY =¢,
VX vY=0,
(VX)* —(VY)
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= — N{VXV(VX) - VY-V(VY)},
and
2V2XV’Y = — N {VX-V(V’Y) + VY- V(V X))},

where € = 0 or 1, and N is a constant. The results are con-
tained in Theorems 2.1 and 3.1, and summarized in Table I
of Sec. 1.

The results of the present article have been applied to a
discussion of null surfaces in Minkowski space-time and its
complexification. This discussion will appear in a subse-
quent article. Moreover, there are questions in classical
physics which do not appear to have been previously exam-
ined, and which are readily answered using the present for-
malism. For instance, in electrostatics, one could ask for
what distributions of charge are the charge density and the
(magnitude of the) electric field constant on the equipoten-
tial surfaces? (The answers to this question are “for planar,
cylindrically symmetric, and spherically symmetric distri-
butions only.”) Such questions are currently being
investigated.
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We obtain a number of results on null geodesic congruences in Minkowski space-time M. It is
first shown that the only time-invariant hypersurface-orthogonal shear-free null geodesic
congruences in M are those that generate either null hyperplanes or null cones. This result is
derived in two interesting and quite distinct ways. One method of proof uses Kerr’s theorem. The
other method proceeds by showing that the equations specifying the class of congruences can be
written in the form (VyY=wvy-Vy = 1, and (V%) = —2Yy-V (VY), where v is a
potential and the operators 37 and /° refer to 3-dimensional Euclidean space. The complexified
version of this system of equations has been studied previously by the author [preceding paper, J.
Math. Phys. 21, 240 (1980)]. Hypersurface-orthogonal shear-free null geodesic congruences in
complexified Minkowski space—time are then investigated, and a close association is discovered
between the set of such congruences and the set of (generally, non-hypersurface-orthogonal)

shear-free null geodesic congruencesin M.

1. INTRODUCTION

In this article, we shall study shearfree null geodesic
congruences in real Minkowski space-time M and in its
complexification M *. In Sec. 2, we show that the only time-
invariant hypersurface-orthogonal shearfree null geodesic
congruences in M are those which (locally) generate either
null hyperplanes or null cones, and we obtain, as an elemen-
tary consequence, the result that the only null hypersurfaces
in M whose null generators are shearfree are either null hy-
perplanes or null cones. While this last result appears to be
well known, there is, as far as the present author is aware, no
well-known standard reference to it (cf. the comments in
Ref. 1). Furthermore, we shall derive our results in two in-
teresting and quite distinct ways. The first method will be to
show that the equations specifying the class of congruences
in question can be written in the form

(VP=Vr9y =1
and
(V)" = 2Vy-V(V?), (1.1b)

where ¥ is a (real) potential, and the operators V and V2 refer
to (real) three-dimensional Euclidean space. This system is a
specialization of that investigated in Theorem 2.1 of Ref. 2,
and so the solutions can readily be found. The fact that the
potential y is time independent reflects the time-invariance
property of the congruence. Equation (1.1a) can be regarded
as a statement that the hypersurface-orthogonal congruence
is null, and Eq. (1.1b) is a statement that the shear of the
congruence vanishes.

The second method of proving the result of Sec. 2 uses
Kerr’s theorem in conjunction with a result obtained in the
proof of Theorem 3.1 in Ref. 3. We shall consider the metric
of Minkowski space-time in Cartesian-like coordinates
(t,x,p.2), viz.,

ds’ = —dt? 4 dx* + dy* + dz°. (1.2)

(1.1a)
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It will also be convenient to express relationships in terms of
a set of complex null coordinates (v,v,£,$ ), defined by

1 1
U= —=z+1), v= —=(z—1),
V2 V2

b= Lty F= —x—i),

- (1.3a)
V2 V2
1 1 -
t= —=(u—v), x= —=E +¢),
V2 V2
y=—L¢-8), 2= @+ (1.3b)

V2 V2
In this second set of coordinates, the metric (1.2) becomes
ds* =2dudv+2d¢ dé¢. (1.4)
Kerr’s theorem** states that in Minkowski space-time the

most general analytic shearfree (future pointing, affinely
parametrized) null geodesic congruence k is given by

either

k=k,dx'= —(du+ Yd§ + Yd§ — YYdv), (1.5a)
or

k =k, dx* =dv, (1.5b)

where Y'is a complex function of the coordinates, defined
implicitly by

F=F(Yu+ Y5 — Yv) =0, (1.5¢)

with F an arbitrary complex analytic function of its three
arguments. If we make the further demand that the congru-
ence be time-invariant and hypersurface-orthogonal, we re-
cover the required result.

We can also examine “‘time”-invariant hypersurface-
orthogonal shearfree null geodesic congruences in complexi-
fied Minkowski space~time M * (e.g., see Refs. 7-9) by com-
plexifying the analysis that led to Eq. (1.1). The complex
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version of Eq. (1.1) is a specialization of those investigated in
Theorem 3.1 of Ref. 1, and the solutions can be readily
found. This is done in Sec. 3. In addition to the complex
generalizations of the null hyperplanes and the null cones
obtained in the real case, there are more complicated sets of
hypersurfaces which are not admitted in the real case. Fur-
ther study shows that when the normals to these hypersur-
faces are expanding, they are quite naturally related to a
class of (generally, non-hypersurface-orthogonal) time-in-
variant expanding shearfree null geodesic congruences in
real Minkowski space-time M.

It should be noted that our discussion is intended to
study Jocal properties of congruences. It is to be understood
that our results may be valid only locally, and that separate
qualifications to this effect will not be given.

2. NULL CONGRUENCES IN MINKOWSKI SPACE-TIME

If a vector field k is everywhere tangent to a null geode-
sic congruence, affinely parametrized so that*

ka;bk b= 0’

then there is a decomposition of ,,, in terms of certain phys-
ically relevant quantities (e.g., Ref. 11):

ka;b = Bab + wab,

where 8,, = 0,4, = k(uy is the “expansion tensor” and @,,,,
= W, | = Kay ; 1S the “vorticity tensor.” The expansion
tensor can be further decomposed into its trace and tracefree
parts:

O =00 + %ehab’

where 0 = 8% = k¢, is the “expansion scalar,” o, = 0,

= Keop) — 3K D, isthe “shear tensor,” and £, isa (degen-
erate) projection tensor into the space H orthogonal to (and
hence containing) k. As in Ref. 11, we will be primarily con-
cerned with projections into the space .S, which consists of
equivalence classes of vectors in H that differ only by multi-
ples of k. In this case, given a null vector 1 statisfying k150,
there is a unique projection tensor 4, with the properties 4,
= Aiapy» hap X P S for all vectors X, and 4, X * = X, for all
Xe S. The null geodesic k congruence is hypersurface ortho-
gonal if and only if &, k., = 0 <= @ = 0, where
20°=0,, 0" = k|, 1k “* = 0, and is shearfree if and only if
o = 0, where o is the “shear scalar,” given by 20°=0, 0"
= kg, k “* — $(k %,)?, 0>0. We note that the condition
o,, = Oisnotinvariant, since it depends on the choice of 4,
which in turn depends on the choice of the null vector 1.

We note in passing that if k is tangent to a (affinely
parametrized) null geodesic congruence, then so also is /k,
where fis constant along each curve of the congruence. If,
moreover, the k congruence is shearfree or hypersurface-
orthogonal, then so also is the fk congruence. Furthermore,
if the k congruence is hypersurface-orthogonal, there exists
an fk congruence whose vorticity tensor vanishes.
Given any Killing vector &, a null geodesic congruence

with tangent vector k is “invariant under the action of §” if
and only if

Zek = 0=>[Ek] = 0=k ,£° — £,,k°=0.
@.1)
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Lemma 2.1: Any null hypersurface in Minkowski
space—time is generated by a (unique) null geodesic
congruence.

Proof: Let g(t,x,y,2) = 0 be the equation of the null hy-
persurface. Then, defining k to be the gradient of g, we have
k, =g,, where

kok*=0c=¢,8" and ki, =0=81. =0

Extending the gradient vector field to obtain a null vector
field k defined in a neighborhood of the hypersurface, we see
that &,k ¢ = 0=k, k “ = 0. Thus, on the hypersurface,
ky .k “ =0, and so the integral curves of k form a (hypersur-
face-orthogonal) null geodesic congruence in the
hypersurface.

Since the vector k is orthogonal to any vector v tangen-
tial to the hypersurface at a point P, it follows that v is either
null or spacelike, and that, if v is null, it is parallel to k at P.
This property holds at all points P of the hypersurface. Con-
sequently, if a second nuil congruence k generates the hyper-
surface, then x, = f'k, for some nonzero function f, and
Kank” = (fik )k, i.e., the integral curves of k form a (gen-
erally, non-affinely parametrized) null geodesic congruence
which coincides with that of the integral curves of k. O

Remark: We will say that a null hypersurface
g(t,x,p,2) = 0in M is “shearfree” if an affinely parametrized
null geodesic congruence that generates it is shearfree, i.e.,
8..8%" = 3(g)? on the hypersurface. By Lemma 2.1, we see
that there is an affinely parametrized null geodesic congru-
ence generating every null hypersurface, and by the proof of
Lemma 2.1, and the remarks preceding it, we see that the
definition is independent of which particular affine parame-
trization is used. We will be particularly concerned with (hy-
persurface-orthogonal shearfree null geodesic) congruences
that are invariant under the action of a timelike translational
Killing vector (cf. Ref. 4). For brevity, such congruences will
be termed “time-invariant.” Not every time-invariant shear-
free null geodesic congruence in M is necessarily hypersur-
face orthogonal, as we will show in the proof of Theorem 2.2.

Theorem 2.2: Let k be a vector field everywhere tangen-
tial to a time-invariant hypersurface-orthogonal shearfree
null geodesic congruence in Minkowski space—time. Then
there is a system of “Cartesian” coordinates (z,x,y,z) such
that k is orthogonal to (and hence generates) the family of
null hypersurfaces {¢ — ¢(x,y,z) = constant}, where either
() g = Ix + my + nz + A, with ,m,n, and 4 constants satis-
fying /? + m? 4+ n* = 1: in this case, the expansion scalar
vanishes, and the hypersurfaces are null hyperplanes; or (ii)
q = + [(x — x, null cones.

Proof: Without loss of generality, the k congruence is
affinely parametrized. Suppose that this congruence is invar-
iant under the action of a timelike translational Killing vec-
tor £. We can choose coordinates (¢,x,,2) in Egs. (1.2) such
that § = 3 /d¢. By the proof of Lemma 2.1, there is a real
function g(¢,x,,2)5<0 such that k, = g,,. Moreover, by Eq.
(2.1),8.,,& ¥ = 0. This implies that thereis a constant band a
real function Q (x,p,z) such that

g(t,x,p,z) = bt + Q(x,.2). (2.2)
The condition that k is null may be written in the form
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kok® = 0g,.8° = =XVQ)'=VQVQ =b",
2.3)
where V is an operator in the three-dimensional Euclidean
space {f = constant}. The expansion scalar 8 of the k con-
gruence is

6=k =g%=VQ, Q249
and the shear scalar ¢ is given by
0 = Yo k™ = 4k
= i[28,..6"" — €2)’]
= —1[(V?Q) +2VQ-V(V*Q)], (2.5)

where the operators V and V? act in the three-dimensional
Euclidean space {¢ = constant}.

Thus, from Egs. (2.3) and (2.5), any time-invariant hy-
persurface-orthogonal shearfree null geodesic congruence in
Minkowski space-time can be associated with the solution @
to the following system of potential equations:

(VOY=VQVQ=0b*

and

(V@) = —2VQ-V(V2Q), (2.6b)
where b is a constant. Since Q is real, the case & = 0 would
require that Q be zero, and then, from Eq. (2.2), we obtain

=0, which is inadmissible. Consequently, b %0 in Eq.
(2.6a).

The system (2.6) is a particular case of the system of
potential equations (1.2) previously investigated.” The gen-
eral solution is therefore obtained by writing ¢ = Q /b and
employing Theorem 2.1 of Ref. 2, and the theorem is proved.

O

Corollary 1: In Minkowski space~time, any time-invar-
iant hypersurface-orthogonal shearfree null geodesic con-
gruence can be associated with a family of equipotentials in
three-dimensional Euclidean space. In case (i) of Theorem
2.2, these equipotentials are planes (the principal curvatures
are zero; the normal geodesic congruence satisfies 0 = o

= 0), and in case (ii) they are spheres (the principal curva-
tures are equal and nonzero; the normal geodesic congru-
ence satisfies 6 #0 = 0).

Proof: This follows immediately from Table I of Ref. 2.
We note that the guantities 6 and o refer both to the space-
time congruence and to the auxiliary congruence of rays
orthogonal to the equipotentials in Euclidean space. O

Corollary 2: In Minkowski space-time a null hypersur-
face H is shearfree if and only if it is either a null hyperplane
or a null cone.

Proof: Suppose H is shearfree. We consider Minkowski
space~time M with coordinates (¢,x,y,z) of metric (1.2), and
construct a family of hypersurfaces H (v) parallel to H as
follows:

H@) = {(txy2)e M|t —vxpz)cH},
where v is a parameter that is constant on each surface, and
H (0) = H. We suppose that H is given by the equation
g(tx.y,z2)=t — f(x,p,z) = 0. Clearly, for each v, the null geo-

desic generators of H (v) are parallel to those of H, and are
shearfree. We now have a shearfree null geodesic congruence

(2.6a)
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defined throughout M. This congruence is time-invariant,
since ¥ k = 0, where§ = d /dtand k, = g, thefunctiong
here being g(t — v,x,y,z), whose vanishing specifies the hy-
persurface H (v). By Theorem 2.2, this congruence is ortho-
gonal to (and hence generates) a system of hypersurfaces
which are either null hyperplanes or null cones, i.e., the fam-
ily H (v) is a system of either null hyperplanes or null cones,
and, a fortiori, H = H (0) is either a null hyperplane or a null
cone.

Conversely, given any null hyperplane or null cone, it is
clear by direct calculation that its null geodesic generators
are shearfree. O

There is an alternative proof of Theorem 2.2, which
uses Kerr’s theorem.*® This proof will now be given.

Alternative Proof of Theorem 2.2: Kerr’s theorem states
the form of the most general analytic (future-pointing affine-
ly parametrized) shearfree null geodesic congruence in M
[see Eq. (1.4) and (1.5)].

If Eq. (1.5b) is obeyed, i.e., if k = dv, then the vector
field k is clearly orthogonal to the hyperplanes {t — z = con-
stant}. These intersect the hypersurfaces {¢ = constant} in
the planes {z = constant}.

If, on the other hand, Eq. (1.5a) is obeyed, i.e., if
k= — (du+ Yd &+ YdE — YYdv), then k is hypersurface-
orthogonal if and only if k Ad k = 0, which is equivalent to
the following set of conditions:

YY, - YY, 4+ Y(YY); — Y(YY); =0, (2.72)
Y, + (YY); — Y(YY), + YYY, =0, (2.7b)
Y, + (YY), - Y(YY), + YYY, =0 (2.7¢)

and
Y;— Y, +¥Y, - YY, =0,
where a suffix denotes partial differentiation. Forming

¥ X Eq.(2.7b) — Y X Eq.(2.7¢) and using Eq. (2.7a), we find
that

YY(YYy, - YY,)=0. (2-82)

Consequently, either ¥ =0, or Ys£0and ¥, /Y=Y, /Y. In
either case, Eq. (2.7d) shows that

Y, =¥;. (2.8b)
Recalling that Y is defined implicitly by the relation
F(YX,,X,)=0, (2.9)

where X, =u + Yfand X,=¢ — Yo, we find that Y =YY,
= —YFy/Dand Y, = — YY, = YF, /D, where D =F,
+ Fy, & — Fx,vz£0. Direct substitution of these relations
into Eqgs. (2.7) shows that they are identically satisfied if and
only if Eq. (2.8) hold, i.e., if and only if either ¥ =0, or Y50
andboth Fy /YD and Fy /D arereal. Moreover, we find that
k is invariant under the timelike translational Killing vector
€ = d/atif and only if dY /9t = Oc——=snce Y, generates) the
hyperplanes {z + ¢ = constant}. These intersect the hyper-
surfaces {¢ = constant] in the planes {z = constant].

Now suppose that Y5£0. If Fy =0, then Fy =0andEq.
(1.5¢) requires that Y is identically constant. In this case, k is
orthogonal to (and hence generates) the hyperplanes
{u + Y£ + Y — YYv = constant}. These intersect the hy-
persurfaces {¢ = constant} in the planes {(Y + ¥)x
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—i(Y — ¥)y + (1 — Y¥)z = constant}. If Fy =40, then,
without loss of generality, we can arrange for Fin Eq. (1.5¢)
to be of the form F = G(Y,X) — X,, where G is an analytic
function of Yand X, ; in other words, without loss of general-
ity, Fy = — 1.Now Gy, = ¥,and Gy + Yl isreal. Thus, G
isoftheform G(Y . X,) =X, Y — (v/'2)¢ (Y ), where ¢ (¥) is
such that D = X, — (v/2)¢ '(Y) + Y& + v is real. In this
case, using Egs. (1.3), Eq. (1.5¢) can be written as

- —\}F(Y,u + YEL — Yo)=H (Yxp.2)
2

=¢ (Y)+1(1 — Y)x + Li(1 + Y?)y — ¥z =0. (2.10)
Werequireall functions ¢ (¥ ) in Eq. (2.10) with the property
that H, = H,(x,3,2) = ¢ '(Y) — Y (x — iy) — zis real. This
problem can be readily solved when we observe that Eq.
(2.10) is the same as Eq. (4.5) of Ref. 3. The analysis subse-
quent to Eq. (4.5) of Ref. 3 now applies, and we can therefore
deduce that H satisfies

(VH,)? =1 (2.11a)

and
V’H, =2/H,, (2.11b)

where H is real. Equations (2.11) are a special case of the
system discussed in Theorem 3.1 of Ref. 3, and it follows that
the general solution is
Hy= £ [x—xV+0—-y)+ -7-1)2][/2 + A4,

where x,, y,, z,, and 4 are constants. Since the normals to
the equipotential surfaces { H,, = constant} possess a shear
tensor which has three linearly independent eigenvectors, it
follows? that ¢ "'(Y) = 0, i.e., that ¢ (¥ ) is of the form
6 (Y)=a+ bY + ¢, Y*for constants a, b, and ¢. This func-
tion is generated from ¢ (¥ )=0 in Eq. (2.10) by the shift of
origin x—x — (@ — ¢),y—y — i(a + ¢), and z—z — b. In or-
der to determine the hypersurfaces generated by k, it is
therefore sufficient to put ¢ (¥') = 0in Eq. (2.10), which then
implies

—Z4+r

Y= —
x—1iy

r=u*+yt+29)"%

Employing Eq. (1.5a), a direct calculation, given in the Ap-
pendix, shows that k, = fg,, where g = g{[(u — v)/v'2]
+ 268 + Yu +v)"]?} = g(t £ 7), and [1 & (z/7)]
Xfg'(t + r) = — /2 (vote that fis constant along the gen-
erators k in keeping with our earlier remarks). Thus, k gener-
ates the hypersurfaces {# 4 (x* + y*> 4 z°)"/*> = constant},
i.e., a family of null cones whose vertices lie on the ¢ axis.
Now invoking the allowed shift of origin, we see that the
general family consists of null cones whose vertices lic on a
line {(x,,p5,25) = constant}, where x, = (@ — ¢), Jo
= i(a + ¢), and z; = b are arbitrary real numbers, i.e., b is
an arbitrary real constant and @ = € is an arbitrary complex
constant. These cones intersect the hypersurfaces {¢ = con-
stant} in spheres centered on (x;,5,2,)- O
Remark: These results are consistent with those of
Cox,* who has derived expressions for the most general ana-
lytic shearfree null geodesic congruence k in Minkowski
space—time that is either (i) invariant under the action of a
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translational Killing vector d /9t or (ii) invariant under the
action of a spacelike rotational Killing vector x(3/dy)

— y(9/3x), or (iii) both (i) and (ii). Unfortunately, there are
errors in these expressions. In our notation, Cox has shown
that in case (i) (Theorem I of Ref. 4), k is given by k = dvor
k= — (du+ Yd § + YdE — YYdv), where Y'is an arbitrary
complex function of £ — Yv — ¥ (u + Y€ ),inwhich caseitis
concluded that there is an analytic function ¢ (') such that
¢ (¥)+ (/v 20 — Yv) — (1/v/2)Y (u + YE) = 0. Howev-
er, the case where Y is identically constant appears to have
been overlooked. Similarly, in case (iii) (Theorem III of Ref.
4), we have eitherk =dvork = — (du + Yd § + Yd§

— YYdv), where Y'is a complex function of the coordinates,
defined implicitly by F(Y,u + Y& — Yv)
= —iaY +(1/VE - Yo) —(1/VDY(u+ YE) =0,
where a is real, together with the additional possibility that Y
could vanish identically. We see from Eq. {2.10) that if in
addition the congruence is hypersurface orthogonal, then it
is given by eitherk =dvork = — du, ora = 0. It is well
known in the theory of Kerr—Schild space-time (e.g., Refs.
6,12, and 13) that, when considered with respect to an auxil-
iary null geodesic congruence in Minkowski space-time, the
case a #0 generates the Kerr'* solution, and the case @ = 0
spectalizes the solution to that of Schwarzschild. The param-
eter g is interpreted as the angular momentum/unit mass,
and there is thus a close connection between the two hyper-
surface-orthogonality properties in the curved Kerr-Schild
space—time and in the auxiliary flat space—time. In fact,
Newman and Winicour' have already obtained a result to
this effect. They show that the “Kerr congruence” [i.e., the
shearfree null geodesic congruence generated in the case
when F(Y,u + Y§,6 — Yv) _
= —iaY+{A/NVDE - Yv) —(1/V2)Y (u + Y§) =0,
where a4 is real] can be interpreted as a complexified version
of the “Schwarzschild congruence” (i.e., the special case
when a = 0). This is also apparent from our discussion
above.

3. COMPLEX MINKOWSKI SPACE-TIME

In this section, we examine the complexification of our
results, and discover a close relationship between time-in-
variant shearfree null geodesic congruences in real Min-
kowski space—time M and “time”-invariant Aypersurface-
orthogonal shearfree null geodesic congruences in complexi-
fied Minkowski space-time M *. We allow the coordinates
(t.x,y,2) of Egs. (1.2) to take complex values. In this case, {
and £ as defined by Eqs. (1.3) are no longer complex conju-
gate. Null congruences and null hypersurfaces are defined as
direct generalizations of their real counterparts, where the
property of being null is with respect to the (complex, non-
Hermitian) metric given by Eqgs. (1.2). A congruence with
tangent vector k will be called * “time”-invariant’ if thereis a
nonnull translational Killing vector § such that .%" k =0
[cf. Eq. (2.1)]. Since £+ is a (complex) nonzero constant, §
may be rescaled so that £ = — 1, and there is then a co-
ordinate system (z,x,y,z) such that § = d/dr.

Lemma 2.1 generalizes from M to M *, to the extent that
any null hypersurface in M * is generated by a null geodesic
congruence. However, this congruence is no longer unique.
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For instance, the hypersurface t = x is generated by a set of
vectors 8 § + 8¢, and also by a set of vectors §; + i85.

Theorem 2.2 generalizes as follows.

Theorem 3.1: Let k be a vector field everywhere tangen-
tial to a “‘time”-invariant hypersurface-orthogonal shearfree
null geodesic congruence in complexified Minkoski space—
time. Then there is a system of “Cartesian” coordinates
(t,x,y,2) such that k is orthogonal to (and generates) the fam-
ily of null hypersurfaces {et — g(x,y,z) = constant}, where
either (i)e = landg = Ix + my + nz + A4, with/,m,n, and 4
complex constants satisfying /? + m?* + n? = 1; in this case
the expansion scalar vanishes and the hypersurfaces are null
hyperplanes; or (ii)e = landg = + [(x —x,)* + (¥ —y,)*

+(z —2,)"1"* + 4, with x,,, ,z,, and 4 complex con-
stants; in this case, the expansion scalar is nonzero and the
hypersurfaces are null cones; or (ili) e = l and ¢ =, x

+ oy + 132 + WA x + A,y + A5 2), with ¢ arbitrary,

" 540, and with | i, 44,4, ,4,, and A; complex constants
satisfying 2 +p2 +p2 = 1,42 + A2 + 12 =0, 4,4,

+ A, +Asuy =0,and A, A,, and A, are not all zero; in
this case the expansion scalar is zero, but the hypersurfaces
are not null hyperplanes; or (iv) € = 1 and ¢ = (3F /33)

+ A (B), where F(B,x,p,2)=¢ (B) + 1[(1 — B)x

+i(1 + By —2Bz = 0; A (B) and ¢ ( B) are arbitrary, ex-
cept that 4 '( B ) and ¢ "( 3) are not simultaneously zero; or
(v)e = 0 and ¥(g) = I (g)x + m(q)y + n(q)z, where ¢, I, m,
and » are arbitrary, with /%2 + m?> + n* =0 and I,m, and n
are not all zero; or (vi) € = 0 and ¢ is the (a,3) eliminant of

x = iff sina + u(a,y),

= iff cosa — J U (a,y) tanada + ay(y),

and
z=4,

where p(a,y) and a,(y) are arbitrary functions.

Proof: The argument in the proof of Theorem 2.2 gener-
alizes to the complex case to yield the complexification of
Egs. (2.6), viz.,

(VQ)Y'=VQVQ=»>" (3.1a)

and

(V@)Y = —2VQ-V(V2Q), (3.1b)
where b is a constant, and g(#,x,y,2) = bt + Q (x,p,2) is such
that £, = g.,. Since Q is no longer required to be real, the
case b = 0 in Eq. (3.1a) is now admissible.

The system (3.1) is a particular case of the system of
potential equations (1.2) previously investigated.” The gen-
eral solution is therefore obtained by employing Theorem
3.1of Ref. 2 (and writinga = Q /bif b #0), and the theorem
is proved. O
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Corollary 1: In complexified Minkowski space-time,
any “time-invariant” hypersurface-orthogonal shearfree
null geodesic congruence can be associated with a family of
equipotentials in complexified three-dimensional Euclidean
space. In case (i) of Theorem 3.1, these equipotentials are
planes (the principal curvatures are zero; the normal geode-
sic congruence satisfies 8 = o = 0); in case (ii) they are
spheres (the principal curvatures are equal and nonzero; the
normal geodesic congruence satisfies § £0 = ¢); in case (iii)
the principal curvatures of the equipotentials are zero and
the normal geodesic congruence satisfies § = o = 0; in case
(iv) the principal curvatures of the equipotentials are equal
and nonzero and the normal geodesic congruence satisfies
0 #0 = o7 in case (v) the equipotentials are null planes (i.e.,
elements of the set”* .%’) and the normal geodesic congru-
ence satisfies § = o = 0; and in case (vi) the equipotentials
are nonplanar null surfaces (i.e., elements of the set?>* .# and
the normal geodesic congruence satisfies 8 0 = o.

Proof: This follows immediately from Table I of Ref. 2.
We note that the quantities § and o refer both to the space-
time congruence and to the auxiliary congruence of rays
orthogonal to the equipotentials in complex Euclidean
space. O

Remark: As observed in Ref. 2, case (ii) is recoverable
from case (iv) by the specialization ¢ "'(8) = 4 (8) = 0.

Our main result is as follows:

Theorem 3.2: There is a mapping y of the set S of ex-
panding (generally, non-hypersurface-orthogonal) shearfree
null geodesic k congruences in real Minkowski space-time
that are invariant under a timelike translational Killing vec-
tor § into the set Sin complexified Minkowski space-time
M * of expanding hypersurface-orthogonal shearfree null
geodesic k congruences that are invariant under the action of
g (the complex analytic extension of €), and which satisfy
k- #0. Conversely, there is a mapping ¥ of the set S of such
congruences into the set S of congruences in M.

Furthermore, there is an equivalence relation R on the
set S'such that the maps x:S—S/R and ¢S’ /R—S§ are bijec-
tive; Yoy = identity on .S and yoy = identity on S

Proof: (a) We first prove the existence of the maps y and
'/

(i) Suppose that we have an expanding shearfree null
geodesic congruence in real Minkowski space-time, whose
affinely parametrized tangent vector is k. Suppose further
that this congruence is invariant under a timelike transla-
tional Killing vector & Choose coordinates (¢,x,y,z) in Egs.
(1.2)suchthat§ = d /3t (withoutloss of generality, & is a unit
vector). Then, by Theorem I of Ref. 4 (in our notation; see
also the remark after Theorem 2.2 above), there is a set of
coordinates (u,0,5, £ ) such that either k = dvofk = — (du

+ Yd § + Yd§ — YYdy), where either Y is constant, or
Y = Y(x,p,2) is a complex function, defined implicitly by

1 _
— —F(Yu + YEE — Yv)
V2 ’

=4 (¥) + —(t — Y0) — — ¥ (u+ ¥E) =0, 3.2)

V2 V2
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where ¢ is an arbitrary analytic function of Y. The cases
where k = dv or where Y'is constant are inadmissible, since
then the congruence is nonexpanding. Define ¢ = g(x,,z)
=—(/V)Fy =¢'(Y) — (1/V2)(u +v +2YF). By

the remarks following Eq. (2.10), we obtain (V¢)* = 1 and
V?q = 2/q [which implies (V%g)* = — 2V¢-V(V%g);

cf. Eq. (2.6)). The hypersurfaces {t — g = constant} are null
and, in general, complex [from the remarks following Eq.
(2.10), they are real if and only if ¢ (Y)=¢Y* + bY + c for
some complex constant ¢ and real constant b ]. Moreover, the
(complex) vector field k = d t — dq is null, hypersurface-
orfhogonal, invariant under the action of g = d /dt, satisfies
k-§+#0, and, from the arguments used in the proofs of
Lemma 2.1 and Theorems 2.2 and 3.1, is geodesic, shearfree,
and has nonzero expansion scalar. The procedure outlined
above serves to define the map y.

(ii) Suppose conversely that we have an expanding hy-
persurface-orthogonal shearfree null geodesic congruence in
complexified Minkowski space-time that is invariant under
the action of § = d/dt, whose affinely parametrized tangent
vector is k, where k- #0. As in the proof of Theorem 3.1, we
may write &, = g., for some (complex) function g, where
g(tx.p,z) = bt + Q (x,p,2) and

(VO)P=VQ-VQ=1b" (3.3a)

and

(V*Q)Y = —2VQV(VQ), (3.3b)

where b = l~(-§ is a nonzero constant.

By Theorem 3.1 and its Corollary, there are two classes
of solution to Eqgs. (3.3) for which & #£0 = ¢. These were
labeled (ii) and (iv) in Theorem 3.1. As we observed in Ref. 2
and the remark following Theorem 3.1, we can recover solu-
tion (ii) from (iv) by the specialization ¢ "'(B) = 4 '(8)

= 0. This means that in either case we can construct a func-
tion ¥ =psatisfying Eq. (3.2). We now define the real vector
k= — (du+ Yd § + YdG — YYdv). The integral curves of
the k congruence form an (affinely parametrized) expanding
shearfree null geodesic congruence in real Minkowski
space-time (this follows from Sec. 2). Moreover, the congru-
ence is invariant under the action of § = d /dt, since

Y = Y (x,y,2), and the congruence is hypersurface-ortho-
gonal if and only if ¢ (Y )=¢Y > + bY + c for some complex
constant c and real constant b. The procedure thus described
serves to define the map ¢.

(b) We have thus exhibited the existence of the maps y
and ¢ and we now examine their properties:

We define a relation R on the set S by the requirement
that any two members of S are related by R if and only if,
when expressed in terms of solutions to Egs. (3.3), the func-
tions ¢ (B ) are identical [but the functions 4 (8 ) may differ].
This relation is clearly an equivalence relation. Moreover, by
the above construction of the maps y and ¥, it is clear th~at
Yoy is the identity on S, and that yoy is the identity on S,
from which it follows that y and # are bijective maps. [
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APPENDIX. GENERATION OF NULL CONES

We show that if ¥ = ( — z + r)/(x — iy), where r = (x*
+y* +2°)"% then k, = fg,,, where g = g{[(u — v)/1v/2]
+ (26 + 4 + 0]} = g(t + ), and [1 + (@/7)]
Xfg'(t +r) = — V2, in agreement with the claim made in
Sec. 2. This is done by employing Eq. (1.5a), which requires
that

S8 = —1, (A1)

/2, =YY, (A2)

fe.= -7, (A3)
and

for=—%, (A4)

where Egs. (A3) and (A4) imply that ffg, = — ¢ Y

= — (Y =flg;, from which we get g = g({5,u,v). Let
U=u+v,V=u—vand W=+[4( + (u + v)*’]. Then
Eqgs. (A1) + (A2) — (A3) shows that g, = 0. Equations
(A1) and (A3) become

f(gW%+gy): -

and

f%(Wz- U)=UTW
Eliminating £, we obtain

Ugw + Wg, =(U+ Wy,
from which we get

& = T 8w

Thus, g is a function of ¥V + W ==u — v 4 V/[4(E

+ (u + v)’] only, ie., g =g{[(u — v)/v2]

+ [26€ + 4(u + v)']'*) = g(t £ 1), where r = (x* +
+ z»)'2. Direct substitution of this result into

Eq. (Al) shows that [ + (z/N] fg'(t + )= — 2.
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Using the terminology of Jet bundles, we determine generalized symmetries of the Yang

equations
SUs+fD =L fi—fofs —e, 8 —€.8: =
f(eyy + ezf) -2 eyf;; — zezf;— =0.
f(gy)" +8.:)— Zg; - 2gyf; —28: 1, =0,

which are equivalent to the self-dual Yang-Mills equations in a particular gauge. The Bicklund
transformations of Corrigan et al. are derived and discussed as generalized symmetries.

1. INTRODUCTION

There has been a recent upsurge of interest in the classi-
cal notion of a Biacklund transformation. '-* In particular,
there is considerable research activity aimed at formulating
both an appropriate definition and also an effective compu-
tational scheme for the determination of Biacklund transfor-
mations in more than two dimensions. The framework
which seems most likely to provide the answer to both as-
pects is that which surrounds the formalism of jet bundles.
We refer to the work of Hermann, '®'2 Pirani, "-® and
Dodd '? for details of this theory and wish to concentrate our
attention on the computational utility of the language of jet
bundles.

By making a special choice of gauge, the R gauge,
Yang '* was able to show that the Yang—Mills gauge poten-
tials in complexified Euclidean space 4 °, could be expressed
in the form

nzkjajf; ﬂlt;izaje
A, = ~3f (L.1)
M) 298 — 1, 9, f
where 4, =14 ¢, o° (with Pauli matrices o “) and n“, ; is the
‘t Hooft '® tensor given by

M = €oar; + Sk 501 - 5aj Sox - (1.2)
The condition for the field strengths F, =3d; 4, — 3, 4;

+1i[d;,A,]tobeself-dual, *F, =1¢€,, F, = F;
becomes

f(f;y+ f;z")_f;f;‘:_f;f;“’eygy‘_ezgfzoy

(1.3)
fley;+ ez)—2e, f;—2e f; =0, (1.4
f(gyy + g5)—2 gyf:v -2 g f, =0, (1.5)

where

(2)‘/26 :Z:):xu o

and y,Z are complex variables independent of y* and z*, the
complex conjugates of y and z.

“Visiting Associate Professor of Mathematics 1977-78.
"’Permanent address.

256 J. Math. Phys. 21(2), February 1980

0022-2488/80/020256-05$1.00

In this paper we will use the language of jet bundle the-
ory to determine symmetries and generalized symmetries '°
of Egs. (1.3)~(1.5), which we refer to as the Yang equations.
In the following section we will determine generalized sym-
metries of the Yang equations and show that there is essen-
tially only one nontrivial example of the type considered.
The map so constructed is the “Backlund map” of Corrigan
et al. ' Despite the fact that no generally accepted definition
of a Biacklund map in higher dimensions has yet been formu-
lated, it is unlikely that the name will gventually be associat-
ed with this example. Generally speaking, some form of inte-
grability condition is involved in a Backlund transformation,
and, although it is likely that this will need to be weakened,
some such notation as involution '* will probably be re-
tained. Here we show that a generalized symmetry is a cor-
rect description of the Corrigan ef a/. mapping.

A Bicklund transformation from an equation to itself
(an auto-Bicklund) is, in two dimensions, essentially a single
discrete symmetry akin to parity or charge conjugation. Act-
ing on a solution ¢ of its appropriate evolution equation, we
find that

B*¢= ¢. (1.6)
With such a single operator a family of operators can be
associated by utilizing the symmetries of the relevant evolu-
tion equation. Generally, in examples such as the sine-Gor-
don equation or Korteweg—de Vries equation, there is only a
one-parameter family but there is no particular reason for
that. If L, is a symmetry transformation, either space—time
or internal, which is paramerized by a set of labels , we can
define a multiparameter Biacklund map B, corresponding to
a single Backlund map B by

B,=L_;' BL,. (1.7)

Thus there are two parts to a Backlund transformation. We
must determine both a discrete mapping and also its interac-
tion with the space—time or internal symmetrys L, of its
evolution equation.

The “Bicklund map” of Corrigan et al. '” has property
(1.6), and in the final two sections of this paper we determine
both internal symmetry transformations of the Yang equa-
tions which may be compounded with the single map B to
give alternative forms of a “Bécklund map” and also space—
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time symmetries which may be combined, as in (1.7), to give
a more general multiparameter form. Although most of our
results are already known, the overall approach is novel and
illustrates clearly the advantage of the jet bundle approach.
We answer in the affirmative the question posed by Corrigan
etal.'” as to whether or not they have found the most general
“Bicklund map.” That we are able to solve the equations
that arise is due to the remarkable, and not yet fully ex-
plored, structure of the Yang equations.

2: THE “BACKLUND TRANSFORMATION” AS A
GENERALIZED SYMMETRY

The Yang equations are given by
f(.f:y)_) + f2)— f:yf:f — f.f:— e, 8;—e,8:=0 (2.1
fle,; + e — 2e‘yf:)—, —2,f:=0, 2.2)
f(8,; + 89 —285f,—28:f.=0. 2.3)

Let us denote the base space with coordinates z, = y,

z, =j,z, =2,Z, =z by M. We note that only certain first
derivatives occur in the equation, and, to utilize that proper-
ty, we define the variables ¢ ° by

(¢l, '//2’ ¢3 '/’4! ¢5) = (f; ey! ez’ g)‘:’ gi) (24)
and denote the space with coordinates 3 ? by N. We denote
the jet bundle coordinates corresponding to derivatives
3, %% d,. ¢ by ¢2, ¢2 and similarly for the coordinates
corresponding to higher derivatives. Changing to ¢ ¢ eases
the computations as one gains first-order expressions for all
functions except ¥ '.

Once we add the additional equations ¢; = ¢’ and ¢¢

= 15 the equations in the ¥ * are completely equivalent to
the original Yang equations. The resulting equations are
functions on J *(M, N) and we will determine the Corrigan
et al. “Bicklund transformation” as a symmetry of the equa-
tions expressed in the ¢ © rather than a normal Backlund
map which is associated with integrability conditions.

In terms of the natural coordinates on the jet bundle
J*(M, N') we have an ideal generated by five functions a;
defined as follows:

Y+ ) —h ¥ —h v — P - PP =a,,

(2.5)
PH+ 9 2 Y 24 ¢ =a,, (2.6)
P+ ) 290 —2¢° ¢ =a;, 27
¥ — % =a,, (2.8)
¥ — Y8 =a, (29

a;:J* (M, N)-R.
If the mapping f J*(M, N )—R * is defined by
fr—a,(p), ay(p);,...as(p)),
then Yang’s equations are expressed in jet bundle language
by saying that a function ¥:M—N is a solution of the Yang
equations if

fojty=0. (2.10)
Let us look for a symmetry of the equations. Consider a
mapping

B:N—N.

Such a map B defines a map B = (id,, X B )J°(M, N )—
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J°(M, N), which can be uniquely lifted to

BJ¥M, N)—J*M, N). Wewill call Basymmetry transfor-
mation if it has the property that B preserves the ideal gener-
ated by the a,, that is,

B.a,=a,°B= ya,. .11)
We could allow products of the a; on the right-hand side, but
we do not do so here. The equations

B. as = ys'a,
and

B.a, =y,*a,
show that if B: ¢/ °—¢/°, then

Y=Y P P+ 4+ (2.12)

¢’3 - _ Cl( ¢l) -2 ¢4 + cz 1{}3 + C4, (213)
and

¢/4 — CS( ,¢l) -2 'pa + C6 ¢4 + C7, (214)

'/):5 —_ _ CS( ¢1) -2 ‘//2 _*_06 ¢5 + cs’ (215)

where the ¢ ? are constants.

The equations

B. a, =7,
and 3

B‘ a3 = 1’3 kak
give rise to two solutions.

Inthefirstc/ = 0,j#1,5,and ¢’ ' = ¢®/ ¢' for constant
¢’ and the mapping B takes the form
B(y', ¢, 44 o)

9 1,45 — pl 5 S 3 A5 ,3
- C_l’ : 11ﬁ2’ Cl:/”c :/,2' Clzﬁ : (2.16)
¥y @Y @Y @)

The final constraint

B.a, =y *a,

is automatically satisfied by a B of the above type provided
only that
'+ (Y’ =0 .17

The second solution is the simple scaling symmetry S de-
fined by

S99 9, ¥ ¥

__}(CIO ¢l’ CZ ,'/,2’ cZ ¢3’ c6 '/}4’ C6 1//5)’ (218)
where the invariance of @, requires that
(©'%)? = 3. (2.19)
By using this scaling symmetry with ¢, = (¢ ') "/,
¢, = —(c’) ' we can reduce B to the simple form
B:(4' P =) @) Y, — @)Y
@H? P, — @YY (2.20)

which is the “Bicklund transformation” of Corrigan ez al. !’
The effect on the ideal generated by the a, is

B.a, = — () *ay, (21
étaz = +®") ‘as, (2.22)
B.a; = + (") " ’a,, (2.23)
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B.a, = + ") ’aj, (2.29)

B.as = + ") ’a,. (2.25)
B is a normal symmetry of Egs. (2.5)—(2.9). Once we intro-
duce the potentials e and g to remove (2.8) and (2.9) the
mapping B can be regarded as a generalized symmetry of
Eqgs. (2.1)~(2.3) in the sense of Ovsjaninkov. '°

In the following section we return to the Yang equation
in the form (2.1)—~(2.3) expressed in terms of the potentials
/, e,and g. Regarded as equations onJ (M, P), where Pisthe
space of potentials ( f,¢, g) they define an ideal of functions
spanned by the three functions 5, defined by

Bi=ffi+ fa)—ffi—Ffifi—e 8, (226
B, = f(ei+ e3)—2e fi—2ef; (2.27)
By=f(&1+ 83)-28 /28 (2.28)

3. SYMMETRIES OF THE YANG POTENTIALS

Working now with the Yang equations expressed by the
ideal expressed by the 3;, we seek a symmetry transforma-
tion L: P~P. Such a map defines a mapping
LJ°M,P )—»JO(‘M,P) defined by L = (id,, X L).

_ As before, L can be uniquely lifted to a mapping
L:J¥M, P)—J*(M, P). We require that L leave the ideal
spanned by the 3, invariant in the simple linear fashion,

L.B= 7/,‘1/3’1* (3.1
To shorten the account of the calculations, we note that the

cancellation in (3.1) of terms involving e, e, g,, and g, may
be achieved by taking /', ', g’ in the form

f' - —¢ ll)’ (3.2)

= -, 3.3)

§= Y (34)
where ¢:P—P is a solution of the equation

V=6 (3.5)

and we have utilized elementary scaling symmetries to re-
move unnecessary constants assumed nonzero. By so doing
we have eliminated from our solutions those ¥ correspond-
ing to such simple scaling symmetries as (f, e, §)—

(+ fe8).

The invariance of 8, gives the following equations for

/3
Wyre = —f Wype ™), (3.6)
(Wege *Ny= — 2f e ), (3.7
Wgee o= —f (W™ ™), (3.8)
(Were =0 (3.9)
Wepe M= —2f (Wge" ™= =2 .
(3.10)
These equations can easily be reduced to
Ypee V= (+ Be+C)f? 3.11)
cce W= —Qe+ B)f !, (3.12)

where B and C are constants.
Similarly the invariance of 3, yields the two equations
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Y. =(g+ Dg+H)f?,
¢efek2¢ = —(Q2g+ D) f*,

where D and H are constants.

The invariance of 8, produces the following equations
for ¢:

e+ = Y, Yy,
()= —Qg+ D)+ [ (g£+Dg+H)

(3.13)
(3.14)

(3.15)

X (2e + B), (3.16)
(e )= —Qe+ B)+ f (& +Be+C)
X(2g + D), 3.17)
(e),=2f-2f" (g +Dg+H)
X(e*+ Be+ C). (3.18)
Equations (3.16)—(3.18) can be integrated to give
e ™ = K—Qge+ De+Bg— f?
+f 78+ Dg+ H)e’+ Be+C), (319

where K is a constant,

The result must now be substituted back in (3.15) to
find the constraints that are implied upon the constants X, B,
C,D, H.

If we define

a=@ + Dg+ H)e* + Be+ C), (3.20)
B= —(2ge+ De + Bg—K), (3.21)
y=(2¢+ D)Q2e+ B), (3.22)
then
2y _ 2 2 d _ ‘f+af73‘
e fP4+af P+ B and ¢, Fras 15
(3.23)

This is a solution of Eq. (3.15) which can be written in the
form

S, =vf e (3.29)
if

y= 28 (3.25)
and

7 = 16a (3.26)

These conditions require that 44 = D? 4C = B?, and
K= —DB/2. 3.27)
Therefore, our final expression for e
e W= fl2 gy PR =@~ SIS
(3.28)

“Wig

where

g=g+D/2 and é=e+ B/2. (3.29)

An ¢ of this form is easily found to satisfy Egs. (3.4) and
(3.11)—(3.14). The potentials £ and ¢ are simply constant
shifts corresponding to a trivial translational gauge symme-
try, and without loss of generality we can take D = B =0.

Finally then we have essentially a single symmetry L
which is not of a scaling or translational type and it is given
by

fl=—etV= — f/eg —f), (3.30)
¢=—4y,=g/eg—,) (3.31)
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g=—v,=e/lg—f) (3.32)

and its action on the ideal generators /3; is

L.B, = [(eg + /DB, —8fB, —ef By 1/(eg — f 7,

(3.33)
L.B, =B +&B, —26B.)*/(eg — ), (3.39)
LB, =B, +€B, —2B) [ /eg—f).  (339)
L has the property (1.6) that
L*=1. (3.36)
This is most easily seen if we define the matrix Q by
e f)
= ; (3.37)
¢ <f g
then

L:0—Q 'and (3.36) is plainly true.
The elementary scaling and translational symmetries corre-
sponding to those in Eqgs. (2.15)-(2.19) are T', (a) defined
by
T, (@):(fe2)( + (alaz)l/zf;ale +a;,a, g+a,). (3.38)

This mapping can also be expressed in terms of the matrix Q
by

T, (a):Q—aQa + b, 3.39)
where _
g (\/al 0 )
0 + \/a2
and
a, O
b= ( 0 a4)’ (3.40)

and in future we will denote T , (@)by T (a,b), wherea, bare
arbitrary diagonal matrices and we can, without loss of any-
thing but trivial solutions, take  as nonsingular. Such 7' (a,b )
form a noncommutative group with composition law
T(a,b) T(cd)= T(ac,ada + b) (3.41)
and
T 'ab)=T@ ', —a 'ba=". (3.42)

The most general transformation constructed from the
T (a,b) and L takes the form

L (abed)= +T(ab)LT(cd). (3.43)

The action of L , (a,b,c,d) on Qs

L. (a,bc,d)Q—>(AQ+BYCQ+D) !, (3.44)
where

A= +ba"'c, B= +(ac '+ba"'de ",

C=a"'¢c, and D=a " 'dc !, (3.45)
which satisfy the constraint

AD — BC= F1. (3.46)

This shows that the symmetry group G we have discovered is
isomorphic to the set of 4 X 4 matrices of the form
M (A,B,C,D) defined by

A B
M(4,B,C,D) = ( )
o D

(3.47)

259 J. Math. Phys_, Vol. 21, No. 2, February 1980

where the 4,B,C,D are diagonal matrices with the property
AD —BC=F1 (3.48)

The multiparameter family of discrete maps corresponding
to L. and defined by

L.(cd)=T Yc,d)L.T(cd) (3.49)

corresponds to the subgroup of G consisting of matrices
I +(c,d) of the form

Fd +c ¥1—-d?
l(cd)= ( ), (3.50)
c? d
which naturally have the property
1%(cd)=1. (3.51)

The two components of the symmetry group G, and G _
corresponding to = AD — BC = + 1 are connected by the
discrete transformation 7 = T (i,0)

TG, =G, T. (3.52)

One cannot combine the maps B and L regarded as symme-
tries as they act on different spaces. However, if we regard B
as a generalized symmetry, '° we can make sense of the map
B = LB, B:(f,e,g)—(f',e'.g"), which provides a “Backlund
transformation” in the form

fo_ g =1

= (359
9575 m) =~ e (3.55)
% (5757) = 7w .57

which is the alternative form given by Corrigan et al. '’

4. COORDINATE SYMMETRIES
Let X:M—M be defined by
X:(y.z, 5,0~(Y,2,Y,Z).
If we assume that the ¥/* are scalars, then x may be uniquely
lifted to amapping X-J *(M,N )—J (M, N ), where X is the lift
of X = (X Xid,,). Let us seek a symmetry which preserves
the ideal generated by the @, in the sense that
X*a,=7v/a, “4.1)
where the a/ are the @; expressed in the coordinate system
(Y,Z,Y,Z). The invariance of a, and a5 shows that
Y=ay, Y=3p
_ 4.2)
Z=az, Z=p8z
This immediately implies the invariance of ¢, and a, and the
invariance of @, requires that ¢ = 1. We denote the trans-
formation arrived at by X,,. Thus
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Xoyz, 7.2 y>ayaza ' ja~'7) “4.3)

The action on the ideal generators is given by
X*a, =(l/ad)a;, X*a; =aaj,

X*a; = (1/a)as. 4.4
Clearly as the map B is an internal symmetry, we will not
obtain a family of “‘Béacklund maps” by combining B and X,
as in (1.7). The nature of the ¥* as derivative of potentials
must be included, and as our next step we must implement
the fact that the ¢ are no longer all scalars when we extend
our mapping X to the jet bundle J*(M,N). Let

X(y72 Y (p2).Y(52), Z(yDZ(72)); (45)
then this defines a mapping X on J°(M,N ) given by

X*a, =aj,
X*a, =aaj,

X=X XL), (4.6)
where L:N—N is given by
L' W0 )Y 7 + Z Y yY, + ¢ Z,,
¢r4}-7_ + ¢ISZ_L ¢r4}—7_ + ¢’SZ—§) (47)

The map X can now be lifted uniquely to a map X:
JXM,N)—J*(M,N ). Such a map X automatically preserves
as and @, as

Xta, = (%; Z, - Z, V)i, @8
X*a, =Y, 2, - Z, Y))a,. 4.9)
The invariance of @, @,, and a, requires only that
VWYi+ LY, =2 7 + 2, Z;, (4.10)
Y,Z:+Y,Z;=0=2, Y; + Z, Y5. 4.11)

From these equations one easily shows that the functions
Y, Y,Z, Z are linear functions of their respective arguments.
We write

(-
G) 2+

where 4 and B are constant matrices and C and D constant
vectors. The C and D correspond to translation invariance,
and we set them both to zero.

Equations (4.10), (4.11) can be expressed neatly in
terms of 4 and B as

(4.12)

(4.13)

ABT = ul, “4.14)
wherep = ¥7Y, + 7, Y5 is a constant.

The action on the generations «; is given by

X*a, =pa), i=123, 4.15)

X *a, =detda,, X*a, = detBa;. (4.16)

We denote the coordinate symmetry expressed by (4.12)-
(4.14) by X (4,B). The mapping X (4,B):J°(M,N)
—J%M,N) defined by

rasy |G G
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can be lifted to a unique transformation

X (4,B).J*(M,N)—J*M,N). Asboth Band X (4,B ) act on
the same space J °(M,N ), we can stay at the J°(M,N) level

and construct a family of “Bicklund maps” B (4,B ) from B
by defining

B(4,B)=X ~'(4,B)BX(4,B) = (id,, X B (4,B)).

(4.18)
One readily determines that B (4,B ):N—N is given by

B(A,B)(W' . ' )~ ((a/f) e (:;5)2
_ detB_y*
detd ¢* _ detd ¢’ ) .19)
w @Y o @Y

From (4.19) we have detd detB = 1 °, and we see that

B (4,B) simply results from B by a scaling symmetry of the
type in Eq. (2.18). As we determined all possible B, this had
to happen, but it is interesting to see how it has come about.
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An improvement of Watson’s theorem on Borel summability
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Watson’s theorem, which gives sufficient conditions for Borel summability, is not optimal.
Watson assumes analyticity and uniform asymptotic expansion in a sector |argz| <w/2 + €,

lz| < R, with € > 0; in fact, only the circular region Re(1/z) > 1/R is required. In particular,
one can take € = 0. This improved theorem gives a necessary and sufficient characterization of a
large class of Borel-summable functions. I apply it to the perturbation expansion in the ¢;

quantum field theory.

There has recently been much interest in the Borel sum-
mation of perturbation expansions in quantum mechanics
and quantum field theory. Proofs of Borel summability'-®
have universally relied on the classic theorem of Watson,”!°
which gives a sufficient condition for Borel summability.

The purpose of this note is to point out that Watson’s
theorem is not optimal, and to call the attention of physicists
to an improved version of Watson’s theorem. This improved
theorem appears in an apparently little-known 1918 paper
by F. Nevanlinna,''-'? and was rediscovered and extended by
the present author.' This theorem makes clear the “natu-
ral” region of analyticity for Borel-summable functions; for
as I shall emphasize, the theory of Borel summability is
nothing other than the theory of Laplace transforms, written
in slightly different variables.

Let us recall that we are concerned with a function f(z)
possessing an asymptotic expansion 2a,,z" as z—0 in an ap-
propriate region of the complex plane; we wish to determine
conditions under which £(z) can be uniquely reconstructed
from its perturbation coefficients a, . One such method of
reconstruction is Borel summation.'®'* We say that the for-
mal power series 2a, z" is Borel summable if:

(a) B(t) = Za,t"/n! converges in some circle | | < §;

(b) B (¢ ) has an analytic continuation to a neighborhood
of the positive real axis;'® and

(©) g2 = (1/2)fce~'/*B(t) dt converges (not neces-
sarily absolutely) for some z#0.

B (t)iscalled the Borel transform of the series 2a,, 2", and g(z)
is its Borel sum.

Please note that the integral in (c) is a Laplace trans-
form (the conventional variable is s = 1/z). It is well known
that Laplace transforms converge in right half-planes.'’
Therefore, if the integral in (c) converges for some z, #0,
then it converges for all z with Rez ! > Rez; !, and g(z) is
analytic there. This region is a circle tangent to the imagi-
nary axis (Fig. 1).

Watson’s theorem”® gives a sufficient condition for the
function f(z) to equal the Borel sum g(z) of its asymptotic
Taylor series. Let f(2) be analytic in a sector |argz|
<7/2 +€,|z| <R,forsomee > 0,andletf(z) have there the

“NSF Predoctoral Fellow (1976-79). Work supported in part by NSF
PHY 78-23592.
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asymptotic expansion
N1
f@=3 a7+ Ry, M
k=0
with

|Ry(@)|<do™N1|z|" Q)

uniformly in N and in z in the sector. [The N!bound (2) is
crucial.] Under these assumptions, Watson shows that:

(@")B(t) = Za,t"/n!convergesin thecircle |1 | < 1/g;

(b’) B (¢) has an analytic continuation to the sector
|argt | <€; and

(c') the integral (1/2)§e ~'/“B (¢ ) dt is absolutely con-
vergent for Rez~'> R ~ ' and there equals £ (2)."

In some applications of Watson’s theorem, however, it
may be difficuit (or impossible) to verify the analyticity and
the estimate (2) in a sector with € > 0; it would be desirable if
€ = 0 could be allowed. Furthermore, it is unnatural for the
hypothesis of the theorem to refer to a region of the z plane
strictly larger than that in which f(z) is recovered by Borel
summation. Both of these disadvantages are remedied in the
following theorem, which gives a necessary and sufficient
characterization of a large class of Borel-summable
functions.

Theorem:'' Let fbe analytic in the circle Cp

= {z:Rez' > R "'} and satisfy there the estimates (1) and (2)

FIG. 1. Minimum region of analyticity of Borel-summable function.
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FIG. 2. Region of analyticity of the Borel transform, for a function satisfy-
ing the hypotheses of Nevanlinna’s theorem.

uniformly in ¥ and in zeCy. Then B (¢) = 2a,t"/n! con-
verges for | ¢ | < 1/0 and has an analytic continuation to the
striplike region S, = {#.dist(t,R , ) < 1/0} (Fig. 2), satisfy-
ing the bound

|B ()| <K exp(|t|/R) €)

uniformly in every .S, with o’ > 0. Furthermore, f can be
represented by the absolutely convergent integral

f@=(1/2) fow e 'B(t)dt, “

for any zeCp.

Conversely, if B (¢ ) is a function analyticin S,. (¢” <o)
and there satisfying (3), then the function f(z) defined by (4)
is analytic in Cy and satisfies (1) and (2) [with
a, = B"()|,_,] uniformly in every Cy. with R’ <R.

Since the proof of this theorem is very similar to
Hardy’s proof of Watson’s theorem,'® I will only sketch the
method (see also Ref. 11). First one shows, using (1) and (2),
that the integrals

27i
% (f(z) _ kgoakzk) dz, (5)

are absolutely convergent for >0 and independent of » for
0 <7< R;thatb,(t)isa C ~ function whose mth derivative is
b,,(t); and that

|6,.(2)|<K,0™+1 (m +1)! exp(t/R), (6)
with X, independent of ¢ and m. Inserting (1) into (5) and
performing a contour integral, one finds

N1 1

bo(t)= 3 at*/k!'+ —
k=0

270 JRez " =,

1
bm(t)zam + __§ et/zzﬁ(m +1)
Rez ' =, !

ez 'R\ (2) dz.

@)
Using (2) to bound R, (z), and choosing r = ¢t /N (with
N>t /R)tooptimize the estimate, the remainder term in (7)
is bounded by K, N *(ot)". Hence, for 0<t < 1/0, the re-
mainder goes to zero as N— oo, and b, (¢ ) there equals
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B(t) = X7_,a,t*/k!, aseries which converges in the circle
|t | < 1/0. Furthermore, it follows from (6) that each series

B)= 3 b, @)t —1,)"/m! (t,0),

m=0

converges in the circle |t — ¢, | < 1/0 and satisfies there the
bound |B, (¢) | <K, exp(to/R )1 — 0)|t — ;)2 It is not
hard to show that B, (¢) = B, (¢) wherever both are defined,
and that the union of all these functions therefore defines a
single-valued analytic continuation of B (¢) into the region
S, satisfying the bound (3) uniformly in every S, with

o' > 0. Finally, inserting (5) (with m = 0) into the right-hand
side of (4), one obtains

a0+if dte"/zi_§ dz'
zZ Jo 21 Rez' ' =r"
e [ f) —a,)/7.

Choosing 7 ~! <« Rez ™' and noting that [ f(z') — a,)/Z' is
bounded, one sees that the double integral is absolutely con-
vergent; thus one can interchange the order of integration,
perform the integral, and verify (4).

Conversely, if B (¢) is analytic in S, and there satisfies
(3), one uses Cauchy’s integral formula to prove (6) [with o
replacing o] for ¢ real and positive. Integrating by parts ¥
times in (4), one demonstrates (1) and (2). Q.E.D.

In order to understand this theorem, it is instructive to
examine how the standard counterexamples
S (@) = exp( — z~ %), witha > 0, fail to satisfy its hypotheses.
If @> 1, the asymptotic expansion (1) fails: for any R, there
exists a curve lying within Cy along which f(z) does not
approach zero as z—0. If a < 1, the expansion (1) holds but
the estimate (2) fails: sup,.c, |z~ "Ry (2) | is of order (V1) /.

If £ (2) is analytic and satisfies (1) and (2) in a region of
opening angle greater than 7, then correspondingly stronger
conclusions can be drawn. More precisely, let £ (z) be analytic
and satisfy (1) and (2) in the region Cy . = Uy € °Cp; then
a trivial modification of the foregoing proof shows that B (¢)
is analytic in S, . = U 4. .€“S,, and (4) holds for any
zeCy .

Using Nevanlinna’s theorem, one can simplify the
proof of Borel summability of the Schwinger functions in the
¢ % quantum field theory,” and also extend it in certain tech-
nical aspects. The heart of this proof is to show that the
Schwinger functions are analytic and satisfy (1) and (2) uni-
formly in a semicircle Reg >0, |g| <R, where g is the cou-
pling constant. By a scaling argument, one then extends this
region to a sector of the form demanded in Watson’s theo-
rem, with opening angle strictly greater than s; this argu-
ment is valid, however, only if the space-time smearing func-
tions are analytic in a sector containing the positive real axis.
Nevanlinna’s theorem shows that this scaling argument is
unnecessary, and that arbitrary smearing functions can be
allowed.
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The Jost solutions for general Gaussian potentials
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The explicit Born series which represent the regular solutions (of the Schrédinger
equation), the Jost solutions, and the Jost functions analytic in some domains of
complex wave numbers and angular momenta are found for general potentials of the
Gaussian type expressed by the Stiltjes integral. When finding their form we make use
of the analogy with the corresponding solutions for general potentials of the Yukawa
type, which is based on the special representations of the Bessel and Hankel functions
(purely kinematic solutions) in either case. Some other relations are also derived.

1. INTRODUCTION

We define a general Gaussian potential by a Stiltjes inte-
gral with respect to a function (¢ ) of bounded variation

V) = _gr dut) exp(— 1) (r0). )

Quantity g is a real constant. We introduce classes M, of
functions u(¢ ) by demanding

vp-——f dv(t)t? < w for p<k when >0 or

p=x when k=0 or —1, (2a)

where v(t) (dv = |du]) is the total variation of u(z). In the
class M, with k > 0 there may exist functions which satisfy
the inequality (2a) for « too. This inequality implies that the
potential ¥ (#) and its first [«] (or [x] — 1) derivatives are
continuous and finite for >0, if k > 0. The odd derivatives
are always zero at r = 0O, the first g even derivatives are also
equal to zero there, if

f du(t)t? =0, for integral p O<p<g<ik. (2b)

We want to show that the regular solutions ¢ (4,k,r) as
well as the Jost solutions /. (4,k,7) of the radial Schrodinger
equation N

( d 2 /1 2 _ %

a7
with the potential (1) can be found for complex wave-
numbers k and angular momenta A in the form of explicit
expressions. The case of the S waves (4 = 1) is of a particular
interest, since the interval of r{0, «0 ) can then be extended to
( — o, o) in Egs. (1) and (3) and the potential belongs to the
symmetric model potentials, which generalize the harmonic
oscillator potential.

—V(in+k 2) P(A,k,r)=0 3)

2. REGULAR SOLUTIONS

A regular solution of Eq. (3), ¢ (A, k") =7 , as
r—0 * is easily found by the technique of the modified La-
place transformation'

A+ 172

o(A,k,5) = J drr* 12 e @ (A,k,r) “)
o
(Res > O,Red > 0),
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where Abel’s asymptotic behavior is w(4,k,s) ~1" (A + 1)
xs ~*!as s> and I' (2) is the well-known I function.
Equation (3) is then transformed into a first-order differen-
tial equation for w(4,k,s)

45w (A,k,s) + [4(A +1)s — k2] w(d,k,5)
— gf du(t) okt + 5). )

Respecting the prescribed asymptotic behavior, we integrate
it and transform into an integral equation, which can be
solved by iterations. The result is

k 2
o(Aks) =LA + s 47! exp( — IS‘—) o(d,k,s) (6a)

ks =1+ 3 (— —i—)" fo "z, f " dudt,) - Jo T &,

n=1

* s+ u vy ! Gru,+uv,_ ) !
Xf dut,) P ey
. G+u +ov) " GH+u,+v) "
k? & 1 1
xen| 4 % - )}
4 = St+u,+u, stu,+v,
(6b)
where
u,= Z, U,= t, Vo=15=0. (6¢)
g=1 g=1
Since
Mﬁ:l <1 for Resy —(p— Dr,
s+ U, + Up
k? k?
expl — | | <exp|—
p( 42) Pl %
J; dz,|s +u,+v,| "<y, ' for Res>0 (7a)
and
Jw dv(t,) J‘w dv(t,) t,-t,
T L T Z, Uy,
1 'r" dv(t,) f"" av(t,) t;-t,
T2 . t - t, V3,

U =) ™
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the series converges absolutely and uniformly for Res >0
and Red>1providedv_, = f=dv(t)t ' <. If

vo = f* dv(t) < «, the same conclusion can be drawn for
—1<Rel < 1. Further on we have

s+u,+v, 1 1
<+ —r
t(s+u,+v, ) t, [s+up+vp_,{

<r V4 [sP 4 (p— 1’172 for Res>0,  (70)

so that the series (6b) is absolutely and uniformliy convergent
for Res >0 and Red > — 1 — « provided the function u(t)
belongs to the class M, (x > 0). Inequalities analogous to (7a)
and (7¢) hold also for general complex s except for the points
from the interval [0, — o), s0 that the series (6b) represents
an analytic function of s in that region for any fixed k.

This enables us to deform the usual integration contour
of s for ReA > — 1, when we invert the Laplace transforma-
tion (4)

¢7(/1,k,r) = _1_.1“(1 _+_1) r—/1+1/2
271

X f dss—*7! exp(sr2 — —k—z—) o(Aks). (8
c 4s |

3. THE JOST SOLUTIONS

The introduced contour C goes from o0 exp( — im) — i€ to
0 — ie, it encircles s = 0 in an anticlockwise direction and
returns from O + i€ to oo exp(im) + i€ (€ > 0) avoiding the
points of the negative real axis. Such an integral representa-
tion can be continued analytically into the regions of 4 in
which the function o(4,k,s) is defined. If the function x(t)
belongs to the class M, («x > 0), they are determined by

Red > —1 — «. In this half-plane the regular solution (8) is
an analytic function of A except for the simple poles at the
negative integral values due to the factor I" (4 +1). It repre-
sents an entire function of E = k * at the same time. Accord-
ing to Eq. (4) the limit of w(4,k,s) tends to the finite value as
s—0* for the bound states, which are given by k = + ib
(b > 0) and by the positive integral or half-integral values of 4
(A = Ay ). The eigenvalue equation consequently reads

A ppyer £ i6,0) =0 )

owingto Eq. (6a). It is a general form of the equation derived
inRef. 1foru(t) =0 ¢ —1)[r<1,0(t) =0whent <0and
©(¢) = 1 when £> 0]. As the function o4, ,k,0) is an ana-
Iytic function of E = k? for 37> |argE | > 7/2 and

lim, . o(A,,., + 6,0) = 1, there is a finite number of the
bound states b.

In the case of the Yukawa potentials there is a relation between the forms of the regular solution and those of the Jost
solutions, which can be based on a certain mathematical approach.? Since we have not found such an approach in the case
investigated, we made use of this formal relationship only and verified that the expressions

A+172

[k =a=1" exp[ Fi ’721(’1 -V 2)]%)

2
r""“”f dss"l"‘exp(srz— —k——>
c, 4s

X [ 1+ i (—_45)" fow dz, fo du(tl)---J: dznf du(t,) expl — (u, + v,)r']

n=1

X

A _
(s —uy—vy) (s — u, _,— v,y !

C—uy—v)Y s —u, —v) !

R it g |
4 Si\s—u, ,—vy, S—u,—v

(10a)

P p

where the contours C',  of s go from 0 exp[i(argk + ¥)] to « exp[i(argk — ¥ )] avoiding the points of the line Ims = 0,
Res>7and |y| <, |argk — ¥| < 7/2, represent the Jost solutions of Eq. (3).

Integrating by parts with respect to s or z,, we easily find that the expressions (10a) are indeed solutions of Eq. (3) for
either sign of A. According to Ref. 3 the first terms of the Born series (10a) (corresponding to the choice g = 0)

b, Akp)=m"1? exp[*i—g-(/l — L)](ﬁ)wr[/zr”’“"“zj dss"l_‘exp(srl«~ %2—)
c. s

2 2

=hi(*i’k”):e"p[_i%('{+ L)](

2

T+ kr)l/2
2

H®(4 kr) [ —k=-exp(—~imk] (10b)

are the Schiifli’s integral representations of the Hankel function of the second kind. Using the asymptotic expression for this

function we have

fo Ak =h_ Akr) =exp(Fikr) as row (—m<argk<m). 11

This is also why the solutions (10a) are the Jost ones. As we are to expect, they are even functions of 4, f, (4,k,r)
=f, (—Aknandf_ A,k =f4 (de “kr), provided — i <argk <3m.
In view of the exponential factors the series in Eq. (10a) converges absolutely and uniformly for » > 0 and for any finite A
and k provided v _; < oo. Thus the expression (10a) represents an analytic function of k£ with the posssible branch point at
k = 0 and an analytic function of A at the regular points k (> 0). In the first quadrant of the A plane

—_— —_ A
[s u, vp]
=
s—u,—v,
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(up + vp -—x)z +y2

z, |y

(up a1 Y, — x)2 +y2 (1/9)Red
< exp| — -
(u,_, +vp+%zp+lxl+lyl)

m/l] s=x+iy) (12)
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for y = Res <0. The contours C , always can be chosen in such a way that the bracket in the first factor of the right-hand side
of (12) is less than unity. Because of the two possible sign choices of 4 in the expression (10a) we have then, asymptotically,

fo Gk ~h , (LK) (13)

as Rel— + oo (ImA = const.). The same relation holds as ImA— + oo (Red = const.). This is due to the second factor in the
right-hand side of (12) as far as the contours C , lie in the lower half-plane Ims<0 for ImA— « and in the upper half-plane
Ims>0for ImA— — o respectively. We can find, in general, regions of k and rays A = |4 | e ¥, where the relation (13) holds as
A |—oo.

The combinations

x(+ﬂkr)~—exp[17(+/i — ~>}f+ (/lkr)—exp[ ~1—2—(+/l-— —;—)]fﬁ_ A,k,9)

A+1/2 2 % — n *
= _7“/2(-’—;—)i N Eaan dssi’“‘ exp(srz— %){1 + Z (———43) f dz, J du(t,)--
n=1 o T

— A1 _ _ + A1
xf @ f du(t,) expl — (u, +v)r2\( —Hp —v)* T s —u, o —v)

(s—ul—v)*“‘ (s——u,,—v,,)i’”‘

k2 n 1 1
K ~ 4
Xexp[ 4 ﬂ21<(s—up)l —Up §—u, — Up)”’ (1)

where the contour C goes from « exp[i(argk — ¥ — 7)] to « expli(argk — ¥ + 7)) encircling the point s = 0 in an anticlock-
wise direction, are, again, solutions of Eq. (3). The first (kinematic, g = 0) terms of the series (14) are Schlifli’s and Sonin’s

integral representations of the Bessel function® y, ( + A,k,r) = — iQ2wkr)'/*J _, (k7). The functions y ( & A,k,) reproduce
themselves under the substitution k—e ~ "k
x(£ e ki) =expl —in( £ A +1/2) Ix( £ 4,k.0). (15)

The Jost solution f', (A4,k,r) can be expressed by the function x( + 4,k,r) for nonintegral values of 1. The double application of
the relation (15) leads then to the known circuit relations of the Jost solutions.* We do not give them as many other well-
known and general relations,*” as they simply follow from the derived relations or expressions.

4. THE JOST FUNCTIONS l;;e minus alternative leads to the expressions
According to Refs. 4-7 the Jost functions are defined by foGk)—h (Ak)

the limits 1/2 -4
=2r" exp[ + 1——(/1 + )] A+ 1)( )
£ k) =lim 24r* =2 £ () 2

r A _ Q0 —_— g ”n
=h, (ALK)F , (Ak), (16) f dss” ! 1(——) f dz,f du(t,)-
where F, (4,k) are the known normalized Jost functions k2
and the kinematic factor f dz, _ f ap(t, 1) f dult, )exp[ - —
B, (k) =lim2Ar* = (A, ( )}
+ (k) = limadr £ (k) pz S—uy_ =0, S—u,  —2,
=712+ 2 expl — i(m/2)A — 1/2)] y (u, + v, -s)*“ U, o, —s
— A+ 12
XF(/1+1)(ik) + . (u0+vl___s)/i+l (u,,_’+U”-S)A+l
We can substitute the expression (10a) with either sign of A e exol + i1 AN\ k N2
for £, (A,k,r) in this limit. =8 FP) AT SIS
The limit corresponding to the plus alternative of A is i K2\ (=
easily carried out; we just put r = 0 in the integrands of X J- dss” exp( — -:E-) J duft) w(A,k,t — s)
(10a). The convergence of the series in Eq. (10a) changes in < . T
the limit; it is absolute and uniform for Red > 1 provided = f dr V(Ph (A k») @ (AkD), (18)
v _, < w and for —1<Red <1 provided v, < 0. Because o B
of according to Egs. (10a), (6), (4), (1), and (10b). Here, the
oo 2 k? contours C , can be deformed rather arbitrarily, since there
}12,1. T, az, exp( —Zn 4s—u, , —v, —z,) are no limitations as to the choice of the phases

(argk — y I ) which is obliged in the formula (10a) due to

XUy +v, —542z,) " the exponential factor e”. We see that the properties of the
Jost functions /', (4,k ) follow frum those of the function

- dzz*'e—*=T(1) for Rel>0, 17 w(A,k,s). Therefore, the Jost functions are analytic functlor.ls

f 2zoe @) for > {7 of k except for the branch point k = 0 in general and of 4 in
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the region Red > — 1 — « except for the simple poles at
A= —1,— 2, provided the function u(z ) belongs to the
class M, . Their circuit relations are determined by those for
the Jost solutions.

The Jost functions f_ (4,k ) differ from the normalized
Jostfunctions F_ (4,k )by thefactorsh , (4,k).If wechoose
argk + y = Fmie, —3r<(argk,y) < — n/4 and
/4 < (argk,y) < 3mrespectively we can identify the contours
C . with the half axes [0, ) exp( T im). A substitution
s = exp( T im)x shows then, that the normalized Jost func-
tions are identical (in the form) to the function o(4,k,0) of
Eq. (6b).

We have demonstrated the direct way of deriving the
well-known general relation* between the Jost functions
and the regular solution by the last expression in Eq. (18).
Substituting the Jost solutions for the regular solution in this
expression, we could derive the other well-known integral
relation*® between the normalized Jost functions and the
Jost solutions

F,(Ak)=1—i(n/2k)"? exp[i(ﬂ/Z)('l + %)]

Xfw drr'’2V(») Iy (kr) f L (A.k,P). (19)

5. BEHAVIOR OF THE JOST FUNCTIONS AS |A|— oo
(Imk = 0)

The asymptotic behavior of the Jost functions, which
plays an important role in the Sommerfeld-Watson trans-
formation, can be best derived from the second expression in
Eqgs. (18). As k is real and >0, we choose the phases y
determining the contours C , such that 7/2> ¥y, >0
and deform the contours C , in such a way that, leaving the
origin in the ¥ _ directions, they stick quickly to the nega-
tive (positive) y axis. By the substitution s = exp(F i7/2)w
they are transformed into the new contours W which co-
incide with the x axis except for the neighborhood close to
w = 0. The expressions for the normalized Jost functions
then read

F,(Ak)—1

- -_i—if dw (- i)" J' " dz, fw Ayt
n=1
f dz,._lf du(t, of dut,)

Uy — Vo + iw) " eu, _ v, £ iwy !
(uo+U1 + i) e, 40, 1 w) T
Xexp[—-—-— L, +uv, ;+iw)”!
p—~1
X, +v, +iw) "] 20)

[and F* (A * k) = F_ (A,k)asexpected]. Ifthe deviation of
the contours ¥, from the x axis is small, which means
exactly that 2|y| < 7 for any point w = x + iy of W _, then
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either factor in the absolute value
(upf sl A iw)"
U, +v,tiw
_ @, +v,_,; Fy)P + x210/DRed
B [ U, 1 +0,FyP +x° ]
X exp{ — Imi larg(u, _, +v,_, +iw)

—arg(u,_, +v, + t'w)]} @=1..,n @21
is less than unity for Red > 0and + ImA > 0. But these rela-
tions determine the magnitude of the integrands in the ex-
pression (20) as for their dependence on 4, so that
F, (A,k)~1for Rel— o (ImA = const.) and for

+ ImA— o (Red = const.). They diverge asymptotically
for ¥ ImA— o (Red = const.} as one cannot find any al-
lowed (deformed) contour W __ , for which the right-hand
sides of Eq. (20) would assume a finite value for these
transitions.

This conclusion can be corroborated independently by
the investigation of the asymptotic behavior of the integral
expression (19), in which the relation (13) and the limit (16)
prove useful. We do not demonstrate it as it is not so lucid as
the approach used.

5. CONCLUSIONS

According to the approach used the main difference
between the Jost solutions and the Jost functions, which cor-
respond to the potentials of the general Yukawa and Gaus-
sian type, is the absence of the natural cuts in the complex k&
plane for the latter type. We have also shown, in accordance
with the general theory* and unlike the former type, that the
normalized Jost functions corresponding to the general
Guassian potentials have the unity asymptotic behavior for
one of the alternative Imd—» 4 « (Red = const.) only and
real k. There is also a different asymptotic behavior with
respect to the complex variable k in either case.
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This paper continues our systematic study of partial inner product spaces. We show here that a
linear compatibility relation on a vector space ¥ is characterized by special families of vector
subspaces of V, called involutive coverings, and vice versa. This result provides the link between
partial inner product spaces, defined in an intrinsic way, and various concrete structures, such as
rigged or nested Hilbert spaces. Given a linear compatibility, generating sets (“‘rich subsets”) are
discussed, and several examples are worked out. Finally, we introduce an order relation among

all linear compatibilities on the same vector space.

1. INTRODUCTION

In the first paper of this series (Ref. 1, to be denoted by I
in the sequel), we have introduced the concept of partial
inner product space (PIP-space) in a rather intrinsic way.
The whole structure is entirely determined by the partial
inner product and its domain, the so-called compatible pairs
of vectors. This procedure is, in a sense, the reverse of the
familiar construction of “super-Hilbert” spaces, such as
rigged,” equipped,’ extended,” or nested Hilbert spaces.®
Very schematically, there one starts from a family of Hilbert
spaces and “ties” them together by duality or compatibility
conditions. As was stated in I, all those structures are actual-
ly particular cases of PIP-spaces.

The aim of the present paper is to clarify the relation-
ship between the two approaches, and also to work out a
number of useful examples. In fact we will stay at the level of
compatibility relations, the inner product itself will play no
role; in other words, the treatment is purely algebraic, no
topology will be needed.

We consider first the “constructive’ approach (Sec. 2).
The essence of the latter is abstracted in the concept of invo-
lutive covering of a vector space. This means, a covering fam-
ily of vector subspaces, stable under finite intersection and
equipped with a natural involution, which makes it into a
lattice. Then we show, in Sec. 3, the equivalence of this ap-
proach with the intrinsic one developed in I. More precisely,
an involutive covering .# of ¥ uniquely defines a linear com-
patibility # on ¥, such that the complete involutive lattice of
assaying subsets % (¥, #) is the lattice completion of .7
Conversely, given Vand #, # (V,#) is an involutive cover-
ing of V. In addition, we construct explicitly the complete
lattice generated by the family of Lebesgue spaces, .7

= {L*([0,1];dx),1 <p < = } or, more generally, any reflex-
ive chain (i.e., a totally ordered family with a natural involu-
tion) of Banach spaces.

The discussion of Sec. 3 shows that the complete lattice
F (V,#) of assaying subsets for a given linear compatibility
# can be, in fact, recovered from much smaller families of
subspaces. Such generating families, called rich subsets, are

“Postal address: Institut de Physique Théorigue UCL, Chemin du Cyclo-
tron, 2, B-1348 Louvain-La-Neuve, Beigium.
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analyzed in Sec. 4. Several examples are worked out, all of
which possess a rich subset consisting entirely of Hilbert
spaces: sequence spaces, spaces of locally integrable func-
tions, spaces of functions (or sequences) of *‘prescribed
growth,” i.e., whose behavior at infinity is characterized in
terms of a fixed family of functions (e.g., functions of polyno-
mial or exponential growth). The existence of such rich sub-
sets in crucial for practical applications; indeed they play the
same role as bases of neighborhoods or of open sets do in
topology. They will be studied further, together with topo-
logical properties, in the next paper of the series.®

In the last section we turn to the problem of comparing
different compatibilities on the same vector space. 4 priori
several order relations may be considered. It turns out, the
one that is customarily used in lattice theory is useless in the
present context. Another one is introduced, which says that
a given compatibility #, on Vis coarser than another one
3, iff the complete lattice # (V,#,) is a sublattice of
Z (V,3,), on which the two involutions coincide (involutive
sublattice). This concept is useful for the construction of
PIP-space structures on a given vector space V. Most vector
spaces used in mathematical physics carry a natural (partial)
inner product, defined on a suitable domain I" C ¥V X V.
With trivial restrictions on I” (symmetry, bilinearity), the
condition: f #giff { /.g}e I', actually defines a linear com-
patibility 3 on V. Then all linear compatibilities which are
admissible for that particular inner product are precisely
those that are coarser than #, which in turn are determined
by all involutive sublattices of # (V,#).

On the other hand, the problem of refining a given com-
patibility (and then a given PIP-space structure) admits in
general no solution, even less a unique maximal one. A coun-
terexample is exhibited (for a PIP-space of analytic func-
tions), in which two different, noncomparable, linear com-
patibilities have equivalent restrictions to a suitable
involutive sublattice. However, partial answers to the refine-
ment problem can be given, but some additional structure is
needed, namely topological restrictions on individual assay-
ing subsets (see Ref. 6).

Two appendices conclude the paper. In Appendix A,
we rephrase our basic definitions in their natural mathemat-
ical framework, namely, Galois connections on partially or-
dered sets. The lesson is that, in fact, the linearity condition
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on a compatibility is not essential at all: The whole theory
goes through (as already mentioned in I) for a compatibility
on an arbitrary set. We comment on this in Appendix B, and
present a few examples which offer new insights into familiar
subjects (such as topology for instance).

2. INVOLUTIVE COVERING OF A VECTOR SPACE

2.1. Definitions: Let 4 be a partially ordered set, with
order <. An (order reversing) involution on 4 is a bijection
r — F of A onto itself, such that

(VF=r, Vred,
(ii) p>q implies p<g, Y p,gc 4.

In fact, by (i), p>q iff p<q.

Let now Fbe a lattice, with lattice operations A and V.
Then for any involution r «» 7, condition (ii) above is equiv-
alent to

(iliy pVg =pAG, VY p,geF.

In the sequel, we will call involutive lattice any lattice with an
involution. Similarly a complete involutive lattice is a com-
plete lattice F with an involution r «» 7 that verifies:

(iit") (V rj) = A r_j, for any family J C F.
red red

It should be noticed that condition (iii") holds true for any
involution on a lattice, complete or not, whenever the l.u.b.
on the Lh.s. exists in the lattice.

If Fis a (complete) involutive lattice, asubset F, C F is
a(complete) involutive sublattice of Fifitis a sublattice stable
under the involution.

2.2. Remarks: (a) An involution should not be confused
with a complementation: Even if the lattice has a greatest
element » and a least element @ = @, one has in general
rV F#wand rA¥ # a.

(b) Complete involutive lattices arise naturally in the
theory of Galois connections; a summary of the latter ap-
proach is given to Appendix A.

Now we particularize those concepts to families of sub-
spaces of a vector space ¥, that is, subsets of .’ (V'), the set of
all vector subspaces of ¥, ordered by inclusion. Let
F ={V,},.,CZL (V) besuch a subset.

2.3. Definition: The family & = {V, },_,C.L(V)is
called an involutive covering of V if:

(i) # isacoveringof V: UV, =V;

rel

(ii) .7 is stable under finite intersection;

(iii) # carries an involution V, < V;.

r 7

2.4. Proposition: Any involutive covering of ¥ is an in-
volutive lattice, with respect to the given involution and the
following lattice operations:
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V, ANV,=V,V,,

V,VV,=V, where Vi=V,nV,.

Proof: Simple verification that V defines indeed an
Lu.b. O

Notice that, in general,onehas V', V.V, C V¥V, +V,,
i.e., # need not be a sublattice of .£"(¥V): The g.1.b. A is
always given by set intersection, but the Lu.b. V is deter-
mined by the involution. In the sequel we shall use the nota-
tion ¥V =V, AV,,V =V, VV,.

pPAg AR

2.5. Proposition: Let # be an involutive covering of V.
Then every subspace ¥, € .# satisfies the following identity:

Vei= n (uV;|V,ef,V,2f}). )]
fev,

Proof: (a) For any involutive covering, one has
obviously:

Vi C n (UV;1V,efV, 3f)).
fev,

(b) To prove the inclusion in the other direction, let g be
a vector in the r.h.s. of Eq. (1). That is, givenany he V, ,
there exists a ¥, € £, depending on 4 (¢ = ¢(h)) such that
heV, andge V; . A fortiori we have:

heV =V )V, CV,,

geV—5-C Vi
and ¥V ,,, € .4, the lattice being stable under intersection.
Hence

VVu,CV,.
heV, ph) = g

On the other hand, every 4 € V, is contained insome V ;,, ,
sO:

V. C UV © V Vo -
he V,

heV,

Thus V, .y ¥V x4, existsin .# and equals ¥, . This implies
that condition (iii") of Def. 2.1. holds true:

Since g€ V- forevery he V, it follows thatge V; . O

2.6. Remark: Notice that the set U{ V|V, € .7,
V,3 f]isinfacta vector subspace of V. For let A,g belong to
some V'; ,V; inthatunion. Thus fe ¥V ,n¥V, =V, ; hence
V 5y ; belongs to the union also, and 4,g and
Ah + pg(A.u € C) all belong to V5, ; .

3. LINEAR COMPATIBILITY VERSUS INVOLUTIVE
COVERING

In the paper I, we have introduced the notion of linear
compatibility on a vector space. As we shall see, this concept
is equivalent to that of involutive covering of Sec. 2. For
convenience, we repeat here the basic definitions.
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A linear compatibility on a vector space V is a symmet-
ric binary relation # on ¥, such that, for every feV, the set
{ f1# ={geV|g# [} is a vector subspace of V. For any
subset S C V, we write S ¥ =n,_s{ f}# . The subsets (in
fact subspaces) S C ¥V such that S ## = § are called assay-
ing subsets; they are precisely the sets of the form S = Z ¥,
for some Z C V. We denote by .# (V, #) the family of all
assaying subsets, ordered by inclusion. Then the basic result’
reads (see also Appendix A):

3.1. Theorem: Let V'be a vector space with a linear com-
patibility #. Then the family 7 (V,#) of all assaying sub-
sets is an involutive covering of ¥, with the involution V, «
V. = (V,)¥* . Moreover, ¥ (V,#) is a complete involutive
lattice with the following lattice operations:
AV,=naV,, vn:(sz)##. @0
jed jed jed =

Conversely, if we start with an involutive covering .# of
V, we can associate to it a linear compatibility such that
F(V,#) is the lattice completion of .7

3.2. Theorem: Let V'be a vector space with an involutive
covering .# . Consider in the Cartesian product ¥ X V the
subset 4 =u, _ ¥, XV, and define f #g to mean
{ f.g}ed. Then:

(i) # is a linear compatibility relation;
(ii) £ is an involutive sublattice of & (V,#);

(iii) Every element of % (V,4) is an intersection of ele-
ments of the form {0, - V, }¥ where #* C .7 i.e,
F(V,#) is the complete involutive lattice generated by &
through unrestricted lattice operations.

Proof: (i) is easily verified. In order to prove (ii), notice
that Eq. (1) canberewrittenas V, = (V,)* =n,_, [ f}*.
This means that all subspaces ¥, € .# are assaying subsets
and that the involution ¥V, <> V. coincides with the involu-

r

tion ¥, « (V,)¥ . In order to prove (iii), we show first that,

r

for every A € ¥, one has:
(B}#F# =n|V, |V, eV, Dh]. 3)

Indeed, by (i), and Remark 2.4. we have:
(R}F =ulV; |V, e sV, Dh}
=Y [V:|V, es )V, Sh}
so that
(h)** =SV, IV, erV, 38))°

=n{V, |V, eV, Dh}.
To conclude, it suffices to notice that an arbitrary element
V,e5 (V,#) can be written as:
V=r\{h}#=n(m{V,]V,ef,V,Bh})#. ]
heV, heV,

q

3.3. Remark: Of course, if the set .# is finite,
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F (V,#) = 7. This case, although trivial in the present
context, is important for applications. Indeed it covers al-
ready such concepts as rigged,” or equipped Hilbert spaces,’
which are widely used in practice. See, e.g., Ref. 7 for an
analysis of some quantum mechanical Hamiltonians in a
five-element scale of Hilbert spaces.

Theorem 3.2 makes contact between the abstract for-
mulation of I and the more concrete “constructive” ap-
proach developed previously for particular cases such as
chains (or scales) of Hilbert or Banach spaces,®* nested Hil-
bert spaces,’ or rigged Hilbert spaces.” In all of these situa-
tions, the starting point is a family of vector spaces { ¥, }
which form an involutive lattice (or a scale), and ¥ is defined
asu, V, (technically, algebraic inductive limit). Theorem
3.2 shows that the two approaches are, in fact, equivalent. In
other words, it makes clear that the concept of partial inner
product space is a genuine generalization of all these particu-
lar structures.

It also follows that all we need is an involutive covering
of V, the complete lattice .7 (V, #) is then uniquely deter-
mined. In most cases, the lattice completion will remain im-
plicit, for & (V, #) is uncomfortably large. (This is just like a
topology: One can seldom exhibit explicitly “all” open sets!)
But in certain cases, an arbitrary assaying subset may be
described, as will be clear from the following examples.

3.A. Example: Sequence spaces

As in I, Example 4(2), consider V' = w, the space of all
complex sequences, with the compatibility

C)HF@) Y x| <o

An assaying subset is precisely a perfect sequence space, as
defined by Kothe.'® This example shows how big and un-
practical the complete lattice # (V,#) can be: This set
F (@, #) contains almost all possible types of topological
vector spaces, many of them with rather awkward properties
(it is Kothe’s main source of counterexamples!). Thus it is
imperative to restrict ourselves to suitable subsets of
F (o, #)-

We will consider, in particular, the family .# of all as-
saying subsets of the form

r) = {(x) €ollx,r ) e,

where r =(r ,) is an arbitrary sequence of positive numbers.
Then .# is an involutive covering of @:

(i) .# is a covering of w: Given (x,,) €  there is a weight
sequencer = (r ,)suchthat(x,) € £*(r) ; take, for instance,
the following weights:

-r, = |x,|’n* wheneverx, #0,

-r,, arbitrary whenever x, =0.

(ii) & is a lattice for the following operations:
YN () = £*(p) where p, =minfr, s},
LIV ) = @),

(iii) .# is an involutive lattice, with the involution

where g, = max{r s, } .
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r—F=(r,"').Indeed:
[A(P)]* = @)= RV G,
[A@]* = 4@ =PV EE) .
Actually it turns out that .# is a sublattice of .¥ (@), i.e.:
()N L(s) = () n E(s),
(VN (5) = ) + ).
This is an example of a fairly general situation that will be
studied systamatically in the next paper of this series.®
According to Theorem 3.2., we can now consider the
compatibility # , corresponding to the family .#. We will
see in Sec. 4 that, in fact, # , = # , and thus the complete

involutive lattice generated by # = {£*(r )} consists of all
perfect sequence spaces.

3.B. Example: Lebesgue spaces

As a second example, consider the family of Lebesgue
spaces over the interval [0, 1] with their usual norm topology:

S ={L?=L ?([0,1];dx),

These spaces form a chain: p > ¢ impliesL » C L, the em-
bedding is continuous and has dense image. With the
involution

Lo (L?y=LP
# is an involutive covering of the space V=u,_,_ L ?".
Given the corresponding compatibility #, i.e., (L #)*

= L ?, we can compute explicitly the complete involutive
lattice . (V, #), using the results of the extensive study by
Davis et al.'!

Remark: Notice that we differ slightly from these au-
thors, in that we do not include the space L ': By symmetry
this would demand inclusion of L = as well, which would
invalidate some of the statements made below about duality
properties. However, their results apply to our case also,
because the first Eq. (4) holds true also with the definition
S=(1,r)USs.

First we evaluate “elements of the first generation” of

1<p<oo]-

p_l +ﬁ_1 =1,

T
LPS)=nL? L!(S)y=nlL?,
peS PES

where S'is an arbitrary subset of (1, ). Introducing
r= inf S, r = sup S, and defining § = (1,£)usS,
S =(r,0)US, itis shown in Ref. 11 that:

LP(S)=L"S), L(S)=L'(S). @)

This leaves us with four possible cases:

(@) reS=S=(¢] andL?(S)= n Li=L";

1 <g<t

(i) téS=S=(1) andL?(S)= n Li=L"'" ;

l<g<t

(iii) reS=S=[r,0) andL/(S)= U L9=L";
r<g< o

(iv) réS=>S=(r,0) andL/(S)= v Li=L"+ .
r<g< oo

Thus we get two new types of spaces, L?* , Their topo-
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logical properties are based on the observation that, in the
definition of L # — , it is enough [by Eq. (4)] to consider a
cofinal countable subset of the V', ’s . Then, using the termin-
ology of Floret and Wloka (Ref. 12, §9), L 7~ is a strict FG-
space. Therefore, we get

()Forl< p<ow, L™= n L9,withtheprojec-

l<g<p
tive topology, is a non-normable, reflexive Fréchet space,

hence barrelled and complete, with dual (L 7 ) =
(L »7)* =L 7"  Inparticular, L =~ coincides with the
space L © of Arens.'?

(i) For I<p< oo, L?* =v, , L7, with the in-
ductive topology, is a nonmetrizable (Mackey) complete,
barrelled topological vector space, with dual (L 77 )’

=LPH)YF=LP".

(iii) Furthermore, the following inclusions are proper:

LP*CL?CL? (l<p<w),

the embeddings are continuous and have dense image.

3.4. Proposition'*: Let .# be the chain
{L?,1< p<w}.Thenthe complete lattice & (V,#) gen-
erated by .# is also a chain, obtained by replacing each L 7in
# bythetriplet L #* CL * C L ?~ ,and adding the small-
est element L © ~ and the largest element L ' *.

Proof: First we evaluate elements of the form { f}##,
then { f}#, and finally arbitrary elements of & (V, #)
through the usual relation:

fev:
Let f€V. Then, by Eq. (3)
{f}¥#= n LP=L%rL7%",
LPSf
Therefore { f}# = L%or L*" for some g € (1, ). Finally

V,=n {f}*‘:(nL")n(nL’*),

fev; geSs reT
where S, T are some subsets of (1, «0 ), to be replaced by ST

respectively.
For the first term on the r.h.s., we get

for somege(l,00).

NLY=nLY=L orL°~.

geS qe$
As for the second term, we observe that r ; <r , implies
L™*" C L™ with continuous embedding; the set inclu-
sion is obvious, and the embedding L "** — L' " canbe
factorized continuously through L " , where r is any real
number such that » | <r<r, . Therefore all the spaces
L7* ,1<r < «, form a chain with continuous embeddings.
Thus we get

withs=sup S.

NnNL™t =L"'",

reT

wheret =sup T.

Finally, V, is either of the form L *nL ‘" , or of the form
L nL‘*.Fors<t,wehave L*~" DL*DL'* and V, =
L'" _Fors>t,wehaveL't DL°~ DL*,sothat¥V, =
L*orV, =L° . This concludes the proof. O
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3.C. Generalization: Reflexive chains of Banach spaces

Let I, = (a,b) be an open interval of R, and for each
p €I, let there be a reflexive Banach space V), . We say that
thefamily /" = {V | ., isa(continuous) reflexive chain of
Banach spaces if the two following conditions hold:

)p<qg=V, C V,,theinclusion map isinjective and
continuous; "

(ii) I, carries an involution p <> psuch that the dual of
V , is norm-isomorphic to ¥V ;:(V )~V .

The following properties follow easily from the definition
(see also Ref. 6):

(a) # isaninvolutive coveringof ¥ =v, ., V', , corre-
sponding to the compatibility (¥ ,)* =V .

(b) Whenever p <g, the inclusion map V', — ¥, has
dense range and each V', is dense in V' (considered as the
inductive limit im, 27V ) .

() V#=n,_, V,is a dense subspace of every V', ,
and of ¥ as well.

Let now I = [a,b ] be a closed interval. The analogous
definition is obvious, the only difference being that, now
V# =V, V=V, . Within this context, a proposition simi-
lar to 3.4. can be formulated. As before we define

pely

v, = vV,

I4 VpOEpr Vp* = N Vq.

q< p p<q
Let F, be the totally ordered set F, = (a,b)x{ —,0, + }
with its lexicographic order ( — <0< + ). Then we have:
3.5. Proposition: Let # = { ¥} ., be areflexive chain
of Banach spaces. Then the complete involutive lattice
S =5 (V,#) is a chain given explicitly as follows:
(i) If I = (a,b ) is an open interval, ¥ consists of V # =
V,, ,*o,V=V,_ ,where %, isachain indexed by F .
(i) If 7 = [a,b ] is a closed interval, # is the chain
VF=V, V,, F4.,Vo. V=V,.

Proof: The argument is exactly the same as the one giv-
en in Proposition 3.4 for the case of Lebesgue spaces. First
one shows (using the involution p <> p) that the inclusions
V, CV, CV,, areproper. Then, one proves that
V,. ,with the projective topology, is a reflexive Fréchet
space, with dual V' ;. sandV, with the inductive topol-
ogy, is a reflexive nonmetrizable, barrelled topological vec-
tor space, with dual V; , . The rest of the argument is then
identical and gives (i); as for (ii), it is obvious. O

The situation described above is in fact extremely fre-
quent in applications. The following examples of reflexive
chains of Banach spaces are all well known (the first two
have the direct order, all the others the inverse order):

(1) the chain of sequence spaces {7, 1 < p< o };

(2) the chain of ideals of compact operators in a Hilbert
space H: {4 P(H), | < p < » }, which is isomorphic to (1)
(see I, Example 4.7);

(3) the chain of Sobolev spaces %, ( — oo <5< c0)de-
fined as follows'®!7: A tempered distribution f&.%'(R") be-
longs to #7, if its Fourier transform f verifies

[are17crra+ ey < e
the involution here is (%)% = (#°) =% _ ;
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(4) any chain of Hilbertian spaces, as defined by Palais;®
(5) in particular, the chain of Hilbert spaces .5 #
(— o <p< ) in Bargmann’s space €",'® defined as fol-
lows: . # consists of all those entire functions f(z),zeC",
such that

f | f@PA+ |z]Ye " d"z< 0

and &' =y, _, 77 [see ], example 4.8 (b)];

(6) a chain of Banach spaces that generalizes the Lebes-
gue spaces L 7 to algebras of unbounded operators has been
constructed by Inoue.'®

3.6. Remark: The general considerations given in Secs.
1 and 2 were purely algebraic, no topology was mentioned,
except for the explicit examples of Secs. 3.B. and 3.C. Here
topological duality was used as a means of defining an ade-
quate involution. We will come back in the next paper® to
this alternative approach, closer to Refs. 2 and 5.

4. RICH SUBSETS OF .7 (V, %)

We have seen in Sec. 3 that an involutive covering on a
vector space ¥V uniquely determines a linear compatibility on
V. Actually even less is needed: Any family of subsets of V'
that allows to reconstruct the compatibility will suffice. Con-
sidering the fact that the full lattice # is in general much too
large for practical purposes, this result will be most useful for
applications. In this section, we will briefly analyze the ab-
stract situation, then exhibit a number of examples.

4.1. Definition: A family .7, of subsets of Vis called rich
for the linear compatibility # if, given any compatible pair
f.g €V, thereexists S € £, such that fe S ¥ andg e S ## .

Notice that elements of .# , need not be vector sub-
spaces of ¥: The involution automatically generates them.
But richness is not lost in the process. Indeed, if we define the
three following sets:

I =(S¥|Se s} JIFH={S**5e s, ],
I = FTE U IED
we have (the proof is straightforward):
4.2. Proposition: Let # beany one of £ 5 F (##) .7
Then:

(i) ¥ is a subset of 7 (V, #):,

(ii) # isrich and covers V:ug, ,S=V,

i V*= ns. O

The lesson is ::lear: If 7, isrich, and | D.7 , then
# | is also rich. This allows one to enlarge a rich subset by
“closing” it with respect to some algebraic operation: In-
volution (which gives %), lattice operations, or both. In the
latter case, we get the involutive sublattice of # (V, #) gen-
erated by .#, , which is an involutive covering. Anyway
there is no loss of generality in assuming a rich subset to
contain only assaying subsets (although for some applica-
tions it might be more convenient not to do so).

Remark: The above definition may also be phrased as
follows. A family .# of assaying subsets is rich iff relation (1)
in Proposition 2.5 holds for any assaying subset V, , or,
equivalently, relation (3) of Theorem 3.2 holds forany h € V.
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The main reason for introducing rich subsets of
F (V,#) is topological. Namely, arbitrary assaying subsets,
equipped with their Mackey topologies, may be difficult to
handle, whereas it is easy in most cases to find homogeneous
rich subsets, that is rich subsets .#” whose elements are all of
the same type, such as Hilbert spaces or reflexive Banach
spaces. A number of examples are given below. Such rich
subsets will be studied in the next paper.®

4.A. Example: Hilbert spaces of sequences

We take again Example 3.A, and show that
= {/%(r)} is a rich subset of ¥ (w,#) consisting of Hil-
bert spaces only. Let f,g € w with f #g, i.e.,
3=, | f.&,] < o . Define a partition of neN into four dis-
joint subsets as follows:

N, =[neN|f,#0, g,#0},
= {neN|f, =0, g,#0},

N, = {neN [ f,#0, g, =0},

N,={neN|f, =g, =0}.

All four subsets may be finite or infinite. Let s = (s, ) be an
arbitrary square integrable sequence, with nonzero ele-
ments. Then define a sequence of weights, r =(r ), as
follows:

fornenN,, r

A
=ls,I” lg.|
:|fn|2lsn|~2 ’

arbitrary .

-forneN,, r,
-forneN,, r,
forneN,, r,>0,
Then fe (r),ge*(r '), indeed
z |fn|2rnﬁl = z |-}“rl|2r717l

n=1 neN UN,

S 1l 3 I <,

ne N, neN,

Slelr.= 3 lglr,

n=1 he Ny UN,

S1fallgl+ 3 sali<o.

nenN; neN,

I

4.B. Example: Locally integrable functions

LetV=L|_(R","x),thespaceofall functionsonR"
locally integrable with respect to the Lebesgue measure.
With the compatibility.

f#g<:>f | f(x)gx)| dx <

one has, as usual, [I, Example 4(5)] V¥ =L & (R" ,d"x),
the essentially bounded functions of compact support.

Letr:R” — R™* be a measurable, a.e. positive function,
such that both rand F= r ~' are locally integrable. Denote
by L *(r ) the space of measurable functions f:R" — C such
that fr —'/2 is square integrable. Then we claim:

WL, CLXr)CLj,;

(ii) the family of all such L *(r ) is a rich sublattice of
FV,#).

Part (i) is a straightforward verification. As for (i),
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write R" in the form: R" =u7_ £2; where 2, =

{x € R"|j—1< |x| < j} . Thus each £2  is relatively compact
and 2,2, =@if j#k.Letf ,geV,f #g,and {a,}, B}
two arbitrary sequences of positive numbers such that:

Saf lr@anca 35 [ soldxce.
Define

r(x)= Z X ;) ;(x),

j=1
where

r j(x) = sup (B, f(x)[)/ sup (a;,|gx))) -

Y ; is the characteristic function of 2 ; . (Remark: Elements
of Vare in fact classes of equivalent functions; if in the defini-
tion of 7, for g is replaced by a equivalent function, soisr; ,
and nothing changes in the argument.”’) Thus r ~' (x) =

272, x,;00r ' (x),andbothrand r ~' arelocally integra-
ble. Furthermore, it is easily shown that fe L *(r ),
ge L*7) . For instance:

[ e —'dx—;f I

| f |supla,|gl) d "x

, sup(e;lg)
sup(ﬂ,,lf )

j=14;

5L
j=1 12,0 x| [g)|>a

+J a,-]f]d"x)
2,0 (x| 8] <a ]

(f reldx+a, | lfldx)

=L[fg|d"x+ j;]a, L,[f[a’"x<oo.

Thus {L *(r)} isrich in L |,_ . Moreover it is an involutive
sublattice of & (V, #), with the following lattice operations:

L(r) C L) = r(x)< s(x)a.e.,

L*(r) A L*s)=L*p), withp(x)= inf {r (x),s(x)},
L*(r) V Ls)=Lg), withg(x)= sup {r(x),sx)],
JLX)]F =L%F), withFr(x)=r ~'(x).

4.3. Remark: The above result generalizes to the space

L | (X,du), where X is a locally compact and o-compact
space (i.e, X =U,K, ,K, C K, ., ,K, relatively compact)
anduis a non-negative Radon measure on X. A similar re-
sult holds with V=L %_ (hence V# =L comp) andr *'e

L2 (instead of L} ). Also if X is compact, i.e.,
V=L'Xdy), V# L =(X,du) , the statement is simply
that the family {L %(r), r *'eL '} is rich.

4.C. Example: Functions or sequences of prescribed
growth

The result of Example 4.B can be improved if V'is re-
stricted to those locally integrable functions which satisfy a
growth condition at infinity (such as functions, or sequences,
of polynomial or exponential growth), in the sense that the
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weight functions  (x) can now be assumed to have the same
type of growth.

More precisely, for X and i as above, let A be a partially
ordered set and let {F” ,a € 4 } be a family of positive u-
locally integrable functions, indexed by 4 and monotonical-
ly increasing in a:

a< B FYx)<F P(x) (u-ae).

Assume furthermore that, given e, 3 € A4, there exists a posi-
tive square integrable function s, ; which verifies the follow-
ing inequality for some positive constant C, ;:

0<52 p()<C, sF O)F PAx) (u-ae.). 5)

Define V as the vector space of those functions
Sfe€ L .. (X,dr) which grow no faster than the functions F
i.e., feV if there exists ae4 and a constant ¢ > O such that:

| /)| <cF @) (u-ae).
Equip V¥ with the compatibility # inherited from L |,_ .
Then:

4.4, Proposition: Let V,* as above. Consider the family
& = {L*(r)}, where each r is a weight function that veri-
fies the following inequalities for some a, feA and positive

roar,

constants ¢',c":

¢ [5q s/ F P(x)]<r 2 (x)<c” [FX) /5. 5(x)] . (6)
Then the family .# is a rich subset of .7 (V, #).

Before proving the statement, let us give a few
examples,

(i) Functions of polynomial growth [in L), (R",d "x)]:

FO%) =1+ [x|)"* aeZorR,

snﬁ(x) — (1 + |x|2) —¥/2

withy> n/2and y> — Wa + B).

The assaying subsets L *(r ,, ;) obtained in this example actu-
ally form an involutive sublattice of # (V, ) (see Hor-

mander,'® Theorem 2.1.1.).
(i) Slowly increasing sequences (in w):

By the same reasoning, we find that the family { /*(r )},
where r = (7 ,,) is a sequence of tempered weights, i.e.,
(1 +n)~ P<r,<c”(1 + n)%,

is rich in the space s’ of slowly increasing sequences,
equipped with the standard compatibility from w.

(iil) Functions of exponential growth [in L |,. (R",
d"x)]:

F(“)(x) — eam’

S(,ﬁ(x) — e‘/\x\’

cl,cll > 0’

aelR
withyeR, y>a+ B.
(iv) Entire functions of order 2 (in Bargmann’s space
g: IB):
As in Sec. 3.B, example (5), take X = C", with Gaussian
measure du(z) = ¢~ 2 dz: then &’ consists also of those en-
tire functions with growth indexed by the following family:
F(a)(z) — el/Z\zlz(l + ’Ziz) — a/Z’
S.p@)=1_ VapB.
Proof of Proposition 4.4: Let | f(x)| <cF‘“(x),
|g(x)| <c'F™(x),and fx | f(x)g(x)| du < o . Wechoosea

acRorZ
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function s, z€L *(X,du) that verifies Eq. (5). Then we pro-
ceed as in Example 4.A, dividing X into four disjoint subsets
X, , j=1,..,4, depending on whether
| F)] = [525(x)/FO(x)[>0(X, and X,) or <O(X, and X,),
18()| — [525(x)/F “(x)]> O(X, and X,) or <0(X; and X,)
We define a weight function r , ;5 as follows:
Fap®=1f@)] (800 ", xeX,

=s.5(x)|gx)| 2, xeX,

= | f)|so5(), xeX,

= arbitrary for x € X, provided Eq. (6) is verified .
It is then straightforward to verify that fe L*(r ,,),
geL*(r ), andalsothatr , , verifies Eq. (6)onallof X. [J

4.D. Two counterexamples

(i) The family {#?},. . isnotrichin ¢~ , with the
compatibility from @. Indeed we have:

f= [(log n) 7' ] belongs to #* , but not to
T =u 7,

b < o
g= [(nlogn) '] belongsto /' * = #7, but
not to /', and yet
ey | fuga| = Z7_ n ' (ogn) 7 < o by Ref. 21.
This example carries over immediately to the ideals % #
(1< p< o) of compact operators in a Hilbert space [cf. Sec.
3.B., example (2)].
(ii) The family {Z%(r *?)}. ., where r > = n* , is not
rich in the space s', for the same compatibility. Take indeed:
fo=n'andg, =n"""'(logn) ' °(6> 0).

Then

S |/aga|= S ogn) 0 <,
n-=1 n=1

nl<p§oo

but there is no k € Z such that fe ¢*(r *’) and g € £*(r *):

i | faPlr0] 7 = 21n2"'k< w, iffk>2/+1,

n=1

N 2, (k)
S lga |’

n=1

= Snt 2 (logm) P <o, iffk<20+1.7
n=1

It is interesting to notice that further enlarging the fam-
ily of weights does not improve the situation, as long as it
remains totally ordered: For instance, if one uses {r %7}
with r %9 = n“(log n)”, a similar counterexample can be ob-
tained. The moral is that whenever the compatibility # is
given by absolute convergence of a series or an integral, no
totally ordered subset of 5 (V,#) will be rich: Two vectors
f.g may be compatible, not because one is “‘good” and the
other is “bad”, but because there are cancellations between
f, and g, . An extreme example is that of two wildly in-
creasing sequences, fand g, such that /', = 0and
Zm 1 = Ofor all m. Simpler yet, the complete lattice gener-
ated by a totally ordered subset will be totally ordered, i.e., a
chain, while .% (V, #) is not (compare Sec. 3.B).
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5. COMPARISON OF COMPATIBILITY RELATIONSONA
VECTOR SPACE

One of the main reasons to consider partial inner prod-
uct spaces is the possibility they offer to control very singular
operators. For this purpose the question frequently arises as
to whether a given compatibility relation is “fine” enough
for a particular operator, or, on the contrary, too fine in that
it leads to an unmanageable lattice of assaying subsets. What
we need is obviously a way of comparing different compati-
bility relations on the same vector space.

Let V'be a vector space, #, and #, linear compatibil-
ity relations on V. We will say that #, is weakly finer than
1, , say, if #, has more compatible pairs; equivalently,

f #.,gimplies £ #,gforany pair f,geV,orS*: C §% for
any subset § C V. This relation is a partial order on the set
Comp(V') of all linear compatibility relations on ¥ (see also
Appendix A). Actually, Comp(V) is even a complete lattice
for this order, since it is stable under arbitrary intersections
and has a greatest element :,& Here, intersection is defined as
follows: § " **# = n_,S * for an arbitrary subset S C V.
The greatest element is the trivial compatibility # for which
every pair of vectors is a compatible pair:

fHe VgV or {f1* =V, YfeV.

The lattice #( V,:&.) has only one element, namely V itself.
Thus % (V, #) is not a subset of & (V,#), for any # €
Comp(V'); more generally, a weakly finer compatibility does
not lead to more assaying subsets. As a consequence, this
ordering of Comp(V’), although standard in the context of
Galois connections (see Appendix A), is useless for our
purposes.

Before passing to a stronger order, it is instructive to
exhibit an example of two compatibilities, which are not
weakly comparable.

5.1. Example: Let &' be Bargmann’s space of entire
holomorphic functions defined on the complex plane. Define
the following compatibilities on &':

S [ 17@s@le " dzco,

g it 3 nllab,|<w,

n=0

where f(2) =27_,a,z" and g(z) = 2_,b,z" . Let now
f (@) =exp(1z°) and g, (2) = exp(4 z°) . Then f and g, are
#, -compatible, but they are not #,-compatible. On the
other hand, ifg, (z) = zexp(lz’) , then f and g, are (trivially)
#,-compatible and they are not # , -compatible. Hence #,
and #, are not comparable in the weak sense.

As discussed above, a good order on Comp(¥) must
satisfy the two following conditions: If # is finer than #, ,
then #,-compatible vectors should be #, -compatible (i.e.,
finer implies weakly finer) and .% (¥, #,) should be a subset
of #(V,#,) . However, these requirements are not suffi-
cient for a comparison of compatibilities. It is essential that
the involution in % (¥, #,) be the restriction of the involu-
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tion in # (V,#,) . This condition leads to the next
definition.

5.2. Definition: We shall say that #, is finer than #, ,
or that #, is coarser than #, (#,<# ) if F(V,#,)is an
involutive sublattice of F# (V,#,) .

A simple criterion for comparing two compatibilities on
V is given by the following result.

5.3. Proposition: #, is finer than #, iff
S#z#zzs#z#l (7)
for every subset S C V.

Proof: Weknow that A C Vbelongs to & (V,#,) ifand
onlyif4 =B ##ifor some B C V,orequivalently,A = C #i
for some C C V. Thus Eq. (7) means that every element
S #2%:2 of F(V,#,) belongs to Z (V,#,) . Furthermore, for
anyD = S#leF(V,#,_) ,one has D ¥* = D ¥ This proves
that # (V, #,) is an involutive sublattice of # (F, #,) if and
only if Eq. (7) holds for every § C V. O

5.4. Corollary: If #,<#, , then S *:C §* and
S##: 5 g% % for every subset S C V. In particular,
f #,gimplies £ # gforany f.geV,ie., #, is weakly finer
than #, .

Proof: From Eq. (7), one gets, forany S C V

# #o#, 4 ot H #
Sz:S zz:SZ IgSl’

where the inclusion follows from § C S #:%: . In particular

for S = { £}, this gives { f}¥* C { £}¥'. Furthermore, us-
ing Eq. (7) again, we have

S#z#gzs#z#|gs#|#|' D

What about Comp(¥)? First, the relation < is a partial
order on it, as can be checked immediately. Then Comp(V) is
inductively ordered, i.e., every totally ordered subset
{ # . }.., has an upper bound # _ , defined as follows:

S/ # . g iff there exists neJ such that f # g .

Equivalently, § *- =u,_,§ #*, for any § C V. Therefore
Zorn’s lemma applies: Every element of Comp(¥) is major-
ized by a maximal element. However, there is no greatest
element. The only possible candidate would be #, for which
S # = V forevery S C V. But Eq. (7) implies that # cannot
be finer than any # € Comp(FV), except itself! In fact,
Comp(¥) is in general neither directed to the left, nor to the
right, a fortiori it is not a lattice.

Let again # be a linear compatibility on ¥ and let .# be
arich subset of # (V,#). As was remarked after Proposition
4.2, we may always assume that .# is an involutive sublattice
of # (V,#), i.e., an involutive covering of V. Moreover, by
Theorem 3.2, # (V,#) is the lattice completion of ¥

What happens now if we start from a sublattice .# co-
final to # (¥, #), but not rich? Again by Theorem 3.2, we
can associate to .# a new compatibility relation # , , such
that # generates the complete involutive lattice. ¥ (¥, # , ) .
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Then it is easy to see that F (V,# ) is actually a complete
involutive sublattice of # (¥, #); in other words, # , < # .
This result in fact gives a description of all compatibility
relations on ¥ coarser than a given one #, namely:

5.5. Theorem: Let V, # be as usual

(a) Let .# be a cofinal involutive sublattice of 7 (V, #).
Then the compatibility # , determined by.# is coarser than
Hi#, <H.

(b) Conversely, if #, < # , then there exists a sublattice
F C F(V,#) cofinal with & and stable under the involu-
tion, such that # , = #, . O

Thus, given #, a compatibility relation on ¥, coarser
than #, is the same thing as a complete involutive sublattice
of # (V,#). The set of all of these is stable under intersection
and it has a greatest element, namely 7 (V, #), hence this set
is itself a complete lattice contrary to Comp(¥). It has alsoa
smallest element. F (¥, #,) consisting exactly of ¥ # and ¥,
and corresponding to the trivial compatibility relation #,
defined as

S #,g iff at least one of them belongs to V' ¥ .

In a sense this trivial compatibility relation correponds, in
our language, to the standard situation of the theory of dis-
tributions: Only two kinds of objects are available, test func-
tions (¥ #) and distributions (V).

Let us give a few examples of comparable compatibility
relations.

5.6. Examples: (i) We have already encountered non-
rich sublattices in Sec. 4. Take for instance, the functions of
polynomial growth of Example 4.C (i): The set
I ={LArs),rsx)=(1+ |x|*)**,5€R]} is not rich.
The same example in the discrete case was given in 4.C (ii).
In each case, .# defines a new compatibility relation, coarser
that the original one. Additional examples (for sequence
spaces) can be found in Ref. 22.

(ii) As pointed out at the end of Sec. 4, no totally or-
dered subset will be rich for a compatibility which is defined
by absolute convergence of a series or an integral. Barg-
mann’s space & illustrates this point beautifully. Three
compatibilities arise naturally on &": #, and #, , as de-
fined in Example 5.1, and #, defined by the chain
{F %, peR]} described in Sec. 3.B, example (5). Then it can
be checked easily that #, is strictly coarser that both #,
and #,: Neither the pair f,g, nor the pair f,g, are #,-
compatible. Indeed, both f and g, belong to ¥ * iff p <0,
andg, e *iff p< —1L.

The main application of Theorem 5.5. is to the con-
struction of partial inner product spaces. Given a vector
space V, one can define a partial inner product on V directly.

5.7. Definition: A partial inner product on a vector space
Vis a Hermitian form defined on adomain I" C ¥ X ¥, such
that:

() I' is symmetric: { f,gl e iff {g, f} eT.
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(ii) I is “partially linear”: For every fe ¥, the set
{g|{ f.g} € I''} is a vector subspace of V.

Typical examples are all those partial inner products whose
domain of definition is defined by the absolute convergence
of a series or an integral; such are, for instance, the “natural”
inner products onw, L |, (X,du) or &’ obtained by extension
of the inner product of a Hilbert space.

According to this definition, a partial inner product
uniquely defines a linear compatibility relation #:

fH#giff {fglel.

However, quite often the complete lattice & (V, #) generat-
ed by # is too large, and thus one is led, for practical pur-
poses, to consider a coarser compatibility relation on V. The
point of Theorem 5.5. is that, first, one knows all possible
candidates, and second, each of them can be used as a do-
main for the initial partial inner product. In particular, if the
latter is nondegenerate, i.e., (¥ #) = {0} , it will remain so,
whichever coarser compatibility #, one chooses, including
the trivial one, #, , for which V#o =y # = p#

Theorem 5.5 solves the problem of coarsening a given
compatibility relation on V. In practice, the converse prob-
lem will often arise, namely, how to refine a given compati-
bility. Here however, there is no canonical solution.

There is one case where a solution can be found, namely
when the compatibility is given in terms of an involutive
covering of ¥ and there is an explicit finer covering. Typical-
ly, a partial inner product is introduced, which has a bigger
“natural” domain. However, even in that case, uniqueness is
not guaranteed. Once again, Bargmann’s space gives a coun-
terexample. If we start with the compatibility # , defined by
the involutive covering .# ¢, p €R} , and introduce, as in
Example 5.1, the usual inner product

(flg) = J. f@)g@e 7 dz.

The latter is obviously defined whenever the integral con-
verges absolutely: This leads to the compatibility #, , finer
than #, . Now if f #,g, then the inner product is also
given by the expression

(flg)= S nta,b,.

n—1
which is defined whenever the series converges absolutely,
leading to #, > #, . However, we have seen that #, and
#, are not comparable although they are both finer than
#, .

Apart from that situation, very little can be said about
the problem of refinement. As a first step, one might try to
increase the number of compatible pairs. Equivalently, one
can try to extend the domain of the linear forms
@, = (f|'), initially defined on { f} ¥, and continuous in
the Mackey topology 7({ £} ¥ ,{ £}¥%) . This however re-
quires topological considerations. For instance, if { f]% is
not Mackey complete, one can extend ¢ , continuously to its
completion. Or if @ , is continuous for a weaker topology
7V, ,V;),with { f}# C ¥V, , @, canbe extended to all of
¥V, . Also @ , might be not continuous, but closable for such
a weaker topology; then one can replace it by its closure
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@, . However, explicit examples show that all these proce-
dures will yield compatibilities that are not comparable with
the original one, because the involution will be modified. We
must conclude that the problem of refinement has in general
no solution.

Yet there are cases in which partial results can be ob-
tained, namely one can enlarge the set of explicit assaying
subsets. For instance, suppose the compatibility on Vis giv-
en in terms of an involutive family .#" = { ¥, } of subspaces,
which is not stable under intersection (thus not a chain).
Assume in addition that every ¥, , withits Mackey topology
7(V,,V:), is a reflexive Banach space (in particular, a Hil-
bert space). Then it can be shown® that every element of the
lattice generated by .# is again a reflexive Banach space, and
is given explicitly as follows:

Vp/\q = Vanq ’
with norm || f,n, = I 11, + 1 f1l4 >
vaq = Vp +V,,

with norm [|f|[,v, = f:ir;fM(”gllp +A 1) -

Here the infimum is taken over all decompositions
f =g+ h,withge ¥V, ,h eV, . Inthis way, oneobtains an
explicit enlargement of .# although not a finer compatibility
as defined above. Another example is the explicit completion
of a reflexive chain that was discussed at the end of Sec. 3.
Notice that, in both cases, essential use is made of topo-
logical properties of assaying subsets. These are determined
entirely by the partial inner product, which defines the dual-
ity between pairs V, ,V; ; the compatibility alone no longer
suffices. So the next step in our analysis is to study systemati-
cally the topological structure of PIP-spaces: This will be
done in the next paper of the series.®
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APPENDIX A. GALOIS CONNECTIONS

Let .# be a partially ordered set. A closureon .# isa
map X — X from .# to .# such that: (i) X C X; (i) X = X;
(iii) X C YimpliesX C ¥.* Anelement X € .# is said to be
closed iff X = X. Let € (.#) be the set of all closed elements
of .#, with the induced order. Then if .# is a complete lat-
tice, so is ¥ (.#) with respect to the lattice operations
(V" C E(A):

ANX =AX ,

Xe I C( ) Xe §° R4

V X =(VX ) . (A1)
Xe b E(H) Xe ) 4

Let now . and .# be two partially ordered sets. A
Galois connection®** between . and .# is a pair of maps
a:..L — # (we write a(X) = X ) and B:.# — .Z, such
that:
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(1) both & and f3 reverse order,

(i) S C S*Pfor each Se.¥ and T C T #* for each
Ted.
It follows from the definition that S — § *# (resp. T — T )
is a closure on . (resp. .#).

From now on, we will assume that both .¥ and .# are
complete lattices. So are then the two sets of closed elements
¢ (L) and € (.#). Furthermore, a (resp. £ ) is a lattice anti-
isomorphism of %' (.¢") onto € (.#) [resp. € (.#) onto
& (L)]; for every subset .4 C € (.Y) one has

( Y, X)“ - A X°, (A22)
Xe b Xe b’
( A X)": vV X©, (A2b)
Xe 7 Xe

and similarly for 5. Actually® in the case where both .# and
# are complete lattices, the two maps @ and S are not inde-
pendent: @ generates a Galois connection iff it satisfies the
single condition (A2a); [ is then uniquely determined and
given by:

TFA= V X.

Further insight into the structure of Galois connections
can be found in a paper by Shmuely.?® Two points are of
interest for us:

(1) Galois correspondences between the complete lat-
tices .Z" and .# are in 1-1 correspondence with certain sub-
sets of .7 X .#, called G-ideals. Since these, with the natural
order inherited . X .#, form a complete lattice, it follows
that the set of all Galois maps a:.¥” — .# that generate a
Galois connection also form a complete lattice.

(2) Every Galois connection between .¥” and .# can be
generated by a binary relation, thatisasubset " C £ X .#;
for instance I" = {(S,T)|T<S “} . Conversely, every binary
relation I" C . X _# generates a Galois connection, name-
ly the one that corresponds to the minimal G-ideal generated
(by lattice operations) by I,(0 ., ,1 ,)and (1. ,0 , ) where
0, resp. 1, denotes the smallest, resp. largest, element of the
lattice indicated.

Next we specialize the discussion to the case
=M = P(S), the complete lattice of all subsets of a giv-
en set S. If we assume furthermore that « = S (suchana is
called an involution®*), the resulting self-dual Galois connec-
tionon Z (§) is exactly what was called compatibility on S'in
I. Indeed @ = B is equivalent to the corresponding binary
relation I" being symmetric: (X,Y) e Iiff (Y,X) e I', which
wecan write, asusual, X # Y(with # = a = ). Theclosed
elements of Z(S) are precisely the assaying subsets, which
constitute the complete lattice .% (S, #). The map # of
F (S, #) ontoitselfis an involution and a lattice anti-isomor-
phism. Property (1) above means that the set Comp(S') of all
compatibilities on S'isin a 1-1 correspondence with the set of
all symmetric G-ideals of Z(S)X Z(S) and the latter is a
complete lattice with respect to the order inherited from
F(S)x Z(S). That order is exactly the notion of the weak
comparability (“weakly finer”, etc.) introduced in Sec. 5.
Property (2) yields the notion of generating subset for a Ga-
lois connection: These are our rich subsets, discussed in Sec.
4,
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Finally, we come back to the linear case. Let ¥ be a
vector space and # a linear compatibility on V. By the very
definition, the relation f #g (f.g € V') is equivalent to
{f1#[g], where [ ] is the one-dimensional subspace gener-
ated by /. Thus we may take as complete lattice . (V), the set
of all vector subspaces of V: A linear compatibility on Vis the
same thing as a self-dual (or involutive) Galois map on
L (V). The whole discussion above then goes through.

APPENDIX B. NONLINEAR COMPATIBILITY
RELATIONS

As stated in I and in Appendix A, compatibility rela-
tions may be defined naturally on arbitrary sets; they are just
symmetric binary relations. In this Appendix we will exhibit
some interesting examples of such general compatibilities,
which illustrate some points of the paper.

Let .S be an arbitrary set, and # a symmetric binary
relation on S. The latter extends to an involutive Galois con-
nection on Z(S):

-if T =@, the empty set, weput T# =§,

A T={f},T*=(geS|g# [},
-if T'is arbitrary, T# = {ge S |g# fV fe T}

= n (/1.
feT

Thus the set .7 (S, #) of all assaying subsets
(T = T#%), ordered by inclusion, is a complete lattice with
respect to the operations A = set intersection and
V = # #-closure of set union, and # is an anti-isomor-
phism of # (S, #).

Example B.1.: Equivalence relation. In general, # need
not be reflexive, nor transitive. If it is, i.e., an equivalence
relation, then the above construction gives the following: If
T C S is entirely contained in one equivalence class, then
T# = T## = equivalence class containing 7. If T contains
at least two nonequivalent elements, then 7’ #* =@ and
T## =8 So, if S contains at least two inequivalent ele-
ments, the assaying subsets of S are @, S, and single equiv-
alence classes. We see in particular that the union of two
assaying subsets need not be one (i.e., the sup is not set
union).

Example B.2: Polarity. Let S be R" with the Euclidean
inner product; write £ # % iff |(£,17)|<1. Then for any subset
T C S, T# is the absolute polar of 7, and the assaying sub-
sets are precisely all closed, absolutely convex subsets of
]Rn . 10

Example B.2a. As a variant of B.2, define a family of
compatibilities for every p> 0 as follows: § # , 7 iff
(€, m)|< p. Then for p <g, #, has more compatible pairs
than # , and 4 #o (;A #5 for every A C R”. On the other
hand, the assaying subsets are the same for every p > 0,
namely all closed, absolutely convex subsets of R” ; hence
F(#,) = (#,)assetsand 4 #r# s = 4 ## the closed,
absolutely convex cover of 4. In other words, # , is weakly
coarser, but not coarser than (indeed, not comparable to)
#,if p<q.

Example B.3: Vicinity. Let S be an abelian topological
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group and N C S a balanced neighborhood of the identity,
i.e., — N = N.Define f #giff f— g € N. Take for instance
S = R" ,N the open unit sphere. Then any open sphere Sy of
radius R<1 with arbitrary center, as well as any closed
sphere S of radius R < 1, is assaying, and we have (Sx)*
=S8, _r, S2)* =S8, _r . More generally, if T'is an arbi-
trary subset of diameter d>2, then T # = @ . Otherwise T #
is a small connected set, T# =n,. .S, [ f], where S, [ f]
is the open unit sphere centered at f.

Example B.3a. In the same setup, take instead N, the
closed unit sphere. Then only spheres S (R< 1) are assaying
and Sx)* =8, &.

Example B.3b. On the other hand, if N is taken to be a
subgroup (e.g., R*, k < n) we return to a equivalence relation
as discussed in Example B.1 above.
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An improved asymptotic Padé method is presented. The approximations expressed as rational
functions are developed both in a power series and asymptotic expansions. Identifying these
developments with those for the exact function, the approximated rational functions are
obtained. Three- and four-pole approximations for the plasma dispersion function have been
determined with this method. Our approximations (Z, ) give closer results to the exact function

than all the published ones.

I. INTRODUCTION

In a previous work' a two-pole approximation for the
plasma dispersion function Z (defined as a Hilbert transform
of the Gaussian®®) has been obtained. In that work we have
modified the Padé method, in order to include, besides the
power series, one term of the asymptotic expansion. In this
paper we generalize the method in order to include several
terms of the asymptotic expansion besides the power series.
There are of course several possibilities of approximation
depending on how many terms of the power series and as-
ymptotic expansion are taken into account.

The method here is used to approximate the function Z,
but the procedure is quite general and it can be used in other
problems to improve the Padé method® in the cases where
the asymptotic expansions are known.

Though the Martin and Gonzalez two-pole approxima-
tion' for the Z function is better than that of Fried er al.,’
however for 52, the accuracy in the imaginary part of Z (5)
and Z '(s) is not good. Since the imaginary part of Z '(s) be-
comes important to compute the damping or growth of plas-
ma waves, it appears very convenient to have better approxi-
mations to the Z function that are still easy to calculate. For
this reason we have applied the general procedure to three-
and four-pole approximations. As in the two-pole case, a
straightforward Padé method gives only good results for
very small values of the arguments. The reason is that in the
usual Padé approximation only the power series is used.

Our best results are obtained by using five terms of the
power series and three terms of the asymptotic expansion.
This gives excellent agreement for all values of s in the upper
half-plane. We think that this approximation can now be
used for most of the computations of Z (s) and Z '(s). Three
poles can also be used with a little less accuracy. Similarly to
the two-pole case,' the multipole approximations still pre-
serve the symmetry property of Z (s) and all the parameters
are defined in an exact way, avoiding the need of visual in-
spection of computed displays as in Ref. 3.

The material is arranged in the following way. The gen-
eral procedure for obtaining the poles of the approximation
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is described in Sec. II. The results are presented in a graphi-
cal form in Sec. III. An analysis and discussion of the various
approximations are also carried out. The last section is de-
voted to the conclusions.

Il. GENERAL PROCEDURE

We look for rational functions to approximate a given
function. The approximations are obtained by identifying
the terms of the power series and asymptotic expansion of
the exact and approximated functions. Considering the plas-
ma dispersion function Z (s), the rational function is written
in the form

Z($)~Z,,(s) = '_'zlp,s"/(l + 2 g sf)_ (1

Here the polynomial numerator is chosen one degree
less than the polynomial denominator in order to get the
required asymptotic behavior to O (1/s). Once the param-
eters of the approximation are found an expansion in partial
fractions

n bA
Z,=73

K=1 §—4a,

2

is performed, showing explicitly that this function is an n-
pole approximation.

To obtain the values p,,p,,...,p, _; and q,,4,,...,q,, the
power series and asymptotic expansion for Z,,(s) is written
as

Zap =po + (P —Pud )5

+ (P2 —Pod2 —P1qs +Pog?)S + 3
Zapzpn——l _1_ + Pnfl (inz ~qn~1 12
qn s qn \pn\l qn N
_+_Pn71 {pn—~3 _ 4n
qn \pn —1 qn
2
n - q"~‘ qn7 1
P Ly 21 . @)
pn lqn qn N

Now the coefficients of the first /-terms of series (3) are
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TABLELL p, parameters of the polynomial numerator and ¢; parameters of

the polynomial denominator of Z,, (s).

n=2
— N
PV _ Y
Do =iV T q, '“__2
z
" 47 _ 4—7
b= .2 9 72
po=iVr o=-NVur
Z22
p =72 g, = —(r-2)
po=V17 g=-Vr
Zz,,
P =2 9= -2
n=3
_ ,\/_ - —37 +10 —
Po =1 T (4 257 —16) i
37 307 +64 217 —64
Z, p=——— g =
257 —16) 6(5m —16)
97 28 f\/: 4= — 97 —28 ;
P =5 —16) : 6(57 —16)
— 3r—8 ,
Po =1'\/1r g, = ———=
3V g (r-3)
z _ 1037 _ 10 -37
2 P = 37 —3) 92 3(‘”_#__3)
9y = 16 —57 g, = (16 57
R =
V7 (7 ~3) WV (r-3)
Po :f\/; q, = --—l—‘l T
Ad—m
3Ir—8 3r -8
Zy, P|=4_ﬂ_ qz=-4_” B
p, = X7 A/ g =223 N/
4 —7 4—7
n==4
-V S e’ B V
Po=ivom @ W6 297 +32) "
_ —157° 4887 —128 = — =367 + 1957 — 256
PP =6 —297 +32) : 667 —297 +32)
Zs,
337 4+ 104 — —3B74+104 /T
= = ——— =] T
P = T 6 —297 +32) b = S6r —297 +32)
oo — 97 —697 +128 4= 977 ~69m +128
3 4

T T 367 —297 +32)

T 3(6m* —297 +32)

identified with the first /-terms of the exact power series of

Z (5):

zZo)=iVr —235-NVrsts

Vo,
5

+
2

— )

Similarly the coefficients of the first m-terms of expan-
sion (4) are identified with the first m-terms of the asymptot-

ic expansion for Z (s):
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Here the exponential terms i(m) ' o exp( — s%) is of

higher order for real s (o = 1), and zero in the upper half-
plane (o = 0). Therefore it is not considered here.

In the lower half-plane (o = 2) this term becomes im-
portant. However, the multipole approximations cannot be
used directly, all the poles being in the lower half-plane. In
this case, Z (s) is obtained computing Z * for s* and then
adding 2i(7) '/* exp( — 5%) as in Ref. 3.

In an n-pole approximation we have 2n unknowns and
we need 2n equations. Therefore it will be necessary that

2n=14m. Q)

The approximation Z_,(s) for a given / and m will be
denoted by Z,, (s). It is clear that there are several possibili-
ties in order to verify Eq. (7) for the same n.

For a given n, if a good approximation is needed for
small values of s, / should be large. For large values of s, /
should be small. To obtain a good approximation for all val-
ues of 5, / and m should be of about the same value. The
analysis in the next section for the two- and three-pole cases
shows that / slightly larger than m give the best results.

The set of equations for the p’s and ¢’s are nonlinear but
in all cases we have examined all the p’s and ¢’s give unique
values.

TABLE 1L a, poles and &, pole-residues of Z, (s).

n=2

a, = —0.5138 —1.0324; b, = —0.5 +1.2891;
Z3l

a,= 0.5138 —1.0324; b, = —0.5 — 1.2891;

a, = —0.5228 —0.7763; b, = —0.5 4+0.7425;
ZZZ

a, = 0.5228 —-0.7763; b, = —0.5 —0.7425;

a, = —0.5510 —0.4431; b, = —0.5 4+0.4021;
Zy,

a,= 0.5510 —0.4431; b, = —0.5 -0.4021i
n=3

a, = --0.8957 —1.3245; b, = 1.2401 +0.8399;
Zs, a,= —1.4096/ b, = —3.4802

a, = 0.8957 —1.3245; by = 1.2401 —0.8399;

a = —-0.9050 —1.1317% b, = 0.5809 +0.7400i
Z,, a,= —1.2278; b, = —2.1618

a; =0.9050 —1.1317i b, = 0.5809 —0.7400;

a, = —0.9217 —0.9091; b, =0.1822 +0.5756i
Z,, a,= — 1.0204; b, = — 1.3643

a,= 0.9217 —0.9091{ by, =0.1822 —0.5756i
n=4

a, = —1.2359 —1.2150¢ b,=  0.5468 —0.0372;

a, = —0.3786 —1.3509i b, = —1.0468 +2.1018/
Zyy, ay= 0.3786 —1.3509i by = —1.0468 —2.1018:

a,= 12359 —1.2150/ by,=  0.5468 +-0.0372i
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FIG. 1. Map in the complex (AZ,, = Z, — Z)Rlane of the real s axis,
0<s<4 under s—4Z, (s). (a) Cur/xes fordZ,,,AZ,AZ,,4Z.,AZ,, AZ.,,
AZ;, and AZ;,. (b) Curves for AZ, AZ,,, AZ,, AZ,,, and 10X AZ,,.

Following the general procedure previously described
we get the rational approximations whose coefficients are
given in Tables I and II.

In the two-pole case, the first function Z;, (s) is the same
discussed in a previous paper under the notation Z (s).'

We point out that the symmetry property

Z/m(s) = - [Zlm(_—"S*)]* (8)
is automatically verified by all the approximations here con-
sidered. This is because all the p,’s for i even, and all the
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FIG. 6. Imaginary parts of Z ;,, (s) in logarithmic scale for Z",
Z3,Z,,,Z,and Z’ (exact).

g;’s for j odd, result in pure imaginary and the others real.
Equivalently all the poles @, appear to be symmetric with
respect to the imaginary axis and the coefficients b, are sym-
metric with respect to the real axis.

lIl. ANALYSIS AND DISCUSSION

The map of the real axis for 0<s<4 under [Z,,, (s)

— Z (s)] is shown in Fig. 1. First of all, it is clear from Fig.
1(a) that increasing the number of poles results in a better
approximation. For two poles, the best approximation is
Zj,(s) as it was previously shown.' However, the Fried ez al.
calculations Z (s) give better results than Z,; and Z,,. For
three poles, Z,, gives similar results to Z;, and better results
than Z,;. However, ImZ,, fits to ImZ better than ImZ;, (see
Fig. 2). The locus Z;, — Z' is closer to the origin than the
locus of Z }, (see Fig. 5), but ImZ;, fits better than ImZ:,
(see Fig. 6). Since small discrepancies in the imaginary part
of Z' can become important in the calculation of the damp-
ing of the waves, we have considered Z;, as abetter approxi-
mation than Z;,. ,

In Fig. 1(b) we have replotted the best approximation
for a given number of poles. The locus 10(Z;; — Z ) is also
drawn, and still lies inside the locus Z,, — Z.

For all Z,,,(s) the agreement becomes better as s moves
away from the real axis in the upper half-plane. This results
from the fact that all the poles of Z,,, are in the lower half-
plane, as was the case for the two-pole approximations pre-
viously calculated.'”

For this reason all the graphs that follow will be done
for real values of s in the range 0<s<4.
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FIG.7.Realparts of AZ ;,,(s)forAZ",AZ ;,,and 4Z },. Real part of Z'/10
is also plotted for reference.

Figure 2 shows |ImZ | for 4 (Ref. 3), Z (exact value),
2, Z,, Z,,, and Z;, in a logarithmic scale. Figures 3 and 4
show the real and imaginary parts of the Z,,, — Z for each
number of poles. Figures 5-8 are the corresponding plots for
VAR

The agreement in the real part of Z,,, is quite good, and
for Z, the relative error becomes less than 0.5%. For ImZ,,,
the agreement is good for small s (0 <5 52.5) and it is not so
good for large s, mainly because ImZ goes to zero very fast.
In all approximations ImZ,, goes through zero, reaches a
small minimum, and goes asymptotically to zero (Figs. 2 and
4). ImZ never becomes negative in the range where Z,, is
negative; but it is very small, and for ImZ;; the absolute error
here is less than 0.001 (Fig. 2).

The derivative functions Z;,, donot fitas wellas the Z,
functions. This is reflected in the change of scale for Fig. 5
with respect to Fig. 1. The relative error of the real part of
Z, is less than 2%, compared with 0.5% for ReZ;, (Fig. 7).
For the imaginary part of Z' the agreement is not so good as
for Z (Fig. 8), though for large s, the maximum absolute
error is about the same (0.001) (Fig. 6).

284 J. Math. Phys, Vol. 21, No. 2, February 1980

0

ImZ'710

_‘1 5.

'.20L

-25 N N A P N s s
O O5 10 15 20 25 30 35 40
S
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IV. CONCLUSION

The usual Padé method has been improved by consider-
ing the asymptotic expansion together with the power series
in order to obtain better approximations to a given function.
Using this method we have obtained multipole approxima-
tions for the plasma dispersion function.

In this way we get good approximation to Z (s) not only
for small values of s, but also for large values of s.

The approximations agree well for real values of sand in
the upper half-plane. All the poles of these approximations
are in the lower half-plane. The symmetry condition is also
automatically verified. Better agreement is obtained in gen-
eral when more poles are considered. A good balance be-
tween the power and asymptotic series is obtained by using
two more terms of the power series than the asymptotic ex-
pansion. In this way we obtain the best fit for the whole range
of s. If we want a better agreement for a smalil (large) value of
s, more (less) terms of the power series must be used. Our
four-pole approximation here denoted by Z,; (s) gives a rela-
tiveerror for ReZ and ReZ 'less than 0.5 and 2%, respective-
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ly. The imaginary parts do not agree so well, mainly for
5% 2.5. Nevertheless the absolute errors for ImZ and ImZ’
are less than 0.001 in this region.

Approximations with three poles are also obtained
which fit better than all the published ones, but with less
accuracy than Z;;.
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Dynamical realization is given to the generator responsible for breaking the usual SU(3)
invariance symmetry in the case of the Lewis—Riesenfeld time-dependent oscillator: H(t) =
1/2 323 [p.p; + w *(t)q;q;]. This is achieved by finding a simple expression for the time-dependent
Hamiltonian in the interaction picture: H = H, + gH,. The breaking interaction is shown to
transform as (6 ® 6) of SU(3). Time-dependent dilations relate the broken Hamiltonian to the
Lewis—Riesenfeld form. This scaling generates the algebra of the Weyl group and its role in

oscillator noninvariance symmetries is considered.

1. INTRODUCTION

Renewed interest in the role of noninvariance symme-
tries for the harmonic oscillator has been independently gen-
erated in a number of recent articles. '~ Such groups permit
a complete characteriztion of the dynamics in terms of the
associated group representations. The noninvariance sym-
metry includes the usual invariance symmetry of the oscilla-
tor Hamiltonian as a subgroup in such a way that the sym-
metric tensor representations of the larger group contain the
corresponding oscillator energy levels >~ (finite- and infi-
nite-dimensional). The larger group is not a true symmetry
of the total Hamiltonian in the sense that the extra gener-
ators do not commute with the Hamiltonian.

In particular our investigations of the symmetries of the
Lewis—Riesenfeld time-dependent oscillator *° have shown
that the usual SU(3) dynamical symmetry, associated with
the time-independent oscillator in three dimensions, consti-
tutes a noninvariance symmetry of the Lewis—Riesenfeld
system, while the true invariance symmetry is SO(3). The
introduction of an arbitrary time-dependent frequency w(¢ )
into the oscillator Hamiltonian has the effect of reducing the
invariance symmetry in a very particular way, and it is our
purpose in this paper to give a dynamical description of this
symmetry breaking.

The form of the operators which are responsible for
breaking the SU(3) invariance are perhaps not immediately
obvious because of the “sourceless” form of the 3H|  -Ha-
miltonian, i.e., the arbitary function of time w(¢ ) represents
the result of some time-dependent dynamical effects, e.g.,
contact with a thermal reservoir or electromagnetic interac-
tions. This Hamiltonian is suggestive of so-called “open sys-
tems.” '° However, as we shall show, the symmetry of the
breaking generator is independent of the arbitrary function
of time. This is to be expected since the symmetry algebra is
constructed only from canonically conjugate variables.

Symmetry breaking effects are most conveniently ex-
pressed in the interaction picture with the total Hamiltonian

Part of this work was delivered at the Seventh Integrative Conference on
Group Theory and Mathematical Physics, The University of Texas at
Austin, 1978,
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written in the partitioned form H = H;, + gH, , where g is
an arbitrary constant and in general H, H,, and H, do not
commute with each other. If H,, is exactly invariant under a
dynamical (degeneracy) group G, which has a subgroupg,,
and H is invariant under g, , then H, is also invariant under
go while the noninvariance group GO G, has some of its gen-
erators not commuting with H. For the 3H, p(¢ )-Hamilton-
ian we have g, ~SO(3) and G ~SU(Q3).

In this paper we write a simple expression for the inter-
action Hamiltonian on the basis of the arbitrary nature of the
time dependence which relates the 3H ¢ (¢ )-Hamiltonian to
the usual time-independent 3 H-oscillator generators and
discuss the significance of dilations and scaling transforma-
tions. First we recall how the noninvariance symmetry is
generated.

2. NONINVARIANCE ALGEBRA

The Lewis-Riesenfeld Hamiltonian

3

H(t)ZEE[PiPi +a)2(t)qiqi] €]
is clearly not a constant of the motion, but we have estab-
lished the existence of a symmetric tensor invariant
A,@ppp)=ilp a4+ (pp —pDpp —p2)), Q)
where p(¢) satisfies the constraint equation (4 = const) '

PO p) + &t )p(t)] =22 ©)

This invariant is a constant of the motion even though it does
not commute with H (2);

. 04,
[4y@ppp)H ()] = —=#0 )
The antisymmetric 3-tensor
Jk = ieijkqipjv i’jyk = 1,2,3 (5)

together with the traceless symmetric 5-tensor

8, 2
By =y~ 3 SAu (6)

span the regular 8-representation of the SU(3) algebra
(M, M, ]=2C,.M, pvxk=12..38, N
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where
Ji=M; JL=—-M; Ji=M,
B,=M, By=M, B;=M,
(1/V'3)(By1 + By, — 2B33) = Ms,
B\, — By =M,

3. INTERACTION HAMILTONIAN

Following the discussion of Sec. 1, we devise a way of
expressing the Lewis—Riesenfeld Hamiltonian in the desired
interaction form. In doing so, the following criteria must be
satisfied:

(i) The total Hamiltonian H must be equivalent to the
Lewis—Riesenfeld Hamiltonian described in Sec. 2.

(ii) H, is the usual time-independent oscillator Hamil-
tonian (in three dimensions) which is exactly SU(3)
invariant.

(iii) The time dependence of the righ-hand side is rel-
egated to the interaction term H, in such a way thatifitis no
longer explicitly time-dependent, then H becomes equiv-
alent to the time-independent Hamiltonian.

(iv) H, must be exactly invariant under SO(3) transfor-
mations. By writing the total Hamiltonian so as to fulfil these
conditions, the nature of the symmetry breaking can be dis-
cussed along conventional lines.

The approach taken here is somewhat different from
previous discussions of broken symmetries in quantum me-
chanical systems. '>!* Usually the form of H, is given in
terms of the appropriate dynamical variables on the basis of
mathematical or physical assumptions. In this way the sym-
metry properties of the total Hamiltonian are determined,
e.g., if H, = g/q*, then the simplest noninvariance group is
SO(3) X SO(2,1).

The problem being considered here amounts to a rever-
sal of this situation since we already know the form of the
total Hamiltonian H and its symmetries. '* Accordingly
there is the question of uniqueness of choice regarding the
form H, . However, we avoid this problem by noting that
since w(¢) in Eq. (1) is an arbitary function, we may simply
write 0*(t) = w3 + £2 %(t) to give an interaction expression
for the Lewis—Riesenfeld Hamiltonian

H(t) = 4(p} + otg) + 32°(1)g;, ®

which fulfills each of the above requirements.

4. CANONICAL TRANSFORMATIONS
A. Classical transformations

A similar breakup of the Lewis—Riesenfeld Hamilton-
ian can be achieved through the use of appropriate canonical
transformations. ' These results will be important for the
discussion in Sec. 5.

The canonical transformations

{p.q}:space  {p,q}:space
p=p 'P+pq P=pp—pq
9=pq a=p"'q
287 J. Math. Phys., Vol. 21, No. 2, February 1980

are generated by the function

F(pgpp)= —ppq+ o7’ ©)
and the 3H (¢ )-Hamiltonian H (g,p,t) becomes
_ JF
H(gpt)=p *Hy3p)— = (10)

With this observation we are able to write the desired
interaction term as

_ aF _ o . .
H\@qp) = — E(q,ﬁ)=p 'ppg + 3(p* —po). (1)

B. Quantum transformations

The corresponding canonical transformations in quan-
tum mechanics connecting the representation {p,q} to { 7,4}
are given by

p=UpU "', g=UqU ',
where U is a unitary operator, thus ensuring the existence of
the canonical commutation relations

(991 =0, [pwp;] =0, [4:p)] =15,
in each representation. The form of these transformations is
related then to the classical generating function by a theorem
due to Dirac. '*

If |g)> and |g) are eigenstates of the respective represen-
tations, then the transformation function between these ei-
genstates is defined through F (g,q) treated as an operator in
the mixed representation

<qlg> = expliF (@)} (12)
For a given representation |7)> we have the operator
equations

= dF(g.9) ,-

i = 2E2D G,
9q
13)

_ IF(q.9) ,-

@l = — 2D G,
dq
corresponding to the usual classical equations.

The generator defined in Sec. 3A is written in the co-
ordinate-momentum representation. Using the identity

2£919><qlp> =<aqlp>, (14)

we have, e.g.,
= dF(q.p) - IF<{q
@iy = <alp> &P gigy = FELR2 g5
ag aq
for which the corresponding transformation function is
qlp> = expliF (§,p)]. (16)
The most general canonical transformations are gener-
ated by the classical action fdtL (§,g,t ) where the 3H,  (¢)-
Lagrangian is
Lix =47 —ppgqg—4(p~
and the Hamiltonian is
Hiyx=4(p~ 5 +pD" +(p > —pp)T]. (18)
The generating function F (g,p) represents an action related

2~ pp)3, (17)
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to the simpler Lagrangian

L= —iopgq + ) p* +pp)7" (19)
The associated Hamiltonian is a special case of the above,
viz.

H=(p*F —ppD). (20)

4. BREAKING GENERATOR

The canonical variables in the interaction Hamiltonian
evidently do not form a realization of SU(3) infinitesimal
generators so that it is not possible to express the total Ha-
miltonian in terms of the quadratic Casimir invariant '®"’

Cga,l?] =§(a2 +aﬁ+ﬁ2+3a +3B) (21)

We can, however, determine how H, transforms under
SU(3) generators. The canonical bilinear matrices

(Q:9).(P.,P)(Q.P; + P,Q))
span the algebra of Sp(6,R) >'® and H, can be associated
with the trace, 2}Q,Q,. Using the branching rule method

described in Ref. 2, we can find its representation in SU(3).
Recalling * that

SP(6)1SU(3): 2108060601, (22)

we see that H, must lie in a 6 and 6. The bilinear
123 (g, 9« — pipi) transforms exactly as a 6 according to the
commutation relations among SU(3) generators (See Sec. 2):

%Z[Jn(Qka — P P)] =0,
P
%Z[Bij,(qk%c —Pr Pi)]
P
. 8,
= —i{(q:p; +p: ) — ?(q-p +p9) |, (23)

3 Z[BU’[BU’(qqu PPl =% ;(q2 —-p.

In this normalization ¢{**) = 12 corresponds to 6. '°

5. DILATIONS AND THE WEYL GROUP

A. Time-dependent dilations

The transformations used in Sec. 3 are of three related

types.
Type (D): {p.g}<{p.q}:

p=p 'P+pa 4 P=PP—pa
q9=pq g=p~q
Type (ID): {p.g}—~{P,Q}

—p /), P=p—(p
p + (p/p) and P (p/p);
=0 O=g¢

Type (I11): {p,g) < {P.Q }

5= pP, —p- 15

}: p_l and P=p P

Gg=p~ Q Q=pq

Type (I) transformations were used previously to establish
the connections

288 J. Math. Phys., Vol. 21, No. 2, February 1980

Tr4 i/(q D) — Hy(G.p)

H(q!prt) d p B ZHO(qvﬁ)

Type (1II) transformations are simply time-dependent dila-
tions defined '>?° by

U -~ '(@)PU(a) = e°P,

U (@)QU(a)=e“Q, @9
where

U(a) = exp[ — ia(t)]D. 25)
and a = log p.

The generator D = 27q,3/dq, spans the algebra of the
Weyl group W, (3):
[9.0]=1q, [psP]= —ip, [J,D]=0. (26)

Applying the scaling transformations of Type (III) to
the Hamiltonian,

H(@p) = 0 + oed’), 27
furnishes the interaction form in { P,Q }-space

Hy@Gp) = §[P* + 0*()Q + (p/p)Q°], (28)
where Eq. (3) has been written

A’ =wi=p'lp+ o’ @)p). (29)

B. Time-independent scale transformations

Consider the case where £2 (¢ ) = const; then the total
Hamiltonian is just the time-independent oscillator. More-
over, if p = const = w, then

Hy=13p (> + 9. (30)
In this case the time-independent oscillator scales under di-
lations, although the generators of W;(3) do not commute
with those of SU(3). It seems plausible that this may be the
underlying feature which has led to the recent suggestion
that the semidirect product group SU(3) © W;(3) may be a
suitable noninvariance group for the 3H-oscillator. The irre-
ducible representations may be found using Mackey’s theo-
rem. ! The induced reps Uy, of W (n)1SU(n) which inter-
twine the projective representations A, of SU(n) are
evaluated from the group action. The resulting irreps

(U A)ISUm ~A, (=S ear 1)
2

are, in general, the tensor reps. corresponding to the
(a + I)th energy eigenvalue >®7 as described in Sec. 1.

6. CONCLUSION

In this paper we have resolved the outstanding problem
of determining a dynamical realization for the interaction
responsible for the absence of an SU(3) invariance symmetry
in the Lewis-Riesenfeld oscillator. To arrive at this result
requires the construction of an expression for the 3H g (¢ )-
Hamiltonian in the interaction picture. This was achieved
most simply by appealing to a previously defined canonical
transformation. By using the branching rules for
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Sp(6)4SU(3), it was shown that the breaking generators
transform as a (6 ® 6) under SU(3). Time-dependent dilata-
tions were found to relate the broken Hamiltonian to that of

3H| g (t). Finally, it was suggested that time-independent
scaling transformations applied to the 3H-oscillator may

provide a physical reason underlying the existence of the

semidirect product group W;(3) ® SU(3) as a noninvar-
iance symmetry of the time-independent oscillator.
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The purpose of this work is to analyze the physical optics method as applied to electromagnetic
scattering theory and to point out its physical and mathematical drawbacks. The main
conclusions are (1) that the boundary values assumed by physical optics lead to electromagnetic
fields that do not satisfy the finiteness of energy condition and, as a consequence, that integral
representations of these fields cannot be obtained via the divergence theorem; (2) that the
commonly accepted representations are not solutions of the physical optics problem because they
fail to reproduce the assumed discontinuities of the fields on the scatterer. Despite the above
conclusions, the present work should not be construed as an attempt to discredit the method but
rather as an effort toward a better understanding of it. As it is well known, there have been a
number of occasions in which physical optics has yielded quite satisfactory results.

I. INTRODUCTION

One of the most widely used methods for estimating the
electromagnetic fields scattered off a three-dimensional,
closed, perfectly conducting surface S is that of physical op-
tics.'-? Briefly, the physical argument involved in this meth-
od is the following: If at each point of the scatterer the princi-
pal radii of curvature are large compared to the wavelength
of the incident radiation, then for all practical purposes, the
incident wave “‘sees” at that point an infinite, perfectly con-
ducting plane tangent to the scattering surface at the point.
For a point directly exposed to the incident rays (in the sense
of geometric optics) the total field there can be reasonably
approximated to be that for the infinite plane, while for a
point not exposed to the incident rays it can be taken to be
equal to zero. Once this assumption is made, the scattered
fields off the surface are computed via integral representa-
tions which involve the assumed field distribution and which
will be discussed below in detail. If, for simplicity, S is taken
to be convex, then the dark region, S}, of the scatterer is
separated from the illuminated region, S,, by a simple closed
contour C. Denoting by {E’, H'} the incident fields, by
{E, H} the scattered ones, and by 7 the exterior unit normal
on S, then according to physical optics

AXE= —AXE, AixH= —AxH', 4y
on the dark side, while
AXE= —AXE', AxXH=AxH 2

on the illuminated side. Maxwell’s equations together with
(1) and (2) imply that

AE= —AE, AH= —AH on S, 3)
AE=AE, AH= —aH onS,. @

This approximation to the exact scattering problem,
also referred to as the Kirchhoff-Kottler formulation, has
been the subject of much discussion over the years. For this

“This work was partly supported by the U.S. Air Force Office of Scientific
Research Grant 74-2634.
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reason another paper on the subject demands some justifica-
tion. Bouwkamp® in his 1954 report on diffraction theory
notes, “Many authors have recently devoted their attention
to the classical Kirchhoff-Kottler formulation of the Huy-
gens principle and its application to practical problems.
Apart from the applications, essentially new knowledge has
not been obtained. Old results were often re-formulated, re-
interpreted, re-derived, re-named, or just simplified (?).” Fif-
teen years later, during which physical optics was the subject
of considerable discussion,"*> Bowman et al * remarked *...
recent years have seen a growing tendency to credit physical
optics with an accuracy which is in no sense justifiable. It is
therefore unfortunate that necessary and sufficient condi-
tions for the validity of the method cannot be stated and,
indeed, several of the most fruitful applications have been in
circumstances where prior justification would be difficult.”
Indeed, a careful search through the literature referenced in
the above works reveals that very little work has been done in
understanding the method itself, the physical implications of
the assumptions on the field distribution on S, and the struc-
ture (and mathematical implications) of the integral repre-
sentations associated with it. The purpose of this paper is to
address these questions and point out the physical and math-
ematical drawbacks of the method.

Much of the the confusion surrounding physical optics
stems not from the assumption on the field distribution on §
but from the integral representations used for calculating the
scattered fields. The present plan is to accept (1)-(4) as the
fundamental assumptions of physical optics and then at-
tempt to derive integral representations. As it is well known,
integral representations for electromagnetic scattered fields
can be obtained in two ways: either by using the divergence
theorem or by first postulating them in terms of surface den-
sity functions (as is commonly done in potential theory) and
subsequently verifying their validity by checking whether
they satisfy the requirements of the problem. Both ap-
proaches will be used here. Before doing so, however, a few
notes on the accepted representations will be offered togeth-
er with a more detailed plan of the paper and its main
conclusions.
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The integral representations commonly associated with
the physical optics method have their origin in the work of
Kottler®” on the black screen problem. Their derivation as-
sumes that the fields off the surface are due to electric and
magnetic charge and current densities on S as well as to
electric and magnetic line charges on the closed contour C
that separates the illuminated from the dark side of S. In this
manner the fields are expressed in terms of surface integrals,
known as the Stratton-Chu formulas,® and line integrals
which bear the name of Kottler.

These modified Stratton—Chu formulas have been used
through the years in their original form or in a modified but
equivalent one.” In 1967, Kottler'® attempted to derive them
for the black screen problem via the divergence theorem but
it was subsequently shown'' that the derivation was in error
for the resulting fields failed to satisfy the specified condi-
tions at the edge of the black screen. In 1968, Sancer® fol-
lowed similar lines for deriving the corresponding formulas
for the physical optics case. As with Kottler' his derivation
violated one of the asumptions of the divergence theorem,
namely, that the function involved in the theorem must be
continuous in the closed region in which the theorem is
applied.

In the present work, the question of whether integral
representations can be obtained through a legitimate use of
the divergence theorem is addressed in Sec. II. Although the
answer is in the negative, the process yields the interesting
by-product that the fields resulting from the physical optics
approximation do not satisfy the finiteness of energy condi-
tion; thus, once the surface fields are specified as in (1)-(4),
then irrespective of the integral representations to be em-
ployed, the scattered fields will violate a physical condition
that scattered fields in all situations are supposed to obey. In
Sec. II1, Hertz vector-potentials are employed for deriving
representations (potential method). It is shown subsequently
that the fields so obtained fail to reproduce the assumed dis-
continuities across C and, hence, are not solutions of the
physical optics problem. The analysis employed also an-
swers in the negative the long standing question of whether
the fields resulting from the physical optics approximation
can be used as the first term in an iterative scheme that would
converge to the exact solution of the scattering problem. Sec-
iton I'V offers some concluding remarks, while detailed com-
putations are left to Appendices A, B, and C.

FIG. 1. Cross section of § showing surfaces o and 2 _, and curve C.
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Il. THE DIVERGENCE THEOREM AND THE ENERGY
CONDITION

The scattering surface under consideration is a three-
dimensional, closed and bounded surface S. Its mathemat-
ical properties will be described in greater detail in the next
section but, for the present, it is sufficient to assume that it is
smooth enough for the divergence theorem to be applica-
ble.'>!? The incident electromagnetic wave is assumed to be
such that the dark region, S, is separated from the illuminat-
ed region, .S,, by a simple closed contour C which is positive-
ly oriented with respect to the exterior normal on S,. From
(1)—(4), the scattered fields obey the following conditions on
C:

ﬁszz‘—ﬁlelzo, ﬁ2XH2—ﬁ|XHl=2ﬁXHi,

onC, (5
A,E, — A E =24AE', A,H,—#A,H =0,onC, (6
where the subscript 1 (2) denotes the approach to C from S,
(S,), and 7 denotes the exterior unit normal on S.

Since the scattered fields are not continuous across C,
the divergence theorem is not directly applicable.'*'* For
this reason an auxiliary surface 2, is constructed by using
each point P of C as the center of a circle of radius 7 which
lies on the plane normal to both S and C at P. For C suffi-
ciently smooth and 7 sufficiently small, the resulting struc-
ture is a tubelike, doubly connected, closed surface sur-
rounding C. Denoting by o the part of S intercepted by this
tube and X' the part of the tube exterior to .S (Fig. 1), the
divergence theorem is applied in the closed region whose
boundary consists of the closed surface (S — o) UY, and the
surface of a sphere whose radius eventually recedes to
infinity.

Under the assumption that the scattered fields are con-
tinuous in the closed region above and that they satisfy the
radiation conditions at infinity, then the application of the
divergence theorem in the form of a vector® or a dyadic'®
Green’s identity yields

E(r) = lim AdS
—0 J§s—UE,
— ~lim A-V X (HVg) dS,
WE 70 N5 —o)yUx,
ré(S—o)Ux, , @)
with
A =7EVg + (AXE)X Vg + inugixH, ®)
g, r)y=e*r="l/47r — 1|, )

and a similar expression holding for H. The constants € and
4 stand for the permittivity and permeability of the medium
while @ and & stand for the angular frequency and the wave
number of the incident wave (e ~ “’ time-dependence).

The last integral in (7) vanishes by virtue of Stokes’
theorem; moreover, since S — 0—Sas 7—0, the integral of A
over § — o tends to the integral of A over S, so that (7)
becomes

E(r) = fA dS+1im | AdS. (10)
S

0 Js_
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Since the values that A takes on X, are not known, the
last integral in (10) cannot be evaluated directly. The only
way this integral can be handled is by means of the finiteness
of energy condition, the only remaining physical condition
that can be employed in this problem. This condition re-
quires that the scattered fields are locally square-integrable
or, in physical terms, that the energy contained in a finite
region of space is finite and tends to zero with the volume of
the region. If this condition obtains, it can be shown that the
second integral in (10) tends to zero with 7; if not, then no
conclusion can be drawn and the divergence theorem fails to
produce representations.

The next step then is to determine whether the present
problem satisfies the energy condition which, in mathemat-
ical form and for the region of interest, reads

Lu«:;zdwm, L;H}dew , an

V., being the region of space enclosed by cUZ .. To this end
the following theorem is proved in Appendix A with ¢ being
the unit vector tangent to C and pointing in the direction in
which the curve is traced.

Theorem 1: If conditions (11) obtain, then the line
integrals

J:‘-(Hl_nz)gds and J t(E,—E)gds, réS, (12)
C C

are necessarily equal to zero.

An examination of the proof of this theorem reveals
that the theorem remains valid if g is replaced by any func-
tion fwhich is defined and has continuous first partial de-
rivatives in the interior of cUZX . This observation is of con-
sequence because of the following well-known theorem.'®

Theorem 2: If a function Fis (Lebesgue) integrable in an
open set @ and if, for any function G which is continuous on
o, the equation § ,FG dV = 0 holds, then F must satisfy the
condition f_|F| dV = 0, and consequently F is equal to
zero almost everywhere on .

These two theorems imply the following:

Theorem 3: If the function r«(H, — H,)and r(E, — E,)
are (Lebesgue) integrable on C and if (11) holds, then the two
functions are necessarily equal to zero almost everywhere on
C.

In the physical optics approximation the functions of
Theorem 3 are integrable on C since they are given in terms
of the incident fields; in fact, tpey are continuous except at
those isolated points at which ¢ may not be continuous. Were
conditions (11) then to hold, these functions would be identi-
cally zero except at a number of isolated points. This is cer-
tainly not the case for tA-(I-Il — H,) as witnessed from the
second of (5) and, hence, the finiteness of energy condition is
not satisfied. In turn, the second integral in (10) cannot be
evaluated and the divergence theorem does not yield
representations.

As it is well known,” scattered fields are required to
satisfy the finiteness of energy condition and, therefore, the
failure of the physical optics fields in this respect constitutes
a most serious drawback of the method. Since, also, this fail-
ure is a direct result of the very initial assumptions, i.e., Egs.
(1)-(4), it is evident that the method is off to a bad start.
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As mentioned in the Introduction, Sancer,’ ignoring
the continuity requirement of the divergence theorem and by
means of it, obtained a pair of representations for the fields
resulting from the physical optics approximation. Using a
dyadic form of the theorem he derived (7) with the integra-
tion extending over S rather than (S — 0)UZ, . For the sec-
ond integral he employed Stokes’ theorem over §, and S, to
convert the surface integral into a line integral, his final re-
sults being

E(x) = f [A-EVg + (A X E)X Vg + iwughixH] dS
S
- L[ fo, - myveas, (13
we Jc
H(r") = J {A-HVg + (AXH)X Vg — iveghi XE} dS
AY
+ 4 | ME, —Ep)Vgds. (14)
op Je
These are the Stratton—Chu® modified formulas and, as it
will be shown in the next section, they do not constitute
integrals representations for the physical optics fields.
Sancer’s oversight of the continuity requirement can be
seen to lead to inconsistent results. The same integral that

led to the line integral in (13) can be written via the diver-
gence theorem in the form

fﬁ-Vx(HVg) dS = — lim J 7-V X (HVg) dS
S p—0Js,

- ;im A-VxX(HVg) dS, (15)
e Js,
where S, is a sphere of radius o and center at ', while Sy, isa
sphere of radius R and center at r'. Both the integrals on the
right are well-behaved and vanish before taking the indicat-
ed limits by virture of Stokes’ theorem. Naturally, the state-
ment in (15) is questionable since the first integrand is not
continuous on S, but Sancer’s is not either. It is true that the
continuity condition is only a sufficient condition of the di-
vergence theorem; nevertheless, it is a condition under
which the theorem has been proven and as such it cannot be
ignored. In Appendix B examples are given where the viola-
tion of this condition leads to inconsistent results.

11l. AN EXAMINATION OF THE EXISTING
REPRESENTATIONS

Since the divergence theorem fails to ascertain whether
the modified Stratton—Chu formulas (13) and (14) are in-
deed solutions of the problem resulting from the physical
optics approximation, it then remains to examine whether
these formulas satisfy the requirements of the problem. As it
is mentioned in the Introduction, these formulas were ori-
ginally obtained using physical arguments. Specifically, the
electric and magnetic charge and current density on S were
taken into consideration as well as electric and magnetic line
charges on C. An alternative way of obtaining them is to
consider only the electric and magnetic current densities and
form the Hertz vectors
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n(r’) = Lfﬁxhgds, ) = — -'—JﬁxegdS,
wWE Js W Js
(16)
where 7 X h and 7 X e denote the assigned values of the tan-
gential magnetic and electric scattered fields on S as given by

(1) and (2). In terms of these vectors the scattered fields at
points off the surface are given by’

E@) = V' XV Xw() + iouV' X w*{¥'), a7

H@) = V' XV X7*(r') — iweV’ X (') . (18)
These formulas are often called the Franz'® representations.
The modified Stratton—Chu formulas follow from them by
performing the indicated differentiations and using standard
vector identities; conversely, (17) and (18) can be obtained
from (13) and (14) by reversing the steps. Thus, the two sets
of representations are mathematically equivalent.

For (13) and (14) to be solutions of the problem they
must satisfy Maxwell’s equations at points exterior to S, the
radiation conditions at infinity, and also reproduce the as-
signed values of the fields on the scatterer. It can be readily
shown that the first two requirements are satisfied. The third
one, however, and, specifically, the conditions (5) and (6)
across C do not obtain. This can be shown either by using
(13) and (14) and utilizing the results of Miiller'? or by first
transforming (13) and (14) to what is known as Kottler’s
formulas and then employing potential-theoretic tech-
niques. These formulas are'®

E(r) = L(eig——g gi)dS—fg(e,—ez)XtAds

on on fo)
- L [, - nveas, (19)
WE Je
H() = f (ha—g —g ﬂ) dS—fg(h, —hy)X7ds
s on on c
+ L tA-(e1 —e,)Vgds, (20)
o Je

and can be obtained from (13) and (14) through a series of
vector operations; conversely, (13) and (14) can be obtained
from (19) and (20) by reversing the steps so that the two sets
of formulas are mathematically equivalent.

The representations in (19) and (20) are easier to work
with in terms of a local analysis in a neighborhood of a point
of C, for the surface integrals have been extensively studied
in potential theory.'>'” The class of surfaces to be considered
is a fairly common one in both potential'? and scattering
theory,'? and it can be described as follows. The surface S
possesses a tangent plane at each one of its points. Moreover,
for any point M of S and a rectangular coordinate system xyz
with origin at M and the z axis in the direction of the normal,
there exists a real number % > 0 such that for points (x, y)
belonging to the disk x* + y><7?, the part S, of S intercepted
by the sphere x> + y* + z2<7? can be expressed in the form

z=f(x,y), @1
with

f0,0)= £.(0,0)= £,(0,0) =0, (22)
and fpossessing continuous second partial derivatives in
x> + y*<7*. For M a point of C, the y axis points in the
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direction in which C is traced while the x axis points toward
the illuminated region (S,). To avoid unnecessary complica-
tions of the mathematical arguments the portion C, of C
intercepted by the sphere of radius 7 is assumed to lie on the
yz plane, i.e.,

Coz{(y,z)zzf(O,y), |y|<77] (23)
The local analysis is performed on (19) and (20) in the
neighborhood of a point M of C. The point r’ is allowed first
to approach the points r, = ( — 6, 0, f( — &, 0)) and
r, = (8, 0, £(8, 0)) of S, in turn, and then these points are
taken to the origin along the curve I" which, for simplicity, is
defined by

I'={(xz2:z=f(x0), |x[<b<n}. 24

It is noted first that the line integrals in (19) and (20) are
well behaved at r, and r,. Secondly, the function g can be
written in the form

: exp(ik [r —r'l 1
r,r) =
g(r, 1) prRm— po
=G, r)+ __1___, 25)
4rr —r'|
where G and its gradient have expansions of the form
Grry= Kk § Gklr—ry"
4r /<o (n+1)
(26)
2 v e . .
V6= X Tor & (ADGkr— )"

47 |r—r'| o (n +2)!
The surface integral in (19) with g replaced by G is a continu-
ous function of r’ everywhere in space. That this is the case
can be directly concluded from Lemmas 73 and 74 of
Miiller.”
The remaining surface integral, namely

1 J )1 -1 9e(r)
EJS(e(r)E—h—H —r—r| T)dS, 27

represents the sum of a double layer and a simple layer po-
tential. Since the density of the simple layer is a bounded and
integrable function, then'” the potential is continuous in the
entire space. Similarly,'” since the density of the double layer
is continuous in a neighborhood of r,, then

fim - [e(r) 2= |r — ¢ dS
T Js on

r—r,

_ 1 9 ey
= le(r,) + yy Le(r) p. [r—r,|"'dS (28)

with the last integral being continuous'” on S, and with a
similar statement holding as r—r,.
With these results it follows from (19) that

E(r) = le(r) + f (e(r) é&(;n_r) —g(r,r) i‘;%) ds

- f [ex(r) — ex()] X (r, r,) ds

i R
- L Ao - ne Ve ds, @)
we Jc
with the corresponding expression for E(r,) being obtainable
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from (29) by replacing r, by r,; moreover, the expression for
H at these points follows directly from (20). Using (29) to
form the differences in (5) and (6) results in

vX(E,—E) = }jimo[ﬁsz(rz) — AXE(r)]
= — ilim[A,Xe(r,) — 7, Xe(r,)]
6—0

- }gnf (% [(e; — e) X1 1g(r, £2)
— A, X [(e; — ez)Xf]g(r, r)} ds
— ' tim| #(h, — hy)

W€ 5-~0)c
X [A, X Vg(r, r,) — A, X Vg(r, r,))] ds,
(30)
where v is the normal on S at M. The exclusion of the surface
integral is due to its aforementioned property of continuity.
Expressed in terms of the incident fields (30) becomes

vX(E, —E)
= 2lim | A-E'{(7,X§)g(r, r;) — (A, X§g(r, r,)} ds
C

&-+0,

+ 2 tim | FH{ A, X Ve(r, £) — A X Ve(r, 7,)) ds,

W€ 5-0Jc
€)))
with .
g=1tXn. (32)
Similarly,
v(E, - E))

= $.E =2 limf AE'{A,-gg(r, r,) — A -dglr, r))} ds
5-0J)¢c

+ 2 tim | AH{n,Vg(r, 1) — A, Ver, 1)) ds (33)

weE 5--0Jc¢

while,
PxH,—H,) = +H 42 limfé-Hf{(ﬁzxﬁ)g(r, ry)
&-0J¢C
— (A, xXA)g(r, 1)} ds, 34

v(H, —H)) = 21imj §-H{A,-Aig(r, ry) — A -Ag(r, r,)} ds.
&--0)¢
(35)
All but one of the limits in (31)-(35) exist and are equal
to zero as shown in Appendix C. The one that does not exist

is that of the second integral in (31). From (C20), Appendix
C,

f FH [, X Vg(r, 5) — A, X Vg(r, 1))} ds
C

= [AM) + §M)]0 (1) + (MO ("), 6—0';
(36)

thus the conditions (5) and (6) across C do not obtain and,
hence, (19) and (20) [or, equivalently, (17) and (18), or (13)
and (14)] are not solutions of the problem posed by the phys-
ical optics approximation.

The above calculations not only show the incompatibil-
ity between the physical optics problem and its purported
solution but also conclusively answer the question asked by
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various authors,’*'® namely, whether (19) and (20) could be
used in an iteration scheme which might converge to the
correct solution of the original problem. Bouwkamp® an-
swers the question in the negative and, in support, he cites
the work of Schelkunoff.’® The latter, however, used an ar-
gument which, in light of the conclusions here, is in error.
His argument was that the fields resulting from (19) and
(20), when brought to the surface, would reduce to those
assumed by the physical optics approximation and, thus, the
same scattered fields would result iteration after iteration.
The true reason, of course, is that the limit in (31) does not
exist in the direction ¢ in which Cis traced and, therefore, at
least the last integral in (20) will not exist in the second iter-
ation. It is worth noting that, were the limit in (31) to exist
and be equal to zero, then successive iterations of (19) and
(20) might converge to the exact solution since the discontin-
uities in (5) and (6) are cut in half after one iteration as it is
clear from (33) and (34).

IV. CONCLUSION

The purpose of this work has been twofold: first, to
point out that the assumed surface fields of physical optics
result in scattered fields which do not obey the finiteness of
energy condition. A consequence of this is that the diver-
gence theorem cannot be used in deriving integral represen-
tations for these fields. The second is to show that the modi-
fied Stratton—Chu formulas are not solutions for the
scattered fields of physical optics and that they cannot be
iterated to improve the physical behavior of these fields.

In conclusion, it should be mentioned that although the
modified Stratton—Chu formulas are, in a mathematical
sense at least, arbitrary formulas for the fields of an already
approximated problem, they do seem to yield satisfactory
results on occasion; thus, the present work, should not be
construed as an attempt to discredit the method but rather as
an effort toward a better understanding of it.

APPENDIX A

It is shown here that if the fields satisfy (11), then the
line integrals in (12) are necessarily equal to zero. The first
step toward this end is the parametrization of the curve C
and the erection of local coordinates.

With respect to an arbitrary rectangular coordinate sys-
tem xyz, the curve C can be parametrized in terms of its arc
length starting with an arbitrary point P of C; thus
C={(x,y,2):x= f(s), y=g(s), z=h(s), O<s<L},

(A1)
where L is the length of C, and f, g, and 4 are assumed to
have continuous second derivatives with
f? + g%+ h'? = 1. The unit tangent vector to C'is given by

f= f()E+g )P+ h'G)E. (A2)

At each point P of C it is assumed that there exists a unit
vector 7 normal to § at P which is also normal to ¢. Letting

f=AXI, (A3)
then the triple (74, nt ") is a positive triple of orthonormal
vectors at each point of C.
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The vectors/iand 7’ lieona plane perpendicular to both
S and C at the point P under consideration. On this plane the
polar coordinate system (p, ¢ ),p>0,0<¢ < 27, is introduced
with the pole at P and the angle measured from ¢ to 4. If ry is
the position vector to a point of C, and if p is the position
vector on the 7'— plane, then the equation

(A4

defines a transformation of points (s, p, ¢ ) to points (x, y, z)

with Jacobian
(1 d;)
=pil—pp ——S .

J = ér— i X i
ds dp aé

The continuity of the second derivatives of £, g, and A guar-
antees the boundedness of |dt /ds| which in turn guarantees
that, for p sufficiently small, the Jacobian is positive and the
transformation one-to-one.

The next step is to restate the energy conditions (11)ina
different but equivalent form. The claim is that if the
integrals

r=xX+4+yp+zZ=r,+p

(AS5)

f|E|2dS and f|H|2ds
=z, z,

exist and are continuous for p > 0, then conditions (11) are
equivalent to

LﬂlEizdS=000"*"),

f H]?dS=0@p '**), p—0, (A6)
zp
where a is a positive real number. The surface X, is defined
in Sec. I and it is here referred to the coordinate system
(s, p: 8).

The proof of this theorem has as follows: If the first of
(A6) holds then the limit

tim f dp f B dS (A7)
80" Js =z,

exists and, by Fubini’s theorem
f[E]%lV:limJ.dpJ [E|>dS. (A3)
v, 50" Js x,

Conversely, if the left-hand side of (A8) exists, the limit in
(AB) exists and, since the integrand (surface integral) is non-
negative and continuous for 0 < p<, the first of (A6) has to
hold. The proof for the second of (A 6) follows the same lines.
With this background, Theorem 1 of Sec. II can now be
proved. Letting r' be a point strictly off the surface
(S — 0)UZ, and using Maxwell’s equations and standard
vector identities, it follows that

f AV X [g(r, ¥)H(r)] dS

”»

=f p-[VegxXH + gVxXH] dS
2’,

— J- [Vg-(p XH) + iwegp-E] dS, (A9)
).',,
so that
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f AV X [g(r, )H(r)] dS l

“p

1 we f gHEdS (A10)

P

< j Vg-(0XH)dS
=,

The last term in this can be estimated by means of (A6) and
the Cauchy-Schwarz inequality as follows,

2
go-EdS ‘

p<( | plglzdS) (1. plﬁ-ElzdS)
<[p ngll(l — pp- -j—f)dqsds] (LPIEP as)

<pd\(r)dp = = Dy(x)p", (A11)
where d,(r') stands for the first integral; similarly,
2
J Vg-(6 xH)dS | <D,(r")p*. (Al12)
EP

Since a > 0, both integrals tend to zero with p and, conse-
quently, so does the integral in the left-hand side of (A9). But
that integral can be transformed by means of Stokes’ theo-
rem to the following

J AV X (gH) dS = JCItA-Hga’s-L‘tA-Hgds

]

— fﬁ(Hz—H,)g ds, (A13)
0 Jc

where C, and C, are the curves where S, intersects S. The
curve C, lies on S, and C, on S,. Since the surface integral in
(A 13) vanishes with p, so does the line integral to its right,
which completes the proof of Theorem 1.

APPENDIX B

Examples are given here of the violation of the continu-
ity assumption of the divergence theorem. The region of ap-
plication is the unit cube 0<x< 1, 0<y<1, 0<z< 1. The first
example is with respect to the function

x, O<x<l, Ogyp<l, 0<z<1,
f(x,y,2)= 0, x =1, 0<y<1, 0<2<%, (Bl)
Lo ox=1, Ogy<l, i<zl

For the vector A = £ f,
fVAdV fafdv_l (B2)
ands —f xAds+f 2AdS
=o+%ff dzdy=1. (B3)

Equations (B2) and (B3) show that the conclusion of the
theorem does not hold; on the other hand, if

x, O<x<l1, Ogy<l, 0<z<l1,
gx,»,2)=10, x=1, 0Ogy<l, O<z<} (B4
2, x=1, O<y«l, 1/2<«z«],
then, with A = xg,
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f V-AdV=1= fﬁ-A ds, (BS)
Vv S

which shows that the continuity condition is not a necessary
one.

The importance of the continuity condition can be bet-
ter visualized by considering examples for the one-dimen-
sional analog of the divergence theorem, namely the funda-
mental theorem of calculus. For example, for the function

x, O<x<«l,
fx)= 11, x=0,
2, x =1,

the conclusion of the theorem holds, i.e.,

fo @) dx= f(1)— f©0),

but for the functions

0, x=0 x, O<x<l
8(x) = [1, 0<x<t’ PX= [0, x=1
it does not.
APPENDIX C

The limits of (31) and (33)—(35) are computed here. To
this end the curve Cis split into two parts, the part C, of (23)
and the rest. The integrals over C — Cjhave continuous inte-

grands which in the limit as §—0 tend to zero. Each integral N

L= [g@)_g(o)](ﬁz;fz_ ﬁRzR) Y +8(0)

XJ”? (ﬁ2><1?2~£><1$2_ A XR, — xR
R:? R

j [(ZXR2 X /52)_<2XR1_
2 R%
where

=@+, p=(F+wp!,

‘) dy + g(0)

p2=(— 8% +ypp”

over C, is expressed as the sum of two integrals by means of
(25) and (26). The integrals involving G are well behaved and
tend to zero with §. What remains are the integrals over C,
involving the fundamental solution of Laplace’s equation
and its gradient.

The first limit to be computed is that of the second inte-
gral in (31) which is

I1 - J @)(MQXRz nl:le)dy , (C])
2 1

where 7| and 7, are the exterior unit normals on § at the
points

= —8%+ f(—6,02, r,=686%+ f(5,0)3, (2
and
Ri=r—r,, Ro=r—r,, Ri=|r—r,
. . (C3)
Ry=|r—r|, R, =R/R,, R,=Ry/R,,
with
r=yp+ f0, ). (C4)

The function g is defined by

g0) = rtH[1 + £30,0)]"
=D+ LONH =H,0) + £,ONH.() . (C9)
The integral in (C1) can be written in the form

In order to estimate (C6) the following information is needed. With K symbolizing from now on a generic constant,

R?_R? 2002 2
R, R, R,\R(R +R)) P
R U DR I U O | O P A
R} R R, R,!|R?" RR, R?

P v+ s XCebi gy, (c6)
©
(c8)
<k (C9)
p

These inequalities follow from (C2), (C3) and the properties of fas described by (21) and (22). Similarly,"’ if # and A’ are unit

normals on the portion of S under consideration, then

A—Al<Kir—r],

(Ci10)

where r and r’ are the position vectors to the normals. Moreover, by the mean value theorem, the zcomponent, 7,, and n,,, of

A, and A, can be written in the form

n(=8)=1+n,(-8), —86<~—6<0, n,(6)=1-n,(6,)5, 0<5,<6, (C11)
with the prime denoting differentiation.

By (C5) the first factor of the first integral, I,,, of (C6) satisfies the inequality

le») — 8(0)[ <K |y| (C12)
while, from (C8)—(C11), the terms of the second factor are bounded by

— - ) S
e [/ 0,9) — B0 K6 |”2y[f(0,}’)3 SGOIl K8 Imawy +3n2y | K8 13)
R3 p R; p R; p
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M M 5
S, s Dkl - (€1

’ (;u ny, )
y —_—
Y P R; R} P
The same inequalities hold for the terms involving 7, and R . This practice of making statements only at the point r, (with the
understanding that analogous ones hold at r,) will continue to the end of the Appendix. From the last three statements

<K é

n
II,,|<K8 ‘1}2-’ = 2Ktan-‘(l) — Kr. (C15)
P 5/ 50
By (C13) and the inequality
_ AEAY)
(1 —ny,) — yn3.(5,) \<K% (C16)
R; R3 P
the second integral in (C6) behaves as the one in (C15). Moreover, since
IXR, £Xp, ., A(l 1)
R 7 X + 6p) R P )
and
RINNDY ¢ 1y
R; p | p

the third integral in (C6) also has the same behavior.
The last integral, I,,, in (C6) can be computed explicitly,

7
I,= —ﬁztsjl , (52 :);2)3/2 = —J 5(52 :nn2)l/2 (C19)
so that, together with (C15) and the subsequent discussion,

IL=F+25H0()+y0©E"), -0, (C20)
which completes the proof of (36).

The next limit to be computed is the second one in (33)

which is
g Ay R AR
I, = =272 1)y
2 f_"g(v)(R% R’ ) ly
7 AR R " (n, R, +n,,R, ni Ry +n,R,
= [ — o)](_u* —2—‘)d + of ( y_ ¥ Y \d
J_ng(v) 8( R R ly g()»” R Y ly
" [y, R,, nllez)
+g(0 ( — dy, C21
8(0) LUrs R ly (c2n
where g is defined in (CS5). By writing
ﬁz'éz ﬁl'él 6(;2): nlx) (;2}: nly)
R:  R! T k)R RS
n2z[f(0!y)_f(690)] ”lz[f(oyy)_f(_590)] C
+ I'E - e (C22)
2 1

itcanbereadily shown that each of the first two terms as well as the combination of the last two are bounded, in absolute value, by
K& /p%; hence, the first integral, I,,, on the right-hand side of (C21) is bounded by

7 2 23172 '
1| <K5 -(5—25}’2)-—1/2- — 2K6 log(ﬂ—(‘s—;ﬁ)——) = 0. (C23)
—7 y "

The second integral, 1,,, in (C21) can be written in the form

7 1 1 1 1
122 = J, ﬂ[(anRZX + nZ,VRZ)’)(R_3 - p_3) - (nllex + nlley)(F - ;)] dy

2 1

" ny R, +n,, Ry, —n, R, —n,R
+f 2x4%2 2p4iay 1 1 1y Sty dy. (C24)
—x

3

p
Since

1 1
B3 3

|n2xR2x + nZyRZy I

<K @&+ 5|yl)% <K$§ (C25)

2
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the first integral on the right of (C24) is of O (6 ). The second integral, I,,,, becomes, after substitution of the appropriate

components of R; and R,,

I = | —— nl";fy("” L Y %
— 52( f;x (62! O) _ f:(x( - 6]! 0) ) 277
[1+ £i6,0+ f36,0]" [1+ Fi(=6,0+ fi(—50]17/) 8@+ 6

and goes to zero with & due the continuity property of the second partials of f; thus
I=o0(1), 6-0".

The last integral, 7,3, in (C21) can be written in the form

K (nz—l)Rz nz_le K Rz Rz
123 :JA ( 2 - 2 _ ( 1 3) 1 )dy + f ( 23 _ lz)dy
- Rz Rl -7 Rz Rl

and, since
|(n2; —D)Ry.| _ 6n3. (62 £ O, ) — f(5, 0] xl
R} R} <
the first integral in (C28) tends to zero with & as in (C23). Moreover, since

R  Ril| gs. |60  f(=50
R} R} R; R
and
fG.0  f(=80 | g5, SEO- (=80 _ 4y | fex (62, 0) — fix (= 6,, 0)]
R} Ry |7 P %’

then the second integral in (C28) behaves as the one in (C26), so that
I;=0(), 6-0.
From (C23), (C27), and (C32) it follows that
I, =o0(1), 6-0".

The next limit to be computed is the one in (35) which is
Ay AR
- st 580
with

g0 =¢H'[1+ £0, 9]
Rewriting I, in the form

7 n, n,+n,n nn, +nn n,.n, nn,
n=| g(y)( wlle £ Mply Ml Iy y)dy+J g(y)( ute Ml )dy
- 2

R, R, R,
and noting that
|nyn, | <K Sy <K8, anyny| K5|y| <K§,
R, p R, p
and
(nZZ _1) n, . (nlz —l)nz + nz(_l__ _1_)~< n22(62) nlz(_ l) N L _1_ <K—6—,
R, R, R, R, R, R, P

it follows that
Li=0(""", 650, O<y<l.
The fourth limit to be computed is the first one in (33), which is

L= [ so(FL- T)w.
—n R,
where § is defined in (32) and

g0 =AE[1+ £;0,»].
By writing I, in a manner analogous to that in (C36) it readily follows that
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(C27)

(C28)

(C29)

(C30)

(C31)

(C32)

(C33)

(C34)

(C35)

(C36)

(C37)

(C38)

(C39)

(C40)

(Ca1)
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I,=0(" "),

1= f g(y)[ Ay -

Iszo(‘sli'r)’

with g defined in (C41). Since

then

o[ (it

50", O<y<l. (C42)
The fifth limit is the one in (34) which reads
XA A XA
R N (I P (43)
), R, R,
with g defined in (C35). By writing this integral in the form
yann +z[n2x y nZynx] xnly ynlxnz +z[n1x y nlynx] ]dy
R,
I i P Y O e P (caa)
—X 4010 Y+ gy)n el K004
- Rz R, -7 Rz R,
itcan be readily shown that the first integral is of o(8* ~ ¥) while the last two, by steps similar to those of (C38), are of O (6 ); thus,
50", O<y<l. (C45)
The last limit to be computed is the first one in (31) which is
X q Ay X§
I, = f (y)("2 ——) dy (C46)
I TR, R,
Ay X§ = Ay X (E XRA) =t (AyR) — A(EA,) (C47)
ey [" g ) s
R, ly g() R, R, ly (C48)
Both of these integrals can be treated in a manner analogous to that of (C36); thus
6—0", O<y<l. (C49)

=o(5' 1),
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The complete symmetry group of the one-dimensional time-dependent
harmonic oscillator

P.G. L. Leach
Department of Applied Mathematics, La Trobe University, Bundoora, 3083, Australia

(Received 12 January 1979)

The five invariants for the time-dependent one-dimensional harmonic oscillator Hamiltonian are
constructed. Using the linear transformation to the time-dependent oscillator Hamiltonian, the
five invariants for the latter are obtained. The differential operators which generate the
dynamical symmetry of this Hamiltonian have the same commutator relations as these of the time-
independent problem. An additional three operators are obtained using the method of extended
Lie groups and have the same properties as those for the time-independent problem. Thus the
complete dynamical symmetry of the time-dependent problem is the eight-parameter Lie group

SL(3,R).
1. INTRODUCTION ¢+ a*(t)g=0, (1.4)
L_.__I'Z__l_wzt 2’ 15
In recent years there has been considerable interest in s " 2 E )a , (-5
harmonic oscillator systems, both time independent and H=3p" +507(t)g, (1.6)

time dependent. This interest has expressed itself in several
ways, especially in the construction of invariants and the
determination of symmetry groups for such systems. Differ-
ent approaches are found in the literature. To some extent
these differences follow from different concepts of what is
the basic dynamical expression for the oscillator system—
Newton’s equation(s) of motion, the Lagrangian, or the Ha-
miltonian. There are differences in the results obtained. To
be more precise consider the one-dimensional time-indepen-
dent harmonic oscillator with equation of motion, Lagran-
gian, and Hamiltonian, respectively,

i+q=0, (L.1)
L=1i¢ — 14, (1.2)
H=1p+1¢ (1.3)

(there is no essential loss of generality in taking the custom-
ary w? as unity). The application of the Lie theory of ex-
tended groups to Eq. (1.1)* showed that the complete sym-
metry group was the eight-parameter Lie group SL(3,R).
Applying Noether’s theorem to Egs. (1.2), Lutzky? obtained
a five-parameter subgroup of SL(3,R ) corresponding to two
linear and three quadratic constants of the motion. To obtain
the additional three-parameter subgroup, Lutzky used the
Langrange’s equation of motion. The members of this sub-
group do not preserve the invariance of the action integral as
does a Noether-derived operator, but they do preserve the
invariance of the equation of motion since solutions are
transformed into solutions. There does not appear to have
been a similar treatment for the Hamiltonian (1.3) although
for this problem the extension of the results for the Lagran-
gian (1.2) is particularly obvious.

In considering the time-dependent one-dimensional
harmonic oscillator (we restrict ourselves to one dimension
to keep the discussion as simple as possible; the extension to
higher dimensions is more a matter of algebraic rather than
conceptual difficulty), again there have been different ap-
proaches. Defining the problem by
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Lewis,? applying Kruskal’s method* in closed form, con-
structed an exact invariant which is equally valid for the
Lagrangian (1.5) or the Hamiltonian (1.6). This was

I, = {¢"/p* — (pd — p9)’}, (1.7
I, =%{¢"/p* — (pp — p9)*}, (1.8)

where the suffixes L and H refer to Lagrangian and Hamil-
tonian formulation, respectively, and p(t) is any solution of

p+aotp=p° (1.9)
Leach’ used the method of time-dependent linear canonical
transformations to obtain a form similar to Eq. (1.8) by
transforming Eq. (1.6) to (1.3). Lutzky® applied Noether’s
theorem to the Lagrangian (1.5) to obtain Eq. (1.7).

None of the writers mentioned above has provided a
discussion of the symmetry group and invariants of the one-
dimensional time-dependent harmonic oscillator. In this
note we provide such discussion in the context of the Hamil-
tonian formalism. We start with a simple method for obtain-
ing the five invariants for the Hamiltonian (1.3). Using the
linear canonical transformation between Eqgs. (1.3) and (1.6)
we construct the five invariants of Eq. (1.6) from those of Eq.
(1.3). The five corresponding group generators are given.
The remaining three operators which leave Newton’s equa-
tion of motion invariant are also given. It is demonstrated
that the operators have the same commutator properties as
those for the time-independent problem, hence showing that
the time-dependent oscillator also possesses the dynamical
symmetry of SL(3,R).

2. THE INVARIANTS OF A(1.3)

All manner of polynomial invariants for H (1.3) may be
constructed by postulating a general form for the invariant
with undertermined coefficients and then using the require-
ment that, if 7 is an invariant of H,

dI al

— = I,H + — = 0_ 2. 1

7 [1H lpg En 2.
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Writing H (1.3) as

H =12z, Q2
where
=7 @3)
p
a linear invariant, denoted by I, has the form
I, =r'g, Q.4)

in which r is a coordinate free 2-vector.
Since the Poisson bracket of two scalars Fand G is given
by

aF \T_( dG
LF.G lps 92 En (2.5)
where J is the 2 X 2 symplectic matrix
0 1]
= 2.6
=% @6
Eq. (2.1) is simply
r’z +t772=0. QN

Making use of the linear independence of the elements of z,
Eq. (2.7) reduces to

Fy=1r,, (2.3)
where 7, and r, are the elements of r. This Hamiltonian sys-
tem of first order linear differential equations has a singular
point at

ry,= —ry,

(2.9)

This particular solution is trivial in the present context. The
general solution of Eq. (2.8) is

rn=0 r,=0.

(2.10a)
(2.10b)

in which @ and b are arbitrary constants. The general linear
invariant of H (1.3) is

I, = (a,b)z cost + (b, — a)z sint.

r, = a cost + b sint,

r, = —asint + b cost,

@2.11)

If we write the row vector (a,b ) as ¢7, the invariant is
(2.12)

i.e., to within a factor of the magnitude of ¢, 7, is the magni-
tude of the projection of the vector

I, = (I cost — Jsint )z

I, = c¢"(I cost — J sint )z,

(2.13)

in the direction of some arbitrary constant vector c. Clearly
the basic invariant is I;, whose two linearly independent ele-
ments are

(2.14a)
(2.14b)

We observe that the invariant vector I, is simply the
position vector of the point on the phase plane occupied by
the particle at time ¢ = 0. The time development of z is given
by

I, = g cost — p sint,

I, =gsint + p cost.

z = (I cost + J sin¢ )], (2.15a)
= (I cost + J sint )z(0) (2.15b)
which describes a circle of radius z(0) in the phase plane. We
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note that

ai,,

=1, 2.16a
P 1 (2.162)
daly,
— = —1,. 2.16b
Ey 12 (2.16b)

This indicates that there are only two symmetry mappings
associated with the first order invariants, a result which fol-
lows from the discussion given by Katzin and Levine.’

We could proceed to construct the quadratic invariants
of H (1.3) by postulating the form

I = 12™Mz, (.17

in which M is a 2 X 2 coordinate free symmetric matrix, and
solving the equation corresponding to Eq. (2.17), viz.,

27 (JM + M)z = 0. (2.18)

For the one-dimensional system being considered here it
eventuates that there are only three types of quadratic invar-
iant which are given by the following products of the linear
invariants:

2y =13 +11= P+ ¢, (2.192)
21, =2I,,I,, = (¢* — p’) sin2t + 2gp cos2t, (2.19b)
2,y =12 — 1%, =(g> — p?) cos2t — 2gpsin2t.  (2.19c)

The result is not surprising. Any quadratic form in two var-
iables is a linear combination of the three linearly indepen-
dent expressions given above and no more than three linearly
independent quadratic expression can be formed from two

linearly independent variables.

The five invariants which have been obtained here cor-
respond to the five invariants derived by Lutzky in Ref. 2
where he used Noether’s theorem to obtain the five Lie
group operators and hence the invariants. The slight differ-
ences are due to the present writer wishing to keep the form
of the invariants related to their physical interpretations.
Thus, I,, and I,, are the initial positions (at time ¢t = 0) in
the phase while 7, is the Hamiltonian which in this problem
is the conserved energy.

We point out that the method outlined here generalizes
easily to multidimensional oscillators and that suitable oper-
ators may be obtained for the corresponding quantum me-
chanical problem.® In the latter problem the products are
symmetrized, a process which follows naturally if a matrix
formulation is used. For the quantum mechanical problem it
is convenient to define new operators. They are

A* =272 4ilL), (2.20a)
B * 2123 i iIzz, (220b)
C=1,. (2.20¢)

The A ’s are the time-dependent creation and annihilation
operators. We note that in higher dimensional problems
there is an additional class of invariants whose elements con-
stitute the angular momentum tensor.

3. TRANSFORMATION TO THE TIME-DEPENDENT
OSCILLATOR

A canonical transformation of the Hamiltonian
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H=1z"4z 3.1
to the Hamiltonian

H=17"47 (3.2)
may be accomplished by the linear transformation

zZ=25z, 3.3)
where (cf. Ref. 5)

S =JAS — SJA, (3.42)

SIST=J. (3.4b)

The equation (3.4a) arises from the requirement that the de-

scription of the time development of the system be equiv-

alent in either the z or Z coordinate system, i.e.,
i— 798 _ jis;

= (3.5a)

and

452 _ s, | sidx.

z

(3.5b)

The number of arbitrary constants in the general solution of
Eq. (3.4a) is reduced by the requirement (3.4b), which is the
condition that the transformation be canonical.
For the particular case of the transformation from

H (1.3) to H (1.6) we take H (1.3) as H. The transformation
has been shown to be’
z—7:2 = RSz, 3.6)
where

C, cosW, + C, cosW,,

~ lc, sinWw, — C, sinW,,

— C, sinW, — C, sinW,
C, cosW, — C, cosW,

(3.7a)

—1
S=[p . 0], (3.7b)

—p P
and

t t
W, = f (p~2—Ddt', W,= J (p~ 24 Ddt’, (3.82)
pHao’tp=p > (3.8b)
Ci-Ci=1 (3.8¢)

4. INVARIANTS FOR THE TIME-DEPENDENT
OSCILLATOR HAMILTONIAN

As invariance is independent of the coordinate repre-
sentation, there are five invariants for A (1.6) which are ob-
tained by expressing the invariant derived in section two in
terms of the new coordinates. Using the transformation (3.6)
with the specific expressions for R and S given by Egs. (3.7a)
and (3.7b), respectively, we have

I,, = (coshC + sinhC){p ~ 'g cosW — (pp — pq)sinW },
(4.1a)

I,, = (coshC — sinhC){p ~ g sinW + (pp — pq) cosW },
(4.1b)

21, = cosh2C {p ~ *¢* + (pp — pq)*}
+sinh2C {p ~*¢* — (pp — pg)*cos2 W
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~ 207 'q(pp — pg)sin2 W }, (4.1c)
2,5, =p~ *g’sin2W — (pp — pg)’
X sin2W + 2p ~ 'q(pp — pg) cos2 W, (4.1d)
21,3 = cosh2C {p ?¢* cos2W — (pp — pq)* cos2W
~2 p 'q(pp — pg)sin2C }
+sinh2C {p*¢* + (pp — pg)*}, (4.1e)
in which we have written
coshC = C,, sinhC=C,, (4.2a)
W= J'pfzdz'. (4.2b)
t

If C, is set at zero, 1, is the form of the invariant reported by
Lewis.’ The general form given above was reported by
Leach. *®

We may define a set of invariants independent of C by
writing
J11 = (coshC — sinhC)I

=p " 'qgcosW — (pp — pq) sinW, (4.32)
Ji, = (coshC + sinhC)/,,
=p " gsinW + (pp — pq) cosW, (4.3b)

2J,, = 2(I,, cosh2C — I, sinh2C) = p ~*¢*( pp — pq)?,

(4.3c)
2y, =21
= {p " *¢* — (pp — pg)*}sin2W
+2p " 'q(pp — pq)cos2W, (4.3d)
2J,3; = 2(— I,,sinh2C + I,;cosh2C)
={p *q" — (pp — pg)*}cos2W
—2p " 'q(pp — pg)sin2W. (4.3¢)

We note that the Lewis invariant now occurs without a pa-
rameter in Eq. (4.3¢).

The physical interpretation of some of these invariants
is facilitated if we make use of the intermediate Hamiltonian

H' =3 %(p?+4"), 44
which is related to H (1.6) by the canonical transformation

’ —1 0
=12 L) @
4 —p P p
Then
J,, =¢q cosW — p'sinW, (4.6a)
Ji, =¢ sinW + p'cosW, (4.6b)
I =137+ p?). (4.6¢)
In the (¢', p’) phase plane, taking 7, = 0,
Jn=40), Jy, = p'(0). “.n

The motion of the particle along the phase space trajectory is
given by
[ q’] [ cosW sinW
o) T L —sinw coswl™"
where J, is defined similarly to I,. This is a circular motion
and J,, simply represents the constancy of the radius, being
half the square of the radius.

(4.8)
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Reverting to Eq. (4.3) we may obtain the formal solu-
tion for ¢ by eliminating pp — pq from (4.3a) and (4.3b). This
is

q =p(Jy, cosW + J |, sini), 4.9)
which is of the same form as that given in Ref. 6, Eq. (10).

Finally, we note that only two of the five invariants
listed are functionally independent. It seems to us to be natu-
ral to select J,, and J,, as the independent quantities. Then

2/, =)+ ) (4.9a)
2, =) — ), (4.9b)
2y =2 (4.9c)

These relations are the same as those which are found in the
time-independent case (cf. Ref. 8).

5.OPERATORS OF THE FIVE-PARAMETER SUBGROUP

Now that we have the five invariants for the Hamilton-
ian of the time-dependent harmonic oscillator it is a simple
task to obtain the corresponding differential operators
which are the generators of transformations. To facilitate
comparison with the time-independent harmonic oscillator
as discussed by Lutzky,” we adopt the nomenclature used in
that paper. To summarize this, a generator G is given by

d d
G(gt)= W) — + ) — 5.1
@) =5@t) n(q)aq (.1
and the corresponding invariant, in the Lagrangian formuia-
tion, is

. . JL
D(g.9:t)=E¢—1m) G EL + f(g.t). (5.2)
In this instance
L(g.4,t) = 3¢° — 30*(t)g". (5.3)

We may determine £, 77 and f from the invariants given by

Eqgs. (4.3a)~(4.3¢c) and we have, replacing p by ¢,

Di(g.4:t) = — UWnlg.4:t), (5.4a)
‘pz(q,‘),t) = —U,3(9.9:¢ ) (5.4v)
Dy(9,4:1) = — 2 15(q.4:1), (5.40)
Dy(g,9:t) = 2J11(9,4:2), (5.4d)
D(9,4:1) = 2J5,(g:4:1)- (5.4¢)
The corresponding operators are
G, = sinZWB%—/ + (pp sin2 W + cosZW)qTaaq—, (5.5a)
G,= cos2W—a—— + (pp cos2W —sin2Wg 9 , {(5.5b)
aw dg
G,=p cosW—a—, (5.5¢)
dq
G,=p sinW—a—, (5.5d)
dq
Gs= 5%/ +p/5q—;;. (5.5¢e)
We note that if @ is constant and equal to one, p ~ 2=p=1,

W = t, and the expressions for the generators are the same as
those given by Lutzky Ref. 2, Egs. (24a)—(24e) for the time-
independent problem. These operators generate a five-pa-
rameter Lie group and have the following commutative
relations:

[61,6:] = — 2G5, [G5,G] =2G,, [G,Gs] =26,
(5.6a)
(G3,G4] =0, (5.6b)
[G3,G,] = [62,G4] = [G5,G,] =G, (5.6c)
[G1,G4] = [G3,Gs] = [G,G5] =G, (5.6d)

which are exactly the same as those for the time-independent
problem.

We conclude this section by listing the expressions for £, 7, and f. The order corresponds to the one to five ordering of the

fa.t)
%qu(pﬁ Sin2 W + cos2 W)}
-;—;E%q’(pp cos2W — sin2 W)}
i { COSW} (5 7)
= 4P _
%{qp sinW }

3\, .
5{54 pp}

It should be noted that the £ ’s listed in Eqs. (5.7) are as coefficients of 3 /3. In Eq. (5.6), d /3 W is used, the two being related by

@®’sand G’s:
§(@gt) 7(g,t)
7 sin2 W 7;9— (3¢°( pp SIn2W + cos2 W)}
q
P’ cos2W -:— {14°(pp cos2W — sin2 W)}
q
d
0 — {gp cosW}
oq
E .
0 — [gpsinW'}
dg
J .
p’ = ' eh)
q
9 _p9
aw P o

(5.8)

The appropriate variable to use in the operators in W and not ¢ because W is now the effective time variable. This is most
readily seen from the Hamiltonian H ' introduced in Eq. (4.4). Under the time scale transformation from ¢ to W, Hamilton’s

equations for H " are
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_dL’:' ﬂ;z_q'
dw AW '

6. OPERATORS OF THE THREE-PARAMETER
SUBGROUP

The five invariants obtained in Sec. 4 relate to the Ha-
miltonian. The complete dynamical symmetry of the time-
dependent oscillator is made up not only of the five corre-
sponding operators, but also any operators which leave the
Newtonian equation of motion invariant. These operators,
as well as those given in Sec. 5, may be obtained by using the
Lie theory of extended groups. This method is quite ade-
quately described in Wulfman and Wybourne (1.b) and it is
not proposed to repeat their working. We shall simply sum-
marize the relevant results.

Suppose that the generator G defined by

G=§(q,r)§ + n(q,t)g;— ©.1)

is a member of the complete dynamical symmetry group. Its
second extension is

a a . . d
Gll — il = . —£ _ 2 i
£, aq+{77 +, — 64 §qq§}aq
+ 57711 + (znqt _§tl)q
+ (”qq —2 §qt)q'2 - gqqq'3

Cvay O
+ (7, =28, —34£,)d} R (6.2
If the Newtonian equation of motion is
N(4.4.9,)=0, (6.3)
G'N=0 6.4)

since G is a generator of the symmetry group. The require-
ment that Eq. (6.4) be true whenever Eq. (6.3) is true leads to
a set of partial differential equations for £ and 7.

In the case of the time-dependent harmonic oscillator,
Newton’s equation is

G+ o*(t)g=0. (6.5)

When G " acts on this equation and the resulting differential
equations are solved, in addition to the five operators already
given, we obtain
d
Go=q9g—,

5 (6.62)

. a . d
G,=p! wW— s sinW + o~ ' cosW)g? —
;=p gsin 3W+(p p ) 3
(6.6b)
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(5.9

Ge=p 'q cong%ﬂ- (pcosW —p—! sinW)q2§~.
(6.6¢)

These three operators form a subgroup with the commuta-
tion relations

[GeG7] =G5 [GesGi) =G [G5,Gg] =0, (6.7)

which are the same as for the time-independent problem.

These three operators also have the same commutator
relations with the other five operators as in the time-inde-
pendent case. They are

[Ge,G1] = [GG,] = [GsG5] =0, (6.8a)
[GeG3] = — Gs, [GeGul = — G, (6.8b)
[G,,Gi] = — Gy [G1,G,] = — Gy, (6.8¢)
[Gs,G,]) =Gs, [Gy,G3] = — G, (6.8d)
[G,,G5] = — 3G, + 3Gy),

[Gs,G4] = 4(— G, + 3Gy), (6.8¢)
[G7,G,] = 5(G, — Gy),

[Gs,G3] = — 3G, + Gy), (6.8
[GGs] = — Gy [Gs,Gs] =Gy (6.8g)

Thus we have the result that the complete dynamical sym-
metry of the time-dependent one-dimensional harmonic os-
cillator is SL(3,R ).
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On the infrared problem in nonrelativistic quantum electrodynamics
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Following a suggestion of Hepp and Lieb, it is shown rigorously that the infrared divergences
which occur in the problem of thermodynamic stability of a system of atoms (with a finite
number of levels) interacting with an ultraviolet-cutoff quantized radiation field are entirely

removed upon inclusion of the term in A’ in the Hamiltonian, in the special case where the atoms

are placed at the points of a regular lattice.

Since the appearance of the work of Hepp and Lieb,'?
several papers have studied the system of atoms or molecules
with a finite number of levels interacting with the quantized
radiation field (with an ultraviolet cutoff) from the point of
view of statistical mechanics. (See, for instance, Ref. 3 and
references given there.) In particular, the influence of the
approximations involved in the various studied caricatures
of the above mentioned system on the existence or nonexis-
tence of the superradiant phase transition (first found in Ref.
2) was considered in greatest generality in Ref. 3. There it
was found that a necessary condition for a phase transition is
the removal of either the dipole approximation, or of the
limitation to a finite number of modes of the field, or of both.

It seems thus important to study the system without
any approximation and, in particular, to take into account
the infinite number of modes of the radiation field. The most
important result so far in this direction was the proof of
thermodynamic stability by Hepp and Lieb in Ref. 2. In their
paper they suggested that the infrared divergences which
arose in treating this question (and which they ignored, by
extra assumptions) would be mitigated by taking into ac-
count the term A’ in the Hamiltonian, whose influence on
the thermodynamics has, incidently, been studied by several
authors ever since.*” Their suggestion was taken up by Rza-
zewski and Wodkiewicz in Ref. 8, but their treatment was
heuristic in one essential aspect: They ignored the propor-
tionality of the number of modes of the field to the volume, in
the thermodynamic limit.’ In this note, we prove rigorously
that the inclusion of the term A” not only mitigates but also
eliminates the infrared divergences entirely, in the special
case where the atoms or molecules are placed at the points of
a (regular) lattice.

Let K and L be integers, A be a parallelepiped in the
three-dimensional cubic lattice Z°, given by

A=1i{neZ: O<n,<L -1, =123}, )

and A * be the set

A*=(K: K, = Qa/L)n, :

n,=—(KL/2)+1,..,KL/2 (KL even),

or n; = — 4(KL —1),.. . 4(KL — 1) (KL odd);j = 1,2,3}.
()

IfK = 1, A *is the lattice dual to A. K will play the role of an
ultraviolet cutoff. We shall need the relation
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Ly
|A | neA
This is proved in the same way as the analogous relation for
K=1

Consider a system of N atoms or molecules (which we
take, for simplicity of notation, to be two-level and identical)
in a cubical box A [for the moment, not necessarily of the
form of Eq. (1)} of volume ¥ = L 3, interacting with an ultra-
violet-cutoff quantized radiation field. The Hamiltonian
may be written

H,(AY=H,AY+U+T, @

where T is the N-particle kinetic energy operator, and

U= U(x,,...xy) is the operator of interaction between the
atoms (assumed to satisfy conditions such as those men-
tioned in Ref. 2.) H , (A *) describes the remaining part of the
system, with A ’ denoting the set of modes of the field occur-
ring in the formal Fourier expansion of the vector potential.
Thelatter is not defined at K = 0, hence A ' must exclude this
point, and we shall take

A'=A%— {0}, ©)

where A * is the set Eq. (2). Under this condition, the follow-
ing facts are a direct consequence of the methods of Ref. 2.
H ,(A") is self-adjoint and bounded below on the Hilbert
space

e*" =8y, VKeA*. 3)

N

%Az( ® C?)@.?,,. ® 9,,
i=1

where .7 ,. denotes Fock space for the (finite) set of modes

inA’,and ¥ , = L*A ™). The partition function

Z(A)=tr, e P (6)
may be shown to exist and satisfy the bound

Z,(ANKZ,A)), (M
where

Z,(A)=2"tr, tr,, f d2 ¥ exp[ — BH, (A" .2™)]. (8)

above £2 Vis the N-fold cartesian product of copies of the unit
sphere in R?, with

d2V = [ 4e",
neA

d"=sinf"d6"dp", neA, €]
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H,A'M2Y)=H,A 2"+ U+T,
where U and T are the same operators described before, and
ﬁ/l A0 N)
1
- —— 7 vk Sk + 245
K,,;,,, (VKVK')I/Z {[ K YKK quK]
Xagag + pxxax dx + p¥xagai )
!
——— (rgax + riag
K;,(VK)I/z(K K Xag)

|

+fzsf1+ E—qK,K' (10)
ncA KeA ’ VK
In (10),
1
rg =1t = N2 Z [AkaSe™ +pxase |,
neA
1
172,
I =% = 222 [ w0
X (8" P (x) e d x. (12)

In the above formulas, p = N /V denotes the density, € > 0 1is
the energy difference between the “up” and “down” levels,
¥, and ¥,, respectively, are the corresponding wavefunc-
tions, ax and a§ are the usual annihilation and creation op-
erators, satisfying [ax,.a¥ | = Sk, and v = |K] is the
photon energy. Further,

_ + : + i
sp = 3cosf,, s; = isinf,e""",
_ep 1 K 4 K)ng (), ()
Prx = 7 TV_ e €g€g”, (133)
m neA
e‘p 1 ; :
b DL S (130)
m neA

We have taken the vector potential polarized along the y
axis, for subsequent simplicity. Equation (10) differs from
the Hamiltonian considered in Ref. 2 just by addition of the
diamagnetic term, proportional to A’

We now observe that, if we place the atoms at the points
of a (regular) lattice, that is, take for A the set (1), it follows
from Eq. (3) that the quantities p and ¢ in Eqgs. (13a) and
(13b) above simplify to
(14a)
Gxx = (€*/4m)bg y . (14b)

It is this special case that we shall treat subsequently. Note
thatp = 1 and

Pxx = (e2/4m)5,(' CK s

€ eV =1

{other cases involve other factors which, of course, do not

alter the final result.)
Hamiltonian (10) reduces to (N = |A | =L")

H,(A",Q ")
= Y vxagag +€ Y s,

KeA’ neA

1
+ ———(rg ag + 1 ag)

306 J. Math. Phys., Vol. 21, No. 2, February 1980

1
+7 Z —(ag a_g +ax a*

KeA' Vg

1
+2af ax) +n Yy —, 15)
Ked ' Vg
where 7=e¢°/4m. The above Hamiltonian may be diagona-
lized by a unitary Bogoliubov-type transformation:

by =axax +Px a* x + vk - (16)
Condition [bg, b ¥ ] = 8y« implies
IaKlz— lﬂklzzl, VKe A'. an

We shall choose the phase factors for each K such as to ren-
der ay, By, and yy real.
We now require

H, (A2 = Y (wxb Eby +py), (18)
K

with ﬁgiven by Eq. (15), and wy >0, py real, for all K. From
Eqgs. (18) and (15), we obtain the following conditions:

ag=a.x, Px=B_x; Yk =V k>

wgvg(ax + By) = /v, (19)
(‘)K(a?( +/312():VK + 2n/vk), (20)
wgaxPx =1/vk , @n
o (B + ) +px =1/vk . 22)

From Egs. (17), (20), and (21) we obtain wg, @y, and By :
wg = (vg + 4",
2 I(VK+277/VK +1)’

ag = —

2 oM
g2 = _1_(1/,( + 29/vg B 1).
2 wg
From Eq. (19) we obtain
rg
Tk =
(VK)I/ZwK(aK + Bx)
whence
mzlgﬂeﬁﬁkﬂo
vk 2 Wk
I |”
Wy (V%( +47)
|7 |*
= Jog ~ ) — ————. (23)
vk + 47

Cancellation of the term %/v in the last formula is crucial.
The finite volume partition function Z, is defined as
the limit (which we shall assume to exist)

Z, = lim Z,(4"), (24)
A SA*

where A * is the set (2). By Eq. (5), “limit” above means just
adjunction of the point {0}, and the above existence assump-
tion means that we suppose Z , (A ‘) to be defined for
A’ = A * although formal expressions occurring in it are
not.

Proposition: There exists a constant C > 0O such that
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Z,<exp[C|A|]. (25)

Proof: Let E ,(A ") denote the ground state energy of
H, (A, 21", By Eqgs. (23) and (18),

: | |?
— 1 — —_
E,(A)=} K; ’(‘01( Vi) K;' e 4n
It follows from Egs. (7), (24), and a simple argument. [Actu-
ally H 4+ should be as in Eq. (15) but with a factor of  multi-
plying the photon energy term in order that the argument be
valid, but this could have been done without affecting our
conclusions (Ref. 2, p. 2521).], that (25) would result from
the following lower bound:

(26)

lim E,(A)> —-D|A|, for some D>0. Q7
A eA*
Now, by Eq. (26)

lim E,(A) =1} z (wx — vk)
A A Ker s
S L1
KeA * V%( + 477
The first term at the rhs of Eq. (28) satisfies Eq. (27) with
D = 0. The second term may be treated exactly as in Ref. 2,
leading to a proof of Eq. (27). The arguments of Ref. 2 are
somewhat simplified here, because the analogs of the func-
tions 4, in Ref. 2, p. 2520, decay in the present case faster
than any power of |K| in K-space. [ |

(28)
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We note, finally, that the transformation from ay to by
[given by Eq. (16)] is implemented by an operator which is
unitary on . , ., but which ceases to exist on the full Fock
space, because of vacuum polarization.'® For an analysis of
the infrared problem in nonrelativistic quantum electrody-
namics from the point of view of quantum field theory, see
Ref. 11.
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Two sided estimates of the scattering amplitude for low energy
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Estimates and iterative processes for calculating the scattering amplitude for k = 0 are given.

1. INTRODUCTION
Consider the problem

H-kHW=[-V+V(x)~k?]¥=0,

xeR?, ¥ =explik(nx)] +v, (¢))]
v~[exp(ik |x|)/|x|] f(nv,k), as|x|]—>0, v=x/|x|.
(2
Our main assumptions are (f=/fg>):
V(x) =0 for |x| > a, J [V (x)|dx < ,
€©)

kagl, H>0, V(x)eL2,

The problem consists in estimating the scattering amplitude
f(n,v,k). The contents of this paper can be summarized as
follows:

(1) Two sided estimates for f are obtained,;

(2) Iterative process to calculate f'is given; the process
converges as a geometrical progression:

(3)Hard-core potential is considered;

(4) Some qualitative properties of f are described;

(5) Explicit formula for one-dimensional scattering is
given.

2. PRELIMINARIES
We start with the equation
¥ (x) = explik (n,x)]
- [ BRIy ey @

dr|x —y|
If ka¢1 we can write this equation as
4r|x — |

the error being O (ka). With the same accuracy we get
fvk)=f= — (1/47T)f expl — ik )1V (MY (y) dy

- _ (1/4w)f Vv dy. ©)

Equation (5) is equivalent to the problem
HV = — VW% 4+ V(x)¥=0 in R, ¥(o)=1.

)

» Address after June 1, 1979: Department of Mathematics, University of
Michigan, Ann Arbor, Michigan 48109.
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Let ¥ =1+ @. Then
Hp= —Vo+Vp= -V, ¢(x)=0, 8)

f= — Zl;f Vdx — ﬁf Vo dy. )

In what follows we make use of the following theorem which
was formulated and proved in Ref. 1.

Theorem 1: Let A4 be a linear self-adjoint operator on a
Hilbertspace H,D (A ) =dom A,R (4 ) =range A,feR (4),
Ag@ = f. Then the representation

2
App) = max L&D (10)
gD () (Ag, 8)
holds if and only if 40, i.e., (4g, g)>0, VgeH. For
(Ag, g) = 0 we define the expression under the sign max as
zZero.

Remark 1: The “if”’ part is known, the “only if”’ part is
less obvious. The theorem gives a necessary and sufficient
condition for the Schwinger stationary principle to be an
extremal principle.

3. POSITIVE POTENTIAL
If V>0 we derive from equations (5) the following
equation

d+B)h=Vx)",

V(x)l/l V(y)l/Z
pi= [ ZL IO n

where B>0in H = L *(R?). From (11) and Theorem 1 it fol-
lows that

(11

47 f= f V2 (x) dx_max(—-’-g)— (12)

# (g+Bg,g)
where (A, g) denotes the inner product in H. Hence
172 2
f< — L_‘Q/__Lg_)l_, VgeH. (13)
4r (8 + Bg, 8)

To obtain a lower bound for fwe apply (10) to Eq. (8) and use
inequality H > 0. As a result we get

2
(— Vip)= max L&D (14)
g=D(H) (Hg, g)
From (14) it follows that

1 [(&V)]*
/> 477'de + 47T(Hg,g)

VgeD(H), H= —V?+ V(x). (15)

© 1980 American Institute of Physics 308



Remark 2: Bound (15) was obtained without assump-
tion ¥V (x)>0. We used only assumption > 0.

Another lower bound can be obtained so: Consider the
functional

E(g)=f(|Vg|2+Vg2+ng)dx, (16)

defined on W }(R?). Equation (8) is the necessary condition
for the minimum of functional (16). Since functional (16) is
quadratic, Eq. (8) is also the sufficient condition for mini-
mum of this functional. Hence

E(g)>E(¢)=f¢de= —47f - dex. a”n

Here we took into account formula ( g) and the identity

J(|V¢>|2+ Vp?+ Vp)dx =0, [see(8)]. (18)

From (17) we get

f5 = [ vax— L[ (Ve + vg 12wy a
47 4
VgeW!®Y). (19

This inequality is similar to the estimation of electrical ca-
pacity.” In Ref. 3 an inequality similar to (13) can be found.

4. ITERATIVE PROCESS TO CALCULATE f

Theorem 2: Equation (11) can be solved by iterative
process
h. .y =vh, —qBh, +qV'(x), hy =qV'"*(x),
(20)
where
=B/ +[1BI), q=2/2+|B]), (e3))
|B || is the norm of the operator B: L *(D }—L (D),
D =supp V(x).Ifh=1im,_ _ h,,then|h —h,|=0@F".
Corollary: We can calculate f from the formula

1

f= — — lim | V"*x)h,(x) dx. (22)
47 n—w

Remark 3: It is clear that

1B ||2<” [V )V (3) dx dy) /(1672 | x — 3],

so [|B||[<(|V'1|r)/(4),

where ||V ]| is the Rollnik norm of ¥ (x).

To prove Theorem 2 we denote I + B = A,
V'7%(x) = w(x),s0that Ah = .o, h = (I — qA Y + g i we
take g asin (21) and set y = 1 — ¢, we can see that
I —gA<max, ;. 5 (1 —gA)<||B|l/Q+ ||BI) =y
Hence process (20) converges as a geometrical progression
with the denominator y. Such an iterative process can be
found, for example, in Ref, 4.

5. ONE-DIMENSIONAL SCATTERING PROBLEM

If xeR', we get the following formulas instead of (5) and

(6):

V(y)W(y)dy _ 1
=1+ = e @y
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Multiplying by ¥ and integrating we find
fVdx

=—"""  xeR. 24)
2ik — § Vdx

6. HARD-CORE POTENTIAL

If V' (x) = « in abounded domain DeR* with a smooth
boundary I, a = diam D, ka <1, then the solution to prob-
lems (1) and (2) can be found in the form

v=J exp(ik Ix—sl)a(s)ds’
r 4mr|x —s|
(25)
v|p = —explik (1,9)] e = —1,
1 .
f= e | ol — k1o ds
4 Jr ka<l
= LJ o(s) ds. @6)
47 Jr
From (25) we get
_ods  _ | 27
r 4|t —s|
Hence (- o(s) = — C, where C is the electrical capacity of

the conductor D. Therefore f= — C /4. In Refs | and 2,
two sided estimates for C are given. In Ref. 5 an iterative
process and approximate analytical formulas to calculate C
with the prescribed accuracy were given. In particular,
C>47S%J !, where S = meas I,

J=fr fr|s—1t] " dsdr In many cases the formula
C~AnS*J ! gives an error ~3% (e.g., in the calculation of
the capacity of a parallelepiped of arbitrary shape, of a circle
cylinder of arbitrary length). If R and r are the radii of the
minimal ball containing D and maximal ball which is con-
tained in D, then r < C < R. So

— R /847 <f< — r/4mr. (28)

The Neumann boundary condition and low-frequency elec-
tromagnetic wave scattering was considered in Ref. 6.

7. MONOTONICITY OF ¥

IfO<V, <V,, then from (5) and the maximum modulus
principle it follows that ¥, > ¥, >0, where ¥, corresponds to
Vi,j=12.IfV,<V<V,, ¥V, = const, then ¥, >¥> ¥, >0,
where for ¥; we can give an explicit formulas since
V; = const.

8. ALTERNATING POTENTIAL

Because of Remark 2 we must obtain only an upper
bound for /. We are not going to get the best estimates, but
rather to describe a simple method of getting the upper
bound and give a simple example. First we note that if
Vx)=V_(x)— V_ (x),where V, (x) = V(x)if ¥ (x)>0,
V,®)=0if ¥(x)<0, V_ (x) = |V (¥)| if ¥ (x)<0,
V_(x)=0if ¥(x)>0, and H= — V> — V_ (x), then
(Hg, g)>(H _ g, 8). To simplify the study we make addi-
tional assumption

H_ >o. (29)
Then from (9) and (14) it follows that
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max Mz—— (30)
gD ) 4m(H _ g, 8)

To obtain a simple upper bound for f we must estimate
(H _ g, g)frombelow. In Ref. 7 the following inequality was

proved (J| || =|| ”H:LZ(R’)):
(H_ g 8)>|Vel*(1 —p,
where

1
<= Tﬂ—f V(x)dx +

'N,), (1)

H_=H,-V_, N:=J|y—xl2"_3V”_(x)dx,

p'=—p—-, p>1,

p—1
o= (4vr(p—1)r2(p))'/f’
*Tp—1\  rQEp

I' ( p)is Gamma function, and yeR*is an arbitrary point. Our
assumption concerning ¥ _ can now be formulated so:
There exist a point peR* and a number p > 1 such that

N, <, (32)

We note that inequality (32) implies (29).
Theorem 3: If inequality (32) holds, then

f<— -—f V(x)dx + ——f [V (x)| dx —L2—

. N
(33)
Proof: We have
el sivides i vellsltde gy
He o) Vel —p ' N+ (¥, 2,8

Here we used the inequality (31). Since H, — V' _ >0 we
have

HVgnbf V_ gl dx. as)

Hence the right side of (34) is less than

A+ B

Vidx 5 A= V_ ' 8)s

f |V]dx— " V_ 829
(36)
BE(V+ g’ g): C—l —ﬂp Np
From (32) we conclude that 0 < ¢ < 1. Therefore

4+8 1 @7
cA+ B c

From (37), (36), and (34), we get (33).
Remark 4: We could get the upper bound using differ-
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ent ways. Here are two examples. If for some o(x) > 0,
S|V |?07'(x) dx< o and (Hg, g)>fo|g| > dx, then
max(|(g,V)|?)/(Hg, )< |V |?o dx. This is the first way to
get an upper bound for /. In Ref. 8 inequality (H, g, g)

>, ||79 =24 8|17 20 g5, Was used. Connections with Padé ap-
proximation were indicated and a very good upper bound for
S was obtained. In general any norm |||g||| such that

(V. &)|<C, (¥)]||g|||and(Hg, £)>C, (V)]||¢g]| *canbeused
for obtaining an upper bound for f:

C} ci)
= — 38
f< J 47rC (28 %)
Remark 5: If inequality
”11{1 V“cm’) <b<l1 (39

holds, then Eq. (5) can be solved by means of iterative pro-
cess, ¥ =372, (—1) {(H ;"' V)’1. In this case we can also
geta 51mp1e upper bound for f:

- _1_ 1 VeV ()
s dex+ (417)2 ff |x —y| drdy

——fm+ Al

|x -yl
+—f|
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A study of the completeness properties of resonant states

W. J. Romo?

Department of Physics, Carleton University, Ottawa, Ontario K15 5B6

The completeness properties of the discrete set of bound state, virtual states, and resonant states
of a Hamiltonian H is investigated, where H describes a system in which a single nonrelativistic-
spinless particle moves in a central cutoff potential. A limited form of completeness is obtained.
It is shown that the convergence of the resulting “completeness series” is very sensitive to the

detailed mathematical structure of the potential.

I. INTRODUCTION

This is the final article of a set of articles' in which we
examine the completeness properties of the set of all bound
states, virtual states and resonant states of a simple quantum
mechanical system. Resonant states were first introduced by
Gamow* in his study of alpha decay. Later they were em-
ployed by Siegert in a derivation of a dispersion formula for
nuclear reactions’® and by Humblet and Rosenfeld in the for-
mulation of a nuclear reaction theory.® Many of the subse-
quent papers dealt with the development of a scalar product
for resonant and virtual states,”'* with their inclusion in per-
turbation calculations,''"* with their role in the shell model
approach to nuclear reactions'!"'*'¢ and with their employ-
ment in calculations of cross sections for direct reactions to
unbound final states.'”'* The completeness properties of
these states has received much less attention. Perhaps, the
most practical form of a completeness relationship that in-
volves the resonant states is the one given by Berggren.'
Starting from the usual completeness relationship consisting
of a sum over bound states and an integral over continuum
states, Berggren derived his relationship by analytically con-
tinuing the integrand of the continuum integral and deform-
ing the path of integration past a finite number of resonance
poles. He then separated the resonance and background con-
tributions, obtaining a completeness relationship that in-
volved a sum over the bound states plus a finite set of reso-
nance terms and an integral over the deformed path. By
inserting this expansion of the unit operator between the bra
and ket of a scalar product, he then" obtained a modified
sum rule that includes resonant state contributions. Work of
a similar nature has been reported by Berrondo and Garcia—
Calder6n.*

In this article we shall determine the conditions under
which matrix elements of the form (¢, |P, |¢, ) can be ex-
panded in terms of the infinite but discrete set of bound,
virtual and resonant states of a Hamiltonian H describing a
system in which a spinless nonrelativistic particle of mass m
moves in a central potential ¥ () that vanishes for > R. The
operator P, in the matrix element is the projection operator

defined by
if r<a,

W),

o, if r>a.

P(r) = (L.1)

In Ref. 1 we established the existence of such an expan-

*“Supported in part by a research grant from the National Research Council
of Canada.
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sion for the particularcaseinwhich V' (r) = A6 (r — R ), ¢, (r)
and 9, (r) were any pair of s-wave eigenfunctions of an infi-
nite square well potential of radius R, and the radius param-
eter a is less than or equal to R. Here we shall extend our
consideration to include all partial waves and all potentials
that vanish beyond the fixed radius R and are reasonably
smooth functions of # for r<R. (A precise definition of the
class of potentials will be given in Sec. 2.) To derive the ex-
pansion of (¢, |P, |#, ) we follow the same procedure em-
ployed in Ref. 1. One first determines the conditions under
which the Mittag—Leffler expansion of the function

I, (k,a)= (¢, |P(E+ie—H)" P},

is convergent. One then obtains the desired expansion of
(¢, |P,|¥,) from a careful examination of lim_, _ (EI,,).
The first step, that of establishing the Mittag-Leffler expan-
sion of /,, was carried out in Ref. 2, however, when an at-
tempt was made to complete the study it became clear that
the asymptotic forms of the radial wave functions and Jost
functions employed in Ref. 2 were inadequate to complete
the project, so a detailed calculation of these asymptotic ex-
pressions was carried out and the results reported in Ref. 3.
To simplify the derivation of the asymptotic formulas, the
behavior of the potential near the origin, r = 0, and near the
cutoff radius, ¥ = R, was restricted somewhat more than it
has been in Ref. 2. On the other hand, some restrictions
placed on the behavior of ¥ (r) in the region 0 < r < R were
removed. Consequently, the class of potentials considered in
Ref. 3, which we shall again employ in this work, is different
from that considered in Ref. 2, and therefore the derivation
of the Mittag—Lefller expansion of /,, must be repeated.

In Sec. 2 specification of the properties of the potential
V () and the wavefunction ¥, (r) are given and the conditions
for the convergence of the Mittag—Lefller expansion of
I, (k, @) are determined. In Sec. 3 the asymptotic form of the
terms of the Mittag—Lefller series is examined and conver-
genceis examined in more detail. In Sec. 4 the limiting proce-
dure alluded to above is carried out and the desired “com-
pleteness relationship” for the set of resonant, bound and
vertical states is obtained. Finally, in Sec. 5, the article is
concluded with a discussion of the results.

2. MITTAG-LEFFLER EXPANSION

In this section we shall determine the convergence con-
ditions for the Mittag—Leffler expansion of the matrix
element

Ilz(k,a)z(¢||Pa(k2+i€—H)7lPa]¢2>, 2.1)
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where ¥, and ¢, are wavefunctions of the form

v =r""y.(NY,,{, 2.2
P, isthe projection operator defined by Eq. (1.1) and H is the
single particle Hamiltonian

H= -V 4 V(@). (2.3)

(We shall take #*/2m = 1 throughout this paper.) It shall be
assumed that V' (r) is a real central potential that satisfies the
following list of properties:

(a) V' (r) = Oforr> R, where R is a fixed positive radius.

(b) Immediately below the cutoff radius, i.e., for
R(1 —8)<r<R with0<6«1, V(r)=[1—(/R)]°
X Py(1 — r/R ), where 0>0and P, (1 )=2_, v;t’is a power
series that converges for all in [0, § ].

(c) Near the origin, V' (r) = r ~ "Q, (r), where ¥ <2 and
Qo (r) = =2 7,7/ is a power series that converges for all 7 in
the closed interval [0, eR ] with 0 < e<1.

(d) V (r) is piecewise continuous and bounded, and all of
its derivatives up to order L>o + 2 are also piecewise con-
tinuous and bounded in the open interval (0, R).

(e)d "V (r)/dr" has n points of discontinuity in the open
interval (0, R ). One defines R;, with eR <R, <R, <
<R, <R (1 — &), to be such a point, and further define m,
to be the smallest interger for whichd ™'V (r)/dr™ is discon-
tinuous at R;.

(f) Finite right-and left-hand limits of d “V (r)/dr" are
assumed to exist at each of the points R,.

Since the states ¥, and ¢, are eigenstates of L?and L,
and ¥ (r) is a central potential, /,, can also be written as

Iy(ka) = f drf dr (G U r (), (2.4)
(4] 0

where G ¢ * (k;r,7") is the [ th partial wave component of the
full Green’s function (r|(k > 4 ie — H) ~'[r'). The Green’s
function G * (k;r,") can be written?'
G\ r, )

=(= D'k kr )=k r ) fi(—=k), (25)
where r_ and r_ are the lesser and greater, respectively of »

and r', while &,(k,7) and f;( — k,r) are regular and irregular
solutions, respectively, of the radial Schrédinger equation
17+1

Dy, — kg,

r

O+ VO, + 2.6)

d

The regular solution also satisfies the boundary condition as
r—0 given by

lrirrg QI+DIr gk, =1, 2.7
while t;1e irregular solution satisfies

rlim e M(—k,n=1i. 2.8)
Finally;,xf,( — k) is the Jost function defined by

fi(—=k)= hf; (= kD (—k, v/l -1 2.9)

To complete the specification of I, (k,a) it shall be as-
sumed that the radial functions y,(r), withi = 1 and 2, and
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all of its derivatives of order < L are bounded and piecewise
continuous for all 0 < 7 < R, and that near the origin

xO=r53 x,r,

n=0

(2.10)

where the power series converges for all r in the closed inter-
val [0, eR ] with O <e€<«1, and &, < 1/2 for i = 1,2. Once

again, as in the case of V' (r), the properties of y,(r) are more
carefully spelled out in this paper than they were in Ref. 2.

Although the class of functions to which y,(r) and V' (r)
belong are somewhat different in this paper than the corre-
sponding classes of functions in Ref. 2, the arguments used
to obtain the general analytic properties of I, (k,a) given in
that reference were sufficiently general so that they apply in
the present situation as well. Hence, one finds that I, (k,a) is
a meromorphic function of k with an infintie number of
poles that lie at the zeros of /;( — k). The zeros of f,( — k) in
the upper half-plane are restricted to lie at points iK,, on the
imaginary axis, where — K 2 is a bound-state energy. These
zeros will be of unit order.

The zeros of /,( — k) in the lower half-plane will be
infinite in number, of finite order and symmetrically distrib-
uted about the imaginary axis. There may be at most a finite
number of zeros along the imaginary axis. The only zero that

Jfi(— k) can have on the real axis will be found at k = 0. For
simplicity, and without appreciable loss of generality, as was
explained in Ref. 2, it shall be assumed that all zeros are
simple zeros.

The poles of 1,, (k,a) or equivalently the zeros of
Jfi(— k), shall be ordered as follows: The poles &, k,, --ky

will correspond to the N poles which lie along the imaginary
k axis, where NV is a finite number.” The poles k,, withn > N
will correspond to poles in the fourth quadrant of the &
plane, so ordered thatif n > m > N theneither |k, | > |k,, |, or
|k, | = |k, | and |Imk, | > |Imk,, |. The poles in the third
quadrant will be labeled by k _ , withn =N + 1, N + 2,--.
They are related to the fourth quadrant poles by

k = —k,

n

@11

Since the location of the poles vary from partial wave to
partial wave, they should be labeled by an additional sub-
script / to identify the partial wave, however, for simplicity
this label has been supressed.

We are now in a position to consider the Mittag—Leffler
expansion of I, (k,a). The approach shall be the same as the
one used in Ref. 2. According to Cauchy’s residue theorem.?

1 I, (k' a)dk’

wite, k' —k
N R ,(a)
=1,(k,a)+ ,,Z’x P
~ [
+ t lln(a) (2'12)

Z )
n=~N+la= -1 k(,,, _k

where m>N,>N, C,, is a circular path® centeredat k' =0
that encloses all poles & , , with |r|<m, but excludes all
other poles, % _ , is the residue of I\, (k",a)atk' =k .,
and X is a point inside the contour C,, at which I, (k’, a) is
analytic. N, is an integer that is sufficiently large so that k,,

+n
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assumes its asymptotic form, to be given later, and
|k, | > |k;| for all [#| > N, and | j|<N. The Mittag-Leffler
expansion follows from Eq. (2.12) if one can show that the
contour integral on the left-hand side of Eq. (2.12) vanishes
as m tends to infinity. For sufficiently large m, |k '|>2|k | for
every point k' on C,,, and thus

|dk’| .

. e,
(2.13)

From the properties of the radial wavefunctions y,(r) with
i =1and 2, it can be seen that |y,(»)] is integrable over the
interval O<r<R. Using this fact and the bounds on

GV )(k;r,r') given by Newton,' one can easily show that
|1,,(k,a)/k [<const X |k | ~* for all k on C,, with Im k>O0.
Hence, the contribution to the contour integral arising from
that portion of C,, for which Im & '>0 will vanish as m— co,
for any a<R.

Although the changes in the classes of functions to
which y,(r) and V¥ (r) belong, do not produce any important
changes in the asymptotic form of I, (k,a) for points in the
upper half k plane, the same is not true for points in the lower
half k£ plane. To determine the asymptotic form of [, (k,a) as
k— o0 with Im k <0, one must first determine the asymptot-
ic forms of ¢, (k,r), f,( — k,r) and f,( — k), as can be seen
from Egs. (2.4) and (2.5). The asymptotic forms of ¢,(,7)
and f;( — k) for the class of potentials being considered were
reported in Ref. 3. The techniques employed in that refer-
ence to determine the asymptotic form of ¢, (k,7) can also be
employed to determine the asymptotic form of f,( — &,r). To
illustrate the technique and to define some important func-
tions we shall give a brief derivation of the asymptotic form
of fi( + k,r) as k— 0 in Z, where ke if |k | >4>1 and Im
k <O.

One first constructs a pair of linearly independent solu-
tions to Eq. (2.6) for which the asymptotic form is known in
the radial interval R, <r<R; e This construction is repeat-
ed until a pair of solutlons is obtained for each of the inter-
vals [R;, R; . ] with j ranging from O to n + 2. The radius
R; withj = 1 to n was defined in the specification of V' (r),
while the additional radii R,, , , and R, , , are defined by

R,,,=R—lk| 'and R, , =R, (2.14)

and R, will be a radius depending on |k | defined so that R,
—0but |k |Ry> 1 as |k [-> o0, for example one might choose
R, = const=+In(|k |R ) as was done in Ref. 3 or possibly R,
= 100(/ + 1/2)*|k | ~ ', as in Ref. 2. The general techniques
for the construction of the linearly independent auxiliary
solutions to Eq. (2.6) can be found in the text by Erdélyi.*
The required specialization of those techniques with a few
necessary modifications was discussed in Ref. 3. Defining
the two independent solutions associated with the interval
2, =[R,,R,, ]Jtobey, (kr) witha = + 1 (note that the
angular momentum label has been suppressed), one finds
that

I,(k',a)
kl

n+1

Vo (k1) = Yi(ak, D{1 + O [(kR)) " "]}, (2.152)
dy, j(k, r) dY(ak,r) X

' = 1+0O|[(kR) % )

. {1+ [(kR) %]}, (2.15)
313 J. Math. Phys,, Vol. 21, No. 2, February 1980

uniformly for all #in 2; and k in &, where

Yk, A=e" 3 al(Ok ", (2.15¢)
m=0
with
aj(r) =1 for every j, and (2.15d)
da
=0~ ) LG+ V)
r

xal, (N —d%i _,(n/dr*], (2.15¢)

for alljand m>1. For the power X, appearing in Egs. (2.15a)
and (2.15b) one has X; = L forj<n — land X, = X, ,

= o + 2. For the upper limit of the sum in Eq. (2.15c) one
has M, = L forO0< j<nand M, , , = [0] + 1, where [0] is
the greatest integer <o. The arbitrary constants of integra-
tion that arise when one integrates Eq. (2.15e), to obtain
@, (r) were chosen so that

r d n+ g0
a,",,“(r):f ar O, (2.16a)
w dar
and r>R, , , and 1<mg[o] + 1,
da)
ar () = f ar 22 (') (2.16b)
forrin X2, and [o] + 1 <m<L, and
arj;t(Rj+1)=ar];l+](Rj+l)’ (2.16¢)

for every m< L if 0< j<n — 1, and also for 1<m<[o] + 1 if
j=n.

A number of important properties of the a;(r) can be
determined from Eq. (2.15¢) and the properties of V' (r) given
earlier.’ For 0 < j < n, one finds that a/(r) and all of its de-
rivatives of order <L + 2 — n are continuous throughout
the open interval (R}, R, , ,) and are bounded throughout
the closed interval [R;,R; , ,]. The coefficients a, (r) and all
ofits derivatives of order <L + 2 — nare continuousforall

for which R, <r<R,, and satisfy
' d"a;(r)

dr™
for R,<r<R,.Forj=nandn + 1, a/(r) and all of its de-

rivatives of order <M; + 2 — n are continuous in the open
interval (R, R, , ,) and satisfy
d"al(r)
ar™
for R, <r<R; .
Since the two solutions y , , ;(k,r) linearly independent
one can write f;( £ k,r) as a linear combination of the two:

=B =S 4l k), k7,

a=1
with

n--m

Lconstr s

(2.172)

<const[1 + (1 —r/R)°*2—™="] (2.17b)

B=+1, (2.18)

W[y—a,j(k’ r)’f;( —Bk, r)]
Wy aler, . kn]’

where W[ f(r), g(r)] is the Wronskian defined by

WIf(r),en)] =f(r)%(rrl — 2P dgf’) .

AL pk) = (2.18b)
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Since the Wronskians are independent of 7, they may be
evaluated at any convenient point. Clearly the Wronskians
involving y, ;(k, r) will be evaluated with rin X, where the
asymptotic expansions given by Eqgs. (2.15)—(2.17) are valid.
To begin the calculation of the coefficients 47, ,(k,r), one
observes that*'

filk, 1) = w,(kr)

for all r>R, where V' (#) = 0, and where w,(kr) is a Riccati-
Hankel function. Using the known analytic form for w,(kr)
and its derivative,?® one finds that
Ao e (k) =Wly_, .0 k1), w(—pBkn]
X { W[y“a.n+l (k’ r)’ya,n+1 (k! r)]}_llrzR
=i'{6, ., [1+0(k V)]
+ 6(1. —1 O(k T2 eZinR)} s

(2.19)

(2.20)

with N = [o]. Using Eq. (2.18a) with j = n + 1, together
with its derivative with respect to 7 and the asymptotic forms
of Yo s (kP dy,,  (k)/drand A} | (k) given by
Egs. (2.15a), (2.15b), and (2.20), respectively, gives us the
asymptotic form of f;( — Bk,r) and its derivative with respect
torfortheranger = R, , |, to R. This enables us to compute
the asymptotic form of 4, ;(k ) by means of Eq. (2.18) with
r=R, . ,. Continuing this procedure, one finds the asymp-
totic form of each of the A4/, ;(k ) with 0< j<n, namely

n+1 -2
> 0k~

p=j+1

AL, (k) = f’[a,,,+l[1 +

+ Y 0%k MR exp[2iBk R, _R,,)])]

Jj+ lup<gsn+1

+ 5(:. -1 z

J+lepcn+ ]

0 [k exp2i BkRp)]] . @21

wherep,, ., = [o] and y; = min[m;, L —2 ] for j<n. Egs.
(2.18a), (2.21), and (2.15) yield the asymptotic forms for
fi,(+ k,r) and d f,( + k,r)/dr for all points from R, to R.
Using the same expansion functions, one finds®

(k= 5 Buwa,bn)
B, (k)= Wak) """ {1 + K/ (ak) + O(k "'Ink)
+ S Ok " exp[ —2iak R, ]}, (223a)

q=0

(2.22)

where

S Qik) TP, ) for 1<y<2,

K (k)=1=1 (2.23b)

0 for y<1,

and m = [(2 — y) ~']. The sum over g is absent in the j = O
case. In Ref. 3 it was also shown that

Si(FK)
= 1+ K(Fk)+0k ~"Ink) + [1 + K, (k)

+ 0k ~'Ink)] 'il A (+i2) " Vexp( +iB2),
o (2.242)

as k— o in &, where z = 2kR,
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B, = —I;L,a, —my + 2,4, =(—1)*(—R)"4,,
(2.24b)
forj=1,n,
Bivi=La, . =0+2,4,,, =(= DR T@+1),
(2.24¢)
and
4 = tim YO0 (2.24d)

€ 0 + dr’";
Since we now have the asymptotic forms of ¢, (k,7),

f[i( — k,r), and f,( — k) as k—c0 with Imk <0, we arein a
position to determine a bound on the portion of the integral
on the left-hand side of Eq. (2.13) that arises from the seg-
ment of C,,, for which Imk " < 0. The approach we shall take
is identical to that employed in Appendix C of Ref. 2. One
first defines F;(k ) with j = 1,4 by

R, —€

Fl(k)=L dr i dr F(r, 1),

R, G
(k) =JO er dr 7, rY,

(2.25)
F, (k)= f dr ”dr' F(rr),
ke Ry
Fo(k) :f ar( ar oy,
with
F(rr)= (= D kY Ok, r (=K, r.)
XX ("N f(—k) (2.26)

and R, = 100(/ + 1/2)°/|k |.
One then has

Lyka)= 3 Fk).

To obtain bounds on the interior integrals in which rand, or
7 run from O to R, one replaces the functions f;( — &,7) and
#,(k,r) that appear in the integrand by the bounds on their
absolute magnitude given by Newton,?' and also replaces
¥ (P) an y, (") by the following bounds on their absolute
magnitudes

ly:(r)| <constr™ ¢ for i=1 and 2, (2.27a)
where
E=max[§,, & ] (2.27b)

This bound follows immediately from the properties of v, (7)
given earlier. To obtain a bound on the magnitude of the
exterior integrals one first divides these integrals into subin-
tegrals over the subsegments 3, then replaces #,(k,r) and
f,( — k,r) by their asymptotic forms that are valid in 2. The
integrand will then be a sum of terms, each proportional to a
function of the form ¢®"F(r), where 3 =0, + l,or + 2,
and F (r) is abounded function of r which is independent of k.
If B 0, one integrates by parts at least one time. If 5 = O one
has a suitable expression as it stands. One next sums over j to
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obtain the asymptotic form of the exterior integrals and then
uses the properties of the functions y;(#) and a/(r) to deter-
mine a bound on the absolute magnitudes of the external
integrals. After a considerable amount of algebra one finds
that there exist positive constants Cand D,,p = 1 ton + 1,
such that for sufficiently large |k |

(L2 OV f(— k) <Clk |~ [MkR | 72 +1
+ 3 DEMRkR |

p=1

+D,,, @¥RkR|°2],  (228)

where v = Imk < 0. In Ref. 3 the location of those zeros of
f1(— k) for which |k |0 were determined. Such zeros lie
in either the third or fourth quadrant of the & plane, and are
given by

Kiy=QR) '[EM—iinM|[+0(1)], (2.29)

§=27(Bvip —Bvy-1)~ Y (2.29b)
where the index M takes on all integral values satisfying
|M|>N, ; where N, is some large positive integer, and the
indexj runs from 1 to 7<n + 1. As before, 7 is the total
number of discontinuities of d £ ¥ (r)/dr". The constants A ;
are defined by

J S
mm>N(j—Dj Bm _B}V(jfl)

AN —ON-
By —Bnii—n

forj = 1to 7, where N (0)==0and N () equals the value of m
for which the minimum occurs. Note that Eq. (2.30) implies
that N (/) increases with j and that N (r) = n + 1. It shall be
assumed that Eq. (2.30) has unique solutions for each. (Any
degeneracies can be removed by infinitesimal changes in the
parameters 3,,.) It then follows that 4, <4, , | for eachj
from 1 to 7 — 1. The two parameters a, and S,, which are
required in Eq. (2.30) whenj = 1, are defined by

a, =B, =0. (2.31)

Equation (2.29) is an asymptotic expansion in terms of the
index M. The remainder term O (1) is of zero order in M. It
should be noted that Eq. (2.29) involves a double index label
for the zeros of f;( — k ), while the ordering of zeros pre-
viously introduced involves only one index. Clearly the
transformation from a single label to a double label corre-
sponds to a reordering of the zeros. It will prove convenient
to retain the single label form when establishing the condi-
tions for convergence of the Mittag—Leffler expansion of
I, (k,a). Once the convergence has been established, further
information will be obtained by reordering the resulting infi-
nite sum. The validity of this procedure will be established
when it is required. From Eq. (2.29) one sees that a contour
plot of the function | f;( — k)| ~ ' in the right-half k plane
would look like a set of 7 mountain ranges, with each range
labelled by a fixed value of j, with roughly equal spacing
between mountains in a given range. Since a zero of /;( — k)
corresponds to an infinity of | f;( — k)| ', the altitudes of
these “mountains” are infinity high. However, the contour
C,. passes between the poles and it can be deformed so that

: (2.30)
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for each values of Im k the real value is chosen so that
| fi(— k)| ~'is minimized. If this is done it follows that

| i — k)|~ '<C |k [*¥Pexp( — 2By (5 VIR ), (2.32)
for k on C’,, where C/, is that portion of C,, for which
Re k> 0and

—A; . 1In(2]k |R)<2R Imk< — 4;In2|k |R ),
with j = 0 to 7 — 1. For the segment C ], defined to be that

part of C,, for which Re k>0 and Imk < — (2R) " '4,
XIn(2|k |R ), one has

|fi( = k)| " '<C k| * %exp(—2[v[R) .

Using the symmetries of f,( — k), f;( — k,7), and
é,( — k,r) given in Ref. 21, one finds that

[, (k, a)/k | = |1,,(—k* a)/(—k*),
which implies that the contribution to the integral on the
right-hand side of Eq. (2.13) made by the segment of C,,
lying in the third quadrant exactly equals the contribution
from the segment in the fourth quadrant. Hence, one only
needs to evaluate the latter contribution. Combining Eqgs.
(2.13), (2.28), (2.32), and (2.33), and carrying out the result-
ing integrals, one finds that

9€ I,(k', a)dk’
.., k'—k

(2.33)

vy +A@R=LBy ) +4 11— 4
m

71 C 1
<CP,;1+ z Jp
J

=0 G—RN(J) A=4

+C,p;v/ir(lfa/R)72’ (234)

provided that e < R, where A,=0and p,,, is the radius of the
circular path C,,. The first term on the right-hand side of Eq.
(2.34) is a bound on the contribution of the integral over the
portion of C,,, that lies in the upper half £’ plane, the sum onj
is a bound on the integral over the segments for which Imk
satisfies

— (2R) 'A.Inp, <Imk' <0,
and the last term is a bound on the integral over the line
segment for whichImk ' < — (2R )~ '4.Inp,,. Sincep,,—

as m— oo the contour integral will vanish as m— oo provided
that

a/R<1, (2.35a)
a/R<pé=1—(0—-2)/4,, (2.35b)
a/R<Bj =By —(an, — /4, if ay,>4, (2.350)
a/R<fBi=Byy+@—ay )4, if ay,<4.
(2.35d)

Employing the definition of 4, given by Eq. (2.30) and the
fact that 4;, By, and ay, are all positive quantities that
increase with j, one finds that

Bi>B°

for all j, where J is the value of j for which |a,;, — 4] is
minimized as j runs from 0-r, i.e.,

lay , —4 = Or(rl]ip’|aAN,(J) —4]. (2.36)
Hence the Mittag—Leffler series I, (k,a) converges if Eq.
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(2.35a) is satisfied and also
a/R <B5 2.37

with J defined by Eq. (2.36) and 5 defined by Egs. (2.35b)-
(2.35d).

To help clarify the situation we shall give the conver-
gence conditions for three special cases:

(i) Ifo<2,thenay;, <4forallj<randJ = 7. Equation
(2.35b) then yields 5 $>1 and the Mittag—Leffler series con-
verges for all a for which Eq. (2.35a) is satisfied.

(ii) If @y (;, > 4, then either J = 0 or 1. In either case
B = 4/, and the series converges for all @ for which
a<4Ry/ayg,.

(iii) If there exists a j = J for which a ,, = 4, which
implies that ¥ (r) has a discontinuity in its second derivative
at Ry ,,, then 8§ = By, and the series converges for all a
for whicha <Ry ,,-

Ifall of the derivatives of ¥ (r) up to order L are continu-
ous for 0 <7 <R, i.e,, the n = O case, then the potential will
be a member of the same class of functions examined in Ref.
2. For 0<2, case (i) above applies, which agrees with the
result obtained in Ref. 2. For o> 2, sincen =0then7=1
and ay, = ay, = o +2. Thus (ii) holds and the series
converges if @ <4R (2 4+ o) 7' . This also agrees with the re-
sult of Ref. 2 in those for which both y, (@) and y, (a) are
nonvanishing. The analysis of Ref. 2 shows that the radius of
convergence is extended if either one or both y, and y, van-
ish at a. This refinement has been ignored in the present
derivation. The additional convergence condition
a<(3+0;)2R /(2 + o) for j = 1,2 that appeared in Ref. 2
has been eliminated in the present paper by improving the
bound on |1, (k,a)|.

In concluding this section, we would like to point out
that although we have derived the convergence condition for
a particular orbital angular momentum /, the covnergence
conditions given by Egs. (2.352)—(2.35d) or equivalently by
Egs. (2.35a), (2.36), and (2.37) are the same for every /.

3. DETAILED STUDY OF THE CONVERGENCE OF THE
MITTAG-LEFFLER SERIES
When Eqs. (2.35a) and (2.37) are satisfied the Mittag—

Leffler expansion for I,, (k,a) converges, so that from Eq.
(2.12) one has

N R,(@) & (Z.)
Ilz(k,a): nZl k'—k + H:EA;+-I (k*k + -
(3.1)

From the definition of I, (k,a), Eq. (2.4), and the relation-
ship of ¢,(k,7) and f,( — k,r) at a zero of f,( — k), one finds
that?

‘U}n (a) = RCS[IIZ(k’ a)9 k= kn ]

_ <Xl |Pa|¢n> ((p—n'PalXZ)
N 2k

k—k

(3.22)

’
h

where
(1 |P.|®,) = (@, |P. l)a)*=f0 dri(O®, (), (3.2b)
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%’n(a)>

®,(r) = 2k, [ifi(k, ) fi(—k)/dk |~ ] "

><¢1(kn’ r) ’
(3.2¢)

and
®_.(N=D.0). (3.2d)

Equations (3.2a)—(3.2¢) hold for both positive and negative
values of n. The wavefunction @, (7) is the usual normalized
resonant state wavefunction>'®!! corresponding to the pole
atk,.

To obtain further insight into the convergence of the
Mittag—Leffler expansion and to gain information that will
be essential when we examine the completeness properties of
the resonance states, we shall determine the asymptotic form
of the residues # | , (@) as n— 0. To determine these as-
ymptotic forms one must first construct the asymptotic form
of the integral

Ak, a) = f dr (k. ) (3.3)

in the limit that |k |— o with Imk <0, where y () canbe any
one of the functions y, (), y,(7), 1 (7), and y; (r). Employ-
ing Eqgs. (3.2d), (2.22), (2.15a), and (2.15c¢), one finds that
with rin 3, =[R,, R, , | ], the integrand of Eq. (3.3)
becomes®®

x(Ng,(k,r) = i B, j(k)y(r)e*

x| 3 a0 @+ o lwr) ).
" (.4)

From the assumed properties of y, (r) and y, () and the defi-
nition of y (r) it follows thatd “y(r)/dr" is piecewise continu-
ous and bounded for rin (O,R ). Let us subdivide the segments
2, into subsegments [R,; R, ; ., ] with B ranging from 0 to
B()), where R,,=R;, R, 5,, ,, =R, ,, and the R, ; with
0 < B<B () are the complete set of discontinuities of

d “y(r)/dr* in Z;. From the properties of the expansion coef-
ficients a/ () givenin Sec. 2 and in Ref. 3, it then follows that
the function F,,, = y(r)a.,(r) is d,, times differentiable
throughout [R5, R, 5 ., ], where

d, =min[L,L+2—~m], (3.5)
and that

|F ()| <const  for 1< j<n, (3.6)
where

|F§) ()| <comstxr 5~ 7>, 3D

with £ given by Eq. (2.27b). Hence the mth term in the inte-
gral can be evaluated by repeated integration by parts. One
obtains

[r ar oty

- ¥ Ba,j(k)[i (iak )"

a m=0

+

I

X

i

VN

d .
_ z ( _ lak)f v — le'“""Fj.,‘;,’(r) |§:./x ;1
v=0
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R 541
+ (Gak) J dr e~ F }Z”) (r))

R/Ji

Rip+1
J- dr é**"y(r)

RJ»B

| e

Bounds on the two integrals on the right-hand side of Eq.
(3.8) can be constructed by using Egs. (2.27a), (3.6), and
(3.7). For the integral from r = 0 to R, y (#) is replaced by a
Born series expansion as was done in evaluating the corre-
sponding “internal” integrals in Refs. 2 and 3. The first term
of the resulting series expansion can easily be evaluated and
it is seen that the leading R, dependent terms cancel against
the leading R, dependent terms of the external integral. The
higher order terms are not as easily evaluated but using the
techniques of Ref. 3 one finds that

f dry(ng,(k,r) =k ~'727¢ [i ol T

R, j=0

+olwr)~*

+ 0| Inlk )]
+ (R, dependent terms), 3.9)

where m is the greatest integer <(2 — %) ~'.

If one defines J and b as the values of j and S for which
R,;<a<R;; ., , then the external integral consists of a sum
over all those subintegrals given by the left-hand side of Eq.
(3.8) for whichj and 3 satisfy the constraints R, ; <R, plus
an additional integral of the same form, but with R, replac-
ing R, ; and a replacing R, 5 ., . Adding the interior integral
to the exterior integral, using properties of the amplitudes
B, ;(k) given in Ref. 3, gives

f:dr ¢k, )y (k) = ) :Zil (Ba’ o(k )[ ek (a) (iak ) !

— lim(iak) ™' S exp(iakR, )
e—0 B

X [X(Rj,ﬂ +e€) —X(Rj,ﬁ — 5)]]

+ (iak ) ' B, o (k)

x[1+0k|=HD), (3.10)

where B, (k) was defined in Eq. (2.23) and ﬁa, o(k ) also
satisfies an equation of the form (2.23), but with b (/, ) re-
placed by a new set of constants b (/, /). The prime on the sum
over j and 3 indicates that the sum is restricted to those
values of j and 8 for which R, ; <R, ,. We note that the R,
dependence of the interior integral cancels against the R,
dependence of the exterior integral, as it clearly must since
R, isan arbitrary matching point and both ¥ (#) and y (7) are
assumed to have derivatives of all order at R,,.

To complete the evaluation of the residues one needs
the asymptotic forms of f,(k ) and d f,( — k )/dk and also
the asymptotic pole positions. The asymptotic form of £,(k )
is given by Eq. (2.24a), the asymptotic form of
d fi( — k)/dk evaluated at a zero of f,( — k) is derived in
Appendix A and given by Eq. (A6), and finally, the asymp-
totic form for the pole positions is given by Eq. (2.29). Substi-
tuting these asymptotic expressions into the equation for the
residue of I, (k,a) at k = k-, and collecting terms yields
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Ry(@) k— k) ' = YCI (@) @M)™

Xexplig (@M )
X[1+0M ~'InjMD] (.11

for every fixed value of k as | M |— o, Where the sum on « has
a finite number of terms and the amplitudes C/, , (a), the
powers 72(a) and the phase factors ¢/ (@) are each indepen-
dent of M. Theindicesa = + landa = — 1 correspond to
M >0 and M <0, respectively. The derivation also reveals
that [C/, | .(a)| = |C’_ . (a)| for every «, and that

C’, (@)= C’_ (a)forevery « for which both /, and m,,
vanish. A more detailed expression for these coefficients is
given in Appendix B.

Before we examine Eq. (3.11) in more detail, we address
ourselves to a complication touched upon in the previous
section, the terms of the Mittag—Leffler series were labelled
by a single index n, which we associated with the pole &, ,
while our asymptotic expression for the pole positions, and
hence for the residue poles, has two labels j, which labels the
family, and M, which labels the various members of the fam-
ily. It would be extremely difficult and of doubtful value to
identify each pole k/ with a pole k,. So we shall use a differ-
ent approach to investigate the convergence properties of the
Mittag—Leffler series. Suppose, for the sake of argument,
that the pair of infinite sums

Slo=Y #yk—k%) ' and

M>0
Sj—l = z '@ij(k - kij)m : s
M>0

converge for each and every j family. Then by the Cauchy
condition,” for every € > O there exists an ¥, such that

i R ji M €
W k=K, |2
for everyjaslongas N> K > N,. What does this imply about
the convergence of the Mittag—Leffler series? To answer this

question we consider a partial sum for the Mittag—Leffler
series and note that it can be rewritten as

N R R _
,,.zk(k—km +k—km>
r Ni 78 N/ R

- J‘Zl<m_zl(’k—k{n + m;K’ k—kjm)'

The reordering of terms is valid since we are dealing with
finite sums. By the nature of the mapping from %, to kit
follows that if one takes K sufficiently large, say K > M_,
then K/> N, for every j, thus to each € > O there exists an M.
such that if N> K > N, then

N Rz, R
mZK(k*km +k—k.‘m>’
~ Rom
Z k—k/

aM

M=K'

(3.12)

T + 1

<3

Jj=la= -1

<€.

Hence, the Mittag-Leffler expansion converges if both S/, |
and S’_ | converge for everyj. One can go one step further. If
one defines infinite sums
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Sh@= Y Ci, () (iatM)™“expliap’ (@M ],(3.13)

M0

if follows that S/, will converge if S7,, converges for each
value x in the sum on the right-hand side of Eq. (3.11). Thus,
if /. | and S’_ |, converge for every j and «, the Mittag—
Leffler expansion will converge. The converse, however, is
not true, that is convergence of the Mittag-Leffler series
does not imply convergence of S/, for every j and k. We
shall see examples of this later on, but for the moment, let us
determine the convergence conditions for the series
S/, 1(@). We begin by examining Eq. (3.11) in greater
detail.

Each of the phases ¢/ (a) and each of the powers
7/ (a) has the general form

$L@=CX] (3.14a)
and
. . n+ 1 w
mi@) = L, X\ +ay — A ng (@, —ayg,)
- 2 .
Q=N+ Y ml.{ —4, (3.14b)

=1
with

. n+1 X
X, =B"—Bn, + 2 e i(Bi = Bnep),  (.l40)

i=1

where the double prime on the sums means thati = N (j)and
i = N (j —1) are excluded from the sums, the coefficient n ;
are nonnegative integers, [/, is an integer ranging from 0 to
m, with m the greatest integer <(2 — ¥) ™', and e, ; = O or
1. The quantities A, §;, Bi, B¢ ,)» @i» @n ;) ¥ and §; where
defined in Sec. 2.

The various terms of the sum over « in Eq. (3.11) fall
into three basic classes which we list below:

(a) In this class m, | = m/,, = 0and B times R can be
any one of the following; a,a + 7,,r, + 1., —a, —a+r,,
— ’;1: + 75, or 0, where 7, is the position of the pth disconti-
nuity of y,(r). The i can be either 1 or 2in 7, but p and ¢ are
restricted to values for which #, <a and r} <a.

(b) In this class either /., = land m/,, =0or
m,, =0and m, = 1, while 3R may be either + a/2 or
+ r,/2, where again / may be either 1 or 2, but p is restricted
to values for which 7, <a. If B"R = +r,/2thenm! , =0.

(c) In this class m/,, = m,., = 1and 8*=0. If one de-
fines P(i, j,A ) by

P(i’j)/{’):/z'(ﬁi—BN(/))_ai+aN(J)’ (3.15)
as was done in Ref. 3, then
. n+ 1 .
mi{a) = AJBK'FP(O’J./I]')*‘ 2 "nlx,iP(i!j’Aj)
=1
2
-1+ > m & —4. (3.16)

i=1
From the theorem established in Sec. 3 of Ref. 3 it follows
that P (i, j,A;) < Ofor every /in the sum while P (0, j,A,)<Ofor
every j (the quality only holds forj = 1). Since /(2 — ¥)>0
and &; <1, one then finds that

2
@)~ AB <y 3 m, —4< -3, (3.17)
i=1
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for every «. If in addition 3 <0, then the infinite series

S7,. « (@) will be absolutely convergent. Therefore to complete
our study of constraints on @ which guarantee the conver-
gence of 7, (@), we need only examine those series S, , (a)
associated with values of £ > 0. This eliminates from fur-
ther consideration all values of « associated with terms in
class (¢) and many values of « associated with terms in
classes (a) and (b) as well.

For those series S7,, (@) that survive after those for
which 3“<0 have been eliminated, a necessary condition for
convergence? is 7/ (a) < 0. From Eq. (3.15) and the proper-
ties of the P (i, j, A,), it follows that the maximum value of
w](a) for k in class (a), occurs when /, = n,; = O for every i
in the sum and 3 = a/R. Calling this term the ¥ = 1 term,
one has

mi@) =Aa/R —By,) +an, —4. (3.18)
Now 7{(a) <0 implies that @ must satisfy
a/R<By, —(any — 8/, , 3.19)

or else 7, (a) will diverge. If Eq. (3.19) is satisfied and the
phase ¢/ (a) is not an integral multiple of 27, the series will
converge by the Dirichlet test.” If, for the moment, we as-
sume that none of the phases ¢~.(a) is an integral multiple of
21, then S/, , (a) will converge for every « belonging to class
(), since 7/ (a) < i (a) <0 for every k# 1 in class (a).

For « in class (b), one sees that the maximum power is

7i(@)=A,[a/QR) — By p] +ang +§—4, (3.20)

with £ as defined in Eq. (2.27b). If a satisfies Eq. (3.19), then
by Egs. (2.31), (3.15), and (3.18), Eq. (3.20) becomes

(@)= [7{@) + PO, jA)])/2+&—-2< -3,

so every one of the series S”, , (a) with « in class (b) is abso-
lutely convergent. Thus, if a satisfies Eq. (3.19) and ¢”, (@)
#0 (mod 27) [i.e., ¢ (a) does not equal an integral multiple
of 21r] for every « in class (a) for which — 1<#/(a) <0, then
S (a) will also converge. It may seem that we have neglected
terms associated with the factor O(M ~'In|M |) on the
right-hand side of Eq. (3.11), but these terms are of order
OM ~ '~ ™“In|M |) = o(M ~"), so they too give rise to an
absolutely convergent sum when Eq. (3.19) is satisfied.

Ifa/R < B¢, with 8 as defined in Sec. 2, then not only
is Eq. (3.19) satisfied for every j, but the Mittag—Leffler series
converges. Hence, one gets convergence even when one or
more of the phases ¢ /(@) equals 0 (mod 27). In Appendix Bit
is shown that if ¢/ (@) = 0 (mod 27) and — 1<7](a) <0,
then either the coefficient C”_, (@) vanishes or there exists a
term in a neighboring family j' = j + 1 whose phase also
equals 0 (mod 27) and whose power equals 77/(a). Taking the
ratio of the two terms one obtains

Cl (@)/Ch (@)= —§/¢ . (3.21)

But the right-hand side of Eq. (3.21) is, apart from sign, just
the ratio of the spacing between poles of the j family to the
spacing between poles of the’ family. Therefore, if one com-
bines the terms of the series S/, and S”, . to form a new

series whose terms are ordered according to the magnitude
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of the poles, as is done in ordering terms of the Mittag—
Leffler series, then the new series converges.

Now that we have examined the Mittag—Leffler series
in some detail we are in a position to consider the limiting
process that leads to the “completeness” series.

4. COMPLETENESS

We shall begin this section by determining the asymp-
totic form of I, (k,a) as k— w0 in &, whre & is a domain in
the complex k plane, containing all points for which
6, <argk<m — 6, with0 <6, <7/2, and |k |>X, where X
is sufficiently large so that all bound state poles have
|k;| < X. For the class of potentials being considered, X is
finite. From Eqgs. (2.4), (2.5), and (2.26) it can be seen that

Lka)= 3 Fk),

i=1
where the F;(k ) are defined by Eq. (2.25). Taking R,
= [In(Jk |R)] ~ 'in Eq. (2.25) and employing the asymptot-
ic form of G{*(k; r, r) given by Newton,” i.e.,

4.1)

GiHksrry = (=D kg k )
Xf(=kr. Y fi = k)
= Qik) e T — (= e+
+ole” lvi(r. —f.:))] ,

for all  and 7' >R,, where v = Imk, one can evaluate the
asymptotic form of F, (k). Using the bounds on

|G{+)(k'; r; r')| given by Newton and the bounds on |y, (r)|
given by Eq. (2.27a), one can place bounds on the contribu-
tions of F,(k), F;(k), and F, (k) to I,,(k,a). Combining
these results, one finds that

Lotk a)=k - 2f:drxl D0 (L +ol), @3

as k— oo in & . Therefore,

4.2)

’E{nkmllz(k, a)=5m,2<l’1 1P, lx2) » (4.42)
form =1and 2 and kin &, where
P b= dre On0). (4.4b)

Next, we apply the same limiting process to the pole
expansion of I, (k,a), i.e., we consider

. N (@) 2 (ﬁn(a) 9?‘,,(0))]
lim + .
kv oo [,.Zlk—k,, ,,:;H k—k, + k—k_,
(k in #)

(4.5)

Suppose, for the sake of argument, that one can interchange
the order of the limit and the sum. For the m = 1 case one
would obtain

}i @+ 3

n=N41

(Z.,@+ % _,@]=0. (4.6)

Continuing on with the supposition, if one multiplies Eq.
(4.6) by k and Eq. (3.1) by k 2, adds the resulting equations
and combines terms to form a single infinite sum, he will
obtain
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Nk, R, (a)
kI, (k, a)=n;j;:q
P k, % .(a) k_,,.%’,,,(a))
+ . @7
+n=;+l(l—k_lk" 1—k " %_, “7)

Assuming further, that the ordering of the limit and the sum
can once again be interchanged, Eq. (4.4) then gives us

WPl = 3 k#,@
>

n=N+1

k. Z,@) +k_, % _,(].

4.8)

Substituting Eqgs. (3.2a) and (3.2b) into Eq. (4.8) gives us the
desired completeness relationship for the bound and reso-
nance states.

It is now our task to determine the range of values of a
for which the assumed interchanges are valid. Since the deri-
vation will involve a number of steps, we begin with a brief
outline of the procedure.

(i) They asymptotic form of the terms of the series is
established.

(ii) The range of a for which the series is uniformly
convergent in the domain & is determined.

(iii) The behavior of the terms of the series as k—w in
& is examined.

(iv) Finally, by combining the results of steps (ii) and
(iii) it is shown that one can interchange the order of the sum
and limit for any a for which the series is uniformly conver-
gentin &.

Step (i) is easily accomplished. The two series of con-
cern are

Y (k)" R (@)

ik, @)=
§Tka) nzo l—kflk,,
& (k)" 'R  (k_)" '%’-n(a))
n-»;a»l( 1—k 'k, 1—k 'k_, @9

with m = 1 and 2. S V(k,a) corresponds to the series of Eq.
(4.5), and S ®(k,a) corresponds to the series of Eq. (4.7).
From Eqgs. (3.11) and (2.29) it is seen that the asymptotic
form of the terms of S ™(k,a) expressed in the (M) repre-
sentation are

(k)" Fu@ (k)" A y(a)

1—k "'k, 1—k 'k/_,,
- 1
= 2 > ik, a), (4.10a)
a= -1 «

with

A7tk @) = D 7J@) (ab,M)™ " "expliad’ (a)M )
X(1—k ~'k,) !
X[1+0M ~'InM)], (4.10b)

DiMa)y= —i "Cl . (a). (4.10¢)

As a preliminary to step (ii) we shall derive bounds on
[T—k "%/ | " 'and |(1 —k ~'k4,) !
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— (1 —k ~'gM) | forallj, all k in & and every M for
which |M |>M° > 1. Let ¢ = arg(k /k7), then
Lk k[ = e — ke /k |
= (cosp — |k, 7k |)* + sin’*¢>sin%6, ,
therefore
11—k 'k~ '<(sin@,) ", @.11)

for every j, every k in &, and every |M |>M ¢. To obtain the
second the second inequality, we first note from Egs. (2.29)
and (4.10d) that

A=k k) '—(A—k M)
= —i(1—k 'k%) '[4,In|M]| + O()]
Xk —&M)™!
while
k—GM|* = |lkle” — M|
=(lk| —{;Mcos8) + (5;M sind )’
>(5;M sinb,)*,
therefore
A=k 4 ==k GM) |
<constX |M |~ 'In|M |,
foreveryj<7, kin & and [M |>M > 1.

The approach we shall take in determining the condi-
tion for uniform convergence of the series S " (k,a), will be
similar to that used in determining the condition for conver-
gence of the Mittag—Leffler series in Sec. 3, we shall reorder
the terms of the series, writing S “(k,a) as a sum of a finite
number of subseries, each subseries consisting of all terms of
S ""Yk,a) that have the same value of j,x, and a. A straight-
forward generalization of the argument presented in Sec. 3,
then shows that S “")(k,a) will be uniformly convergent in &
if each of the subseries is uniformly convergent in &. From
Egs. (4.10) and (4.11) it is seen that a necessary condition for
the convergence of the subseries 2, (2 7./,,) is that

7' (a) + m <0. This inequality will be satisfied for every val-
ue of j,k, and a and for every kin &, if

<ﬁ€(m)zjg§?){ Byiy +A; ' [4—ay, —ml}.(4.13)

4.12)

4
R

Since a; >2 for every j>1, it follows that the minimum is
achieved atj = 1if m>2, i.e,

B(my=@—m)By/ay,, for m=2and 3. (4.14)

Lt us now asume that a/R < (i) — €,, where ¢, is an
arbitrary small positive number, and let us define

B duk, @)
= D @) (iag, M )™ " "expiag (@M ]
x(1—k ~'¢aM)™ ', (4.152)
C ok, a) = ATl k,a) — BTk, a) . (4.15b)
It then follows from Eqs. (4.10), (4.12), and (4.15) that
| €™ (k,a)| <CM ~' " *InM<CM ~ '~ (4.16)

for every j,x,a, and for every k in & . (In deriving Eq. (4.16)
we have also used the fact that 4, >2 for every j>1.) Accord-
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ing to Eq. (4.16) each of the series 2 ,,(% \/,,) is uniformly
and absolutely convergent in &. Hence, uniform conver-
gence of S ”(k,a) will follow if one can show that each of the
subseries 2 ,,(4 7:/,,) is uniformly convergent in . For
conveneince we shall refer to these sereis as & series.

The key for the analysis of the & series is provided by
the theorem of Appendix C. To apply the theorem one takes
the quantities a,,, z, and p defined in the appendix to be

ay =D @) (iag;M)™ * Mexpliag’ @M ],

(4.17a)
2l =& /1k |, (4.17b)
argz = — argk + (a — )m/2, 4.17¢)

and p = 1. We again assume that a/R<B(m) — ¢,. If we
further assume that ¢~ (a)#0(mod 27), then the series
3,1, converges by the Dirichlet test,” and then the theo-
rem of Appendix C tells us that the series =,, [ Z 7/, (k,a) ]
is uniformly convergent for all k in . ,, where . , | con-
sists of all points of the k plane for which 8, <argk <27 — 6,,
and . _ | consists of all points for which 6, — 7
argk<m — 6,. Since the domain & is contained in the in-
tersect of . , | and . _ | we conclude that both of the
series, i.e., the one witha = + 1 and the one witha = — 1,
are uniformly convergent in & .

If there are no (k) for whichis ¢/ (a) = 0(mod27) and
ml(a)>» — 1 — m, then each of the 2 series is uniformly con-
vergent in &, and it follows from Eq. (4.15b) and the uni-
form and absolute convergence of the % series that each of
the .« series is also uniformly convergent in . Finally, as
mentioned earlier, the uniform convergence of each of the .o/
series implies the uniform convergence of the entire series
S (k,a) for k in &.

The case in which one of the phases ¢/ (@) = O(mod 27)
and — 1<7/(a) + m <0, is treated in Appendix B, where it
is shown that the divergent series that results can be com-
bined with a second divergent % series to form a resultant
series, made up of terms from the two original series ordered
according to |k, |, that is uniformly convergent in & . Thus,
the series § “(k,a) will always be uniformly convergent in &
as long as a/R<B(m) — ¢,.

To facilitate the discussion of step (iii), we define a par-
tial sum S {”(k,a) by

y (k)" 'R, (a)
Ska)y=y —m
i (k,a) zn: 1k 'k,
! o k)" Rn@
I (kan)
N

n= +1a:zv1 l_kilkan

3

(4.18)

where I > N, but is otherwise arbitrary. Since S {™(k,a) is a
finite sum one can immediately pass to the limit k— o0 in &,
obtaining

S, )= 3 (k)" 'R, (@)

n=1

+ Y S k) 2L.@. @19

n=N+la= —1
Ifa/R < B°(m) — €,; then there exists a constant C such that
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(k)" '#,@]|<C,
for all n, both positive and negative. Therefore
1Sk, @) — S 7 (0, @)

(4.20)

| & k)2 (a) = R (. (7 (1)
|2 %—x Y22 ki k.

n=1 n=N+1la

<QCI)xmax | k,(k— k)" |, (4.21)

where the maximum is taken over all n for which |k, |<k;.
Let us now define a neighborhood of infinity in &, call it
A, to be the set of all points in & for which

lk|>(1+ 6CI/e)|k,|, 4.22)
where € is an arbitrary positive number, then
|S (k@) — S ™ (0, a)| <€/3, (4.23)

for every k in 4", as long as a/R < (m) — €,.

We can now proceed to step (iv). The interchange of
limit and sum we wish to establish can be expressed as
follows:

lim S“(k,a) = 1imS{ (0, a) =5 (w0, a).

k-roo(k in %) I+
4.24)
The last equality defines .S "’(o0,a). From Egs. (4.6), (4.8),
and (4.19), one sees that S ’(0,a) is just the series on the
left-hand side of Eq. (4.6) and S (0 ,a) is the series on the
right-hand side of Eq. (4.8). Since the series S “”(k,a) is uni-
formly convergent for every k in &, to every €> 0, there
exists an integer / such that
|S§(k, @) — S "™k, a)| <€/3,

for every kin &, J>1, and a/R < B (m) — €,. Hence

|S ™k, a) — S o, a)|<|S ™k, a) — § ™k, a)|
+ 'Sg'n)(kv a) - S(lm)(oo» a)l
+ 18§, @) — SN0, a)| <€,

forevery kin 4", and a<B (m) — ¢,. Therefore, Eq. (4.24)
is valid whenever a<f (m) — ¢,.

Since S V(k,a) = kI, (k,a), one sees that Eqgs. (4.6) and
(4.7) are valid for every a < (1) — ¢,. It then follows that
S O(k,a) = kI, (k,a) for every everya <B°(1) — ¢,, and
that Eq. (4.8) holds for every a <8°(2) — ¢,. Since these are
the relations we wished to establish we now write them out in
a more complete form.

S (IP12,) (@, 1P 1) @k,)

= < Pa ¢n ¢—n Pa
L 3 X1 P @) (P _,|P,|x,)
n=N+1 Zk,,
+ (Xl IPaldj—n) <¢n,Pa'X2)
2k _,
=0, (4.25)
for a/R <B°(1), and
N
{3 ip19,) (@12 1x)
n=1
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+ 3

[(Xl IPa|¢n) (an“)alxz)

+ (PP _ ) (PP x2 Y 1} = (i 1Palxa)
(4.26

for everya < 2Ry y/ay)-

The class of functions to which y, () and y, (#) belong
has been defined so broadly that any number of complete sets
of functions, such as the radial wavefunctions for a harmonic
oscillator potential, will belong to the class. Hence, Egs.
(4.25) and (4.26) will hold for any two square integrable
functions, and one concludes that®

N
%[ S P19, (P,
i=1

>

j=N+1

P12 (D |+ |P_,) <¢j|]Pa] ~P,,

(4.27)

for a/R<B°(2) — €,, and

x P,|9;) (PP,

= 2k;

n D) (D . D_) (D
+ Z P“[' j>( AJI+| _I>< ll Pa_’o,
= 2k; 2k

(4.28)

fora/R<B ‘(1) — €,. Where the arrows mean that the opera-
tors on the left-hand side of the arrow weakly converge to the
operator on the right-hand side as n— .

A resonant state expansion of the wavefunction y,(r)
can be constructed by the same procedure used to construct
the series for (y, | P, |y, ). One first defines a function J, (k,r)
by

J.(k,r)= f dar G\ (k; r, Py (r), 4.29)

0
with r < a. He then multiplies J, (k,r) by k > and takes the
limit k— o in &, obtaining

lim [k%,(k,N]=x:().

k—oo in #
One next constructs the Mittag-Leffler series for J,(k,7),
multiplies the series by & * and again lets k— 0 in &. Upon
equating the two limiting expressions one obtains

N
w0 =3 5 6,0%9IP.1x)
i=1
+ 3 B0@ IR + @ 060 R,
Jj=N+1

4.31)
which is valid for r + a <2R )/ ,), Or equivalently for
r <Ry, /ay,- Note that the radius of convergence of the

series for y,(r), Eq. (4.31), is less than half the radius of
convergence of the series for (y,|P, |y, ), Eq. (4.26).

(4.30)

5. COMMENTS AND CONCLUSIONS

Eqgs. (4.26), (4.27), and (4.31) represent the “complete-
ness” properties of the set of bound, virtual, and resonant
states of the simple quantum mechanical system under con-
sideration. Eq. (4.26), or equivalently, Eq. (4.27) is an ex-
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pression of how completeness applies to matrix elements,
and Eq. (4.31) is an expression of how completeness applies
to wavefunctions. The completeness properties of these
states differs from true completeness in several ways. First,
resonant state expansions only hold within a finite volume of
configuration space, this is a property shared with an expan-
sion in terms of R-matrix states.’' Perhaps this fact is not too
surprising since, as Seigert pointed out,’ resonant state wave-
functions bear some resemblance to Kapur—Peierls wave-
functions,’? and the latter are just a particular choice of R-
matrix wavefunctions. However, unlike the R-matrix case,
the volume in which the expansion is valid is restricted by the
physical properties of the system rather than being com-
pletely arbitrary. Furthermore, the bound-virtual-, and reso-
nant-state wavefunctions are neither normalized or ortho-
gonal over the finite region 0<r<a. Finally, the convergence
of the series expansion of the operator P, is only weakly
convergent in contrast to strong convergence in the R-ma-
trix case.

In addition to the completeness relations for the set of
bound, virtual, and resonant states of the system under
study, we have determined the convergence conditions of the
Mittag—Leffler series for I,, (k,a), 1.e., for certain matrix ele-
ments of the Green’s function. The convergence of the Mit-
tag-Ieffler series can be improved by one or more subtrac-
tions, as was pointed out by Gracia-Calderén®® and Bang et
al.** A simple analysis based upon the work of Sec. 3, in
particular Eq. (3.14b), shows that the Mittag—Leffler series
for I,, (k,a) with p subtractions will be absolutely convergent
for all a<R, if p> o — 1, and that each additional subtrac-
tion will increase the rate of convergence.

One rather interesting result was obtained in Ref. 33,
was further dealt with in Ref. 34, and bears mentioning here.
Since the physical solution of Eq. (2.6) is related to the
Green’s function by

WOk, ) =(—=1D)*kG{(k;r, R)/w(—k,R)

(5.1)

for all r < R, then a resonant state expansion for ¢ * (k, r)
can immediately be obtained for r < R by substituting the
Mittag-Leffler series for G§ *'(k; r, #) into the right-hand
side of Eq. (5.1). Once again the convergence can be im-
proved by including more and more subtractions.

For potentials with an exponential tail such as Yukawa
or Woods-Saxon potentials, the Green’s function will have
cuts in the complex & plane in addition to the bound-, virtu-
al-, and resonant-state poles. Thus, one cannot obtain a sim-
ple Mittag—Leffler series for I, (k,a) when such a potential is
substituted for the cutoff potentials we have been consider-
ing. Perhaps, a generalized expansion could be obtained, but
in all likelihood, it would contain an integral term, arising
from the cuts, as well as the discrete sum over pole states.
However, it has been argued that if one truncates these po-
tentials at some large radius, the physical consequences will
be negligible, even though the analytic properties may be
drastically changed. Such a truncation would yield a poten-
tial falling in the class we have considered, in fact one with
o = 0. To the extent that the physical consequences of trun-
cating a potential with an exponential tail are small, one can
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also truncate a cutoff potential for which o > 0 at a radius
R — ¢, with € an arbitrarily small positive number, convert-
ing the potential into a physically equivalent potential with
o = 0.For potentials in this restricted but important class,
one has the following results:

(i) The Mittag-Leffler series for 7, (k,a) is absolutely
convergent for each fixed real value of k and e<R.

(ii) The resonant-state expansion for {y; |P, |y, ) con-
verges for all @ < R, and it is absolutely convergent if
a<R/2.

(ii1) The resonant state expansion for P, covnerges
weakly for all ¢ < R.

(iv) The resonant state expansion for y,(r) converges
for all 2 < R /2. The series is absolutely convergent if
a < R /4. For a Woods—Saxon potential V' (r) = V,, /{1
+ exp[(r — ry)/a, |} that is truncated at r = R with
R>r,>a,, the expansions are absolutely convergent up to a
radius that is well out into the tail of the potential.

Finally, if one applies the results of Secs. 2 and 3 to
study the convergence of the pole expansions of the partial
wave components of the § matrix and fully-off-shell 7" ma-
trix given by Eqgs. (2.45) and (2.43), respectively, of Ref. 2.,
he finds that the series for S;(k ) is uniformly and absolutely
convergent for all real &, and that the series for a,(k;p,q) is
uniformly and absolutely convergent for all real &, p, and q.
In both cases these results hold for all potentials that fall in
the class defined in Sec. 2.
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APPENDIX A

The derivation of the asymptotic form of
d f,( — k)/dk is complicated by the fact that one cannot in
general differentiate an asymptotic expansion.”” Fortunate-
ly, there is a way of avoiding this difficulty. One begins with
the integral representation for f,( — k )*'

Fl—ky=1+(— 1)1ka dr éi(k, AV (P, — kr), (A1)

where w,(x) is a Riccati-Hankel function. Applyingd /dk to
this equation gives

df, (—k)
dk
I(f, (—k)—1)
- k
—(—l)fk/J‘ dr ¢, (k, H)rV (Pw, ( — kr)
(=1 kf drw, (— kny () 2D "”(k i
(A2)

where w,'(x) = dw,(x)/dx. Since we have already construct-
ed the asymptotic expansion of /;( — k) and #,(k,r), and we
also know the asymptotic forms of w,( — kr) and w,"( — kr),
one can immediately evaluate the asymptotic form of the

first pair of terms on the right-hand side of Eq. (A2). Before

W.J. Romo 322



the final integral can be evaluated one must construct the
asymptotic expansion of d¢,(k,r)/dk . If one differentiates
the radial Schrodinger equation for ¢,(k,r) with respect to &
and converts the resulting differential equation into an inte-
gral equation he obtains

d¢[(k’ r)
dk

where
gkir,ry= (=1)'Qik)™"

X [fi(— k. P fitk F) = [tk D f(— K, )]

(A3b)

Upon replacing f; (k,r) and f;( — k,#) by their asymptotic ex-
pansions in Eq. (A3b) and substituting the resulting asymp-
totic expansions for g,(k;7,r') along with the asymptotic ex-
pansion of ¢, (k,r) into the integral on the right-hand side of
Eq. (A3a)and integrating, one obtains the desired expansion
for dg,(k,r)/dk . As usual the asymptotic expansion changes
form in each of the segments 3. Finally, if the asymptotic
expansion of d¢,(k,r)/dk and w,( — kr) are inserted into the
final integral of Eq. (A2) and the integral is evaluated one
finds the asymptotic expansion of d f,( — k )/dk,

dfi(—k)
dk ]

= %R [1+K,(k)+ Ok ~'Ink)] 'S 4,8,GZ)™
xexp(iB,Z)[1 + Ok ~1)],

where Z = 2kR.

If k), is a zero of f;( — k) belonging to the jth family,
then

n+1 .
S 4,GZ%)  “exp(iB,Z}) =0,
g=0

where Z/, = 2k’ R, a, =B, = 0and
Ap=[1+ K, (k) +0(k nk))/[1 + K,(— k)
+OkInk)] .

~ % f g1(k; r, )8,k Py dF' (A3a)
(¢]

(A4)

(AS5)

Evaluating Eq. (A4) at k = k’), and using Eq. (A5) to elimi-
nate the ¢ = N (j —1) term gives
df(—k)
dk
=2[Ry() — Ry¢; o [T+ K (k) + O (MInM)]

X(I-Z‘CW) - G\UMN(_/') CXP(IBNU)Z{;{)

n+1 B _ﬂ i
x{1+ z (Aq/AN(ﬁ)—q——L”—
g=0 By —Bnii-n
aENGNG+1)

k= ki,

(A6)

X (I'ZI/'”)“"”_Q"exp[iZj,“,,(Bq _BN(D)]) )

From a theorem which was established in Ref. 3, it follows
that each of the terms in the sum over g on the right-hand
side of Eq. (A6) tends to zero as |M |-, while the factor
(Z%y) ~ “exp(iBn(;Z*4) tends to unity as [M |— oo if

j =1, or it tends to infinity as |M |— oo if j> 1.
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APPENDIX B

In this Appendix we shall investigate the convergence
properties of the Mittag-Leffler series and of the series
S “(k,a) of Sec. 4 when one or more of the phases ¢/ (a)
= 271 for integral . We know in the case of the Mittag-
Leffler series for 1, (k,a) that the series converges as long as
a/R < B}, no matter what the individual phases may be.
Thus, if the Mittag-Lefller series converges, but one of the
subseries S . (a), cf. Eq. (3.13), diverges because its phases
equals 2777, then it is reasonable to assume that there is an-
other divergent subseries in the set {SY?) (a)} whose terms
can be combined with the terms of the divergent series
S (a) to form a convergent series if the terms of the new
series have been ordered according to the same rule that was
used in ordering the terms of the Mittag-LefHler series.
To pursue this possibility let us assume that ¢/ (a)
= 271, where ¢ (. (a) is the phase factor for the terms of the
series S\ (a). We next examine the two series S, " (@) and

S+ D (a) generated by the two neighboring families of poles

k4! and k", respectively, where the parameters defining
these series are given by
Ponig—» =0,

BKJ:ﬁK: ’n{c:il :'"{c,i’ IJKTl :l{(’ K
Wongy = —dA+NL), and nl,| =nl, for all other i,

K,

(B1)
for the parameters of S/ ", where
No=1+3n, (B2)

and
anzﬂky ’n{(’tll Z’n{(,i! l{rj-l =1{(’ n{(jl-,lN(j+l) =07
Wihg-y =1 and nt! =nl, for all other i, (B3)

for the parameters of S/>" (a). With these parameters and
the definitions of the phase and power functions given by
Egs. (3.14a) and (3.14b), one readily finds that

7l @ =7 (@) =7/,

¢l @ =21 ;s

¢ (@ =20+ N%).
Hence, the two neighboring series have the same power and
phases (mod 27) as the series S . (), so they can potentially
be the ones that can be combined with it to produce a single
convergent series. However, the constrains that the param-
eters #.,y ;, and 7}y, _,) must be nonnegative integers,
cf. Sec. 3, implies that the parametrization of S ¢, (a) is
only valid if < — N/, and that the parametrization of
S 3D (@) will only be allowed if I>0.

Our effort now divides into three separate tasks. First
we must show that when /< — N/, the series S ¢, (a) and
S {.."” (a) combine to form a convergent series, then we must
show that if 7>0 the series S (. (a) and S /), X(a) can be so
combined, and, finally, we must explain what happens when
1 — NI —1.

The key to carrying out all three tasks is provided by a
closer examination of the amplitude function C-, (a), that
appears in Eq. (3.11). The detailed derivation of the asymp-

(B4
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totic form of % (a) reveals that
F,(B;T (x + N%)

[AN(j +1) ]N{'F(x +1)
X ff ((Ai)"/"i ) (ANU—D )" M
=0 (”fn)' AN(,)
where x = {, X/ /27w, A, =1,and X/, {; and 4; with
i =1, n —1, are defined by Egs. (3.14c), (2.29), and (2.24),
respectively. The amplitude F_ (") is the same for all fam-
ilies, i.e., it is independentof j, and it depends upon the wave
functions y, and y,, for example, if 3 = a/R then F,(8*)
= 2R *(—-1) 'y} @)y, (@)/m. (The remaining possibilities
will not be listed since F,, (8 *) will play no role in our
arguments.)
If ¢ (@) = 271, then x = I, and one finds that
i 1)
N D iy a2+ N -1y,
1! (B6)
Clearly C/, .(a) will vanish if [ is an integer satisfying
1 — N/ <I< —1. This result completes one of our tasks. Al-
though there is no compensating series for S ) (a), when I is
an integer in the range 1 — N7 <I< —1, none is needed for
then S (a) = 0.
Next we form the ratios of the two coefficients of inter-
est, obtaining
Co® &
Chul@) &'
wherei = j—land v=«'ifI< — N,andi= j+1and
v = k" if I>0.
Before we combine the two series S () (@) and S 2, (a) to
form a new series S, (a) and show that the latter series
converges, we shall consider the series T7:/(k,a) defined by

C{z.x (a) =

(B3)

Cl @)=

(B7)

Trikay=Y Brilk,a), (B9)
M>0

which was discussed in Sec. 4, where it was imply referred to
as the 4 series. From Eq. (4.10b), one sees that the phase
and power functions, ¢/ (a) and 7/ (a), respectively, of the
series T'™J(k,a) are identical to those of S (/). (a), therefore, if
we once again assume that ¢/ (@) = 271, it follows from Egs.
(4.10¢), (B5), and (B7) that D 7:/(a), which is the amplitude
function for #™/,,, vanishes for 1 — N4 <I< —1, and that

D@ &

D:Xa) &’
where againi= j—landv =« if I< — N,and i = j+1
and v = k" if I>0. As was done in the case of the S Y (a)
series, the terms of the T 7:/(k,a) and T (k,a) series shall be
combined to form a convergent series T 7:/(k,a).

To construct the convergent sum 2 (a)[or T 7:/(k,a)],
one combines the terms of S, (k,a) and S, (a)[or
T (k,a) and T 7i(k,a)] into a single series with the terms
ordered according to |k, |, or in the case of degeneracies in
|k, |, they are ordered according to |Imk,, |, where k, is the
pole of I, (k,a) from which the term arose. According to the
Cauchy condition®’ a series Za,, converges if the partial sum

(B9)
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2, _ mna, tends to zero for every N> M as M tends to infin-
ity. Suppose we form such a partial sum from the series

S (a) [or TJ(k,a)}. Since the partial sum is a finite sum, it
can be written as the sum of two numbers with one being the
sum over all terms in the partial sum that come from S ¢, (a)
[or T'7:/(k,a)] and the other being the sum over all terms
from S ?,(a) [or T *(k,a)]. Each of these numbers can be
evaluated by means of the Euler—-Maclaurin summation for-
mula.” The major contribution to each number will come
from the integral term in the Euler~Maclaurin formula. But
by virtue of Eq. (B7) [or (B9)] the integrand of the integral
associated with the (j,x) sum equals minus one times the
integrand associated with the (/,v) sum, and the limits of
integration are nearly equal. Thus, the sum of the two inte-
grals nearly vanishes and one finds that the magnitude of the
partial sum has the same order of magnitude as that of its
first term. Hence, the magnitude of the partial sum for the
series $¢.(a) is O (M ~ ™), and the magnitude of the series
Tmitka)isOM ~™ ™|l —k ~'£,M|™"). Therefore, if
a/R < f3; so that ] > 0, the partial sum for § ¢, (@) will tend
to zero as its lower index tends to infinity. This proves the
convergence of S (2. (a). From Eq. (4.11) we see that

[t —k ~'§M| " is uniformly bounded in & for every val-
ue of j. Therefore, if a/R < B(m), which implies that

m — ] <0, the magnitude of the partial sum of the series
T":;{(k,a) will tend to zero uniformly in & as the lower index
of the partial sum tends to infinity. This proves that

T mJ(k,a) is uniformly convergent in % .

APPENDIX C

Theorem: Given an arbitrary convergent series
A=2r_,a,, then the series B,(z) = ="~ 'a, (1 + nz) %,
with p = 0,1,2,-, converges uniformly in the region
T={z=re®r>0, — 6,<6<8,} with 7/2<6, <.

Proof: The theorem is obviously true for p = 0. Let us
assume that it also holds for some integer p > 0, and define a
remainder series R, by

Rv= S a,(14+n2)" (1)
n=N
Then
Rn —Rn+1 :an(l +nz)7p’ (C2)
and
i an i Rn~Rn+l
v+ nzPt! Sy 1 +nz
— Mil Rn+l M Rn+l
n=N—1 1+(n+1)z ,,Z:NI-FHZ
- RN - RM+1
14+ Nz 14+ Mz
+M—‘( 1 1 )R
,,Z’N l+(+Dz  14n) "
— RN _ RM+1
1+Nz 14+ Mz
+M—'( 1 1 R
nZN [1+(n+ Dz|? l1+nz[2) e
W.J. Romo 324



+2*M21( ntl - z )Rw’
A\ 4+ @+ D2P |14z

so that

M a < |R ] [Rpr 1

S+ Nz |1+ M|
1 l

N+ @+ D2 1+ nz?
n+41

XIR, |+ 12y T+t D

n=~N

Id

,.;N(l +nzyp !

M—1

n=4nN

"
i1 4 nz)?

'Rn+l"

Since the series B, (z) converges by our induction hy-
pothesis, then for any €, > 0 there exists an N, such that

IR, | <€y, for every n>N, and zeT. (C3)
It then follows for every M > N> N,, that
M
za,,(lﬁ-nz)""1
n=~N
<& [N+ Nz) 7' + |1+ Mz~ +S, +15,], (C4
where
M- 1
S =S |14+ 1z — |1+ nz| 2| (C5)
n=N
and
M-
S, = 3 [n+ D1+ @+ 1z] > —n|l +nz| 2.
n=N
(Co)

Let us examine the term S, . First we note that the terms
within the outermost absolute value signs on the right-hand
side of (C5) can be written

1 1
1+ (n + Dz|? 11+ nz|?
_ —2rcosf — (2n + )
T+ e+ D21 4 nz
Thus, it is apparent that these terms are positive (or zero) up

toacertainn =n, — 1< — 1 — (cos@)/r < n,, and negative
thereafter. Therefore, if M<n, or N>n,

S = | 'S A4 D2 =2 |1 4] )

=|[1+Mz"2—|14Nz| 2|,
andif N<n, <M

s, = :g(|1+(n+1>z|-2—11+nz|-2)

<n

+ Mil((l+nz(‘2——(l+(n+I)z[*z)

=2/14nz " — |1 +Nz| > — |1 +Mz| 2.
In all cases one has
M, for n, >M,
where m = 1n,, for N<n, <M,
N, for n, <N.

2
S < ———,
|1 4+ mz|

(C¥)
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Next we consider S, . Since

n+1 _ n
11+ (n + Dz |1+ nz|?
1 —n(n+ D7

B 1+ (n+ Dz?|1 + nz)?’
one sees that these terms are positive or zero for n<n, —1
< —1/2 +1(4 + ) ~'* /2R < n,, and negative thereafter.
Thus,

%= I +Mle2 T +NNz|2 o foroms or M<n
s, = 2n, _ M _ N ’
M+nmz?  J1+Mz> |1+ Nz
and thus for N<n, <M,
M, for n,>M,
SZ<|1—j’%!;|7’ wherem = {n,, for N<n, <M,

N, for n,<N. (C9)

To complete the proof one needs upper bounds on
|1 + nz| ~%and nr|1 + nz| ~? that hold for all 7> 1 and z€T.
For the first one has
It + nz|> =1+ 2nrcosb + n*r*
>1 + 2nrcosb, + n*r =sin’6, + (cosé, + nr)*,
so that
|1 + nz| ~2<(sind,) =2, for all n>1 and zeT'.  (Cl0)

To obtain an upper bound on the second we observe that
(1 — nr) =230 and thus

2nr(1 + cosf)<1 + 2nrcosf + n°r* = |1 + nz|?,
so that

nr|l + nz| 72<3(1 + cosB) ~'<i(1 +cosf,) "', (ClD)
From (C8) and (C10) we see that
S, <2(sinb,) 2, (C12)
while from (C9) and (C11) we find that
7S, <(1 + cos,) " ' . (C13)
Combining (C4), (C10), (C12) and (C13) yields
M—1 a,
AN (4 nzy !
2 2 1
o (sineo T o)y T 1+ costy )
=€, (6,) . (Cl14)

Since 4 (6,) is positive and finite over the range of values of
6, being considered, it can be seen that for any € > 0, if one
chooses €, = €/h (6,) and selects N, according to the induc-
tion hypothesis (A3), then

M—1 a,

WS (1 + nzy*!
for every choice of M > N> N,, and every zeT,. Hence,
B, , | (2) satisfies the Cauchy condition for uniform conver-
gence of the series in T, and the induction proofis completed.

€,
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Inverse scattering problems in higher dimensions: Yang—Mills
fields and the supersymmetric sine-Gordon equation
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It is shown that the notion of a prolongation structure can be extended to higher
dimensions and used to determine inverse scattering problems. The relationship to
generalized Lax representations is also considered. The method is illustrated on the self-
dual Yang-Mills equations. A generalization to include Grassman algebra valued
variables is shown to provide a scattering problem for the supersymmetric sine-Gordon

equation.

1. INTRODUCTION

In previous work we have attempted to extend the pro-
longation structure method'™ in two distinct directions. We
have tried to generalize and develop the technique in higher
dimensions®™ and also to extend it by the inclusion of Grass-
man algebra valued variables.'® In this paper we further ex-
plore the development of this approach for the determina-
tion of inverse scattering problems in three and four
dimensions and illustrate its utility by the construction of an
inverse scattering problem for the self dual Yang-Mills
equations.'"* We then go on to combine the two approaches
in order to determine an inverse scattering problem for the
supersymmetric sine-Gordon equation. !’

In Sec. 2 we examine the equations that may be related
to a particular type of linear prolongation form in three di-
mensions, derive in a slightly different way some of the re-
sults of Ref. 6, and show the connection to the Lax represen-
tation approach of Zakharov and Shabat.'®

In Sec. 3 we develop the analogous equations for four
dimensions and emphasize in particular the relationship to a
generalized Lax representation.'” We wish to stress the point
that the prolongation structure method can allow the direct
determination of such a representation from the equations if
it exists. The process is not trivially implementable however,
and considerable experience and insight is required to imple-
ment the method in its current state of development.

To illustrate the direct approach we tackle in Sec. 4
equations of the self-dual Yang—Mills equations in their sim-
plest form due to Yang'' and Zakharov and Belavin.!? It is
not necessary to use this particular complex form, but it does
reduce the algebra to a more compact and manageable form
which is easier to follow.

. InSec. 5 welink this work to that of Ref. 10 by consider-
ing a theory involving superfields. This example is the first of
its kind in that it involves not only four dimensions, two of
which are fermionic, but also leads to a coordinate depen-
dent prolongation form related to a generalized prolonga-
tion structure which is an incomplete graded Lie algebra.

We do not attempt to determine solutions using the
scattering problems defined. The purpose of this paper is to
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show the all-embracing nature of the prolongation structure
idea, as applied to partial differential equations, to determine
inverse scattering problems. However, a detailed analysis of
the new results of this paper will be presented elsewhere in
the context of specific equations.

2. LINEAR PROLONGATION FORMS IN THREE
DIMENSIONS

Consider linear prolongation forms {2 of the following
structure,

02 = o dx* NdE + (Feo,)¢, @.1)

where o = 1€**“dx* A dx® and the w, are a set of constant
matrices which commute with one another,

[w,0,] =0, Va,b. (2.2)

In general some coordinate dependence is possible in the w,
but we will not consider that possibility in this paper in any
generality. We will present an example of coordinate depen-
dentw, in our construction of an inverse scattering problem
for the supersymmetric sine-Gordon equation in Sec. 5.

Taking the exterior derivative of (2.1) gives

d) = (dF.No“)Y& + (F0°) NdE 2.3)
If  is a 1-form of the type
7 = 1,4x°, (2.4)
then
df? —y A2 = (dF.No,— nFo)+ (Fo.
— 00 ,) NdE, (2.5)

where o = dx' Adx* Adx>.

We see from (2.5) that £2 is a prolongation form for the
ideal spanned by the elements a; of the matrix valued 3-
form a defined by

a=dF,No,—nFo (2.6)
where 77, and F, are related by

F, = 1,0, (2.7)
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As [w,w,] = 0it follows that we have a constraint on the
F, given by

Fo. =0. (2.8)
If we now suppose that w, is invertible, then by redefining £ it
may be taken to be unity. To determine the content of Eq.

(2.6), which we would like to express in terms of the F,, we
must simplify the quantity % F. which occurs. We note that

N F. = nF + 0.F; + 7:( — Foo, — F,) (2.9)

=(n— 773(01)F1 + (772 - 7]3(02)F2

—1:([Fuo] + [F.]), (2.10)
and so by virtue of Eq. (2.7) we have
nF. = [F,F] —n.([Foo,] + [F.]), (2.11)
Therefore, if we choose w, and w, so that
[FLo] + [Fhe.] =0, 2.12)
our basic 3-form takes the form
a=dF.No,— |F,F,]o, (2.13)

which is closed and consequently equivalent to a set of par-
tial differential equations. We should also recall that we have
the condition imposed upon w,,w, that,

(2.14)

The existence of the nontrivial solution for @, and w, to
(2.12) and (2.14) means that the three-dimensional equa-
tions (2.13) have an inverse scattering problem obtained by
restricting {2 to a solution manifold of that system. In that
case we obtain the equations

[w,@,] =0.

€aptbp= —F4&, (2.15)
which forc =1, 2 are

Sp—wfy=F¢ (2.16)
and

£\ —wé,= —Ff, (2.17)
corresponding to the equation

F .= [F.E], (2.18)
which may be reduced to

A\F, 4+ 3,F, — 3, F, + w,F,)) = [F\,F)] (2.19)

by use of (2.8).

Clearly we have shown that these equations have the
generalized Lax form

[L,,L;] =0, (2.20)
where

L =4, wd —F, (2.21)

L,=08 —wd,+ F, 2.22)

and w, and w, are any pair of constant commuting matrices
having the additional property that

[wl)Fl] + [(l)z,le == O

The principal interest lies in the case where the w,, are either

(2.23)
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matrices and/or parameter dependent. For example, if we
take

o, =Aand w, =A? (2.24)
and

Fi=4,— 14, (2.25)

F,=4A4 -4, (2.26)

Fi=4A*— 44, .27

which conforms to the constraint (2.8) which in this case is
expressed in the form

F,+ AF, + A, =0. (2.28)
Equations (2.19) then become
Fop=A,,—Ap,+ [4p4,] =0 (a,b=12,3),
(2.29)

the vanishing of the Yang-Mills fields in three dimensions.
It should be recalled that this gives only special solutions
because only in the case of self dual fields in four dimensions
is £, = Oequivalent to the full field equations. However, we
have obtained an interesting inverse scattering problem for
the SU(2) Yang-Mills equation F,, = 0 in threee dimen-
sions which is given by

§,2 —A4 25,3 = (4, —A zAs)g,
S§1— A8 = (A —A4;)8.

3. LINEAR PROLONGATION FORMS IN FOUR
DIMENSIONS

Consider a linear prolongation form {2 of the type
2 = (w4 dx* Ndx®)y NdE + Fo€ 3.1)

where 07 = (1/6)e****dx® Adx® A dx‘ and o, are constants.
The general case of matrix valued w,,, is more difficult and
will only be considered in a special case. Taking the exterior
derivative of (3.1) we obtain,

(2.30)
(2.31)

df) =dF,No°€ + F,0° \Nd¢. 3.2)
If 7 is a 1-form of the type

7 = 1,4x°%, (3.3)
then

d'g - 17/\!2 = (—Fca'c—— %6abcd77cwab0’d)/\d§

+ (ch /\ac - ﬂchU)g’ (3‘4)

and so we see that £2 is a prolongation form for the ideal
spanned by the elements @; of the matrix valued 4-form a
defined by

a=dF.No,—nF.o, whereo=dx'\Ndx*N\dx*A\dx*,

(3.5)
and 7. and F, are connected by the relationship
Fy= — 3€pealld@ap = DaMo (3.6)
where
Dde = 5€apaDap = 3€dcar®as 3.7

The most interesting cases arise when the matrix &, is singu-
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lar and we restrict our attention in this paper to the case
when @, is of rank 2. The explicit form of & is given by

0 [N Wy [07%)

. — W 0 W14 @3,
= (3.8)

— W — Wy 0 W),

— Wy — Wy, — @, 0

If we take the first two rows as independent, then there exist
r; such that

r(0,0,4,045,073) + rA@34,0,016,031) = ( — Wy, — ©14,0,012)

3.9
and
130,00 34,045,@33) + 7 — @34,0,014,031)
={(— wy, — Wy, — ©,0); (3.10)
we easily find that
=00 = 8 3.11)
W3 W3,
ro=9n o, _ O (3.12)
W34 @34
and
W3 Wy — 140023 = O 1334 (3.13)
From (3.6) we then obtain
Fy=rF, +rF, (.19
F,=rF, + rF. (3.15)

As in Sec. 2 we need to analyze the term (7, F,) in @ and we
see that

N F,=mF + 1.F: + 9,(nF, + r.F) + 9r.F, + r.F)

={(m+nrn+ 774"3)F1 + (772 + s+ r4774)F2

1
= [ [+ W37 — W47 — 0)317]4]F1
W34
+ [@347: + 0ans + 02 o). (3.16)
From (3.6) we have
F = 0,0 + 0o + W33y 3.17)
F,= — W31 + 0147 + @374 (3-18)
Therefore, we have
1
. F.=— [F,F]. (3.19)

W34

Without loss of generality we can choose w,, = 1, and our
equation for a becomes

a =dF.No, — [F,F,]a, (3.20)

and the elements @; generate a closed ideal. The correspond-
ing field equations are therefore

Fc,c = [FI’FZJ
or

Fl,l +Fz,z — (nF + "ze),3 — (rF + "4Fz),4 = [Fx,Fz],

(3.21)
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(Fiy—nF 3~ nF ) + (Fp — nFy 3 —rks ) =[F,F)].
(3.22)

Again the equations have a generalized Lax representation

[L,L,]=0, (3.23)
with

L =@ —rd,—rd, —F) (3.24)
and

L,=@ —nrd,—rd,+ Fy) (3.25)

and so if we introduce the definitions of the r; we obtain
L, = (8; — 0,0, — w0, — F)), (3.26)
L, =0 + 0 + 030, + F,), 3.27)
where condition (3.13) simply defines w,, to be given by
(3.28)

which places no constraint on the coefficients @,,@;;@, 401,
which appearin L, and L,.

W) = W31Wyq; — W14W23

We can easily allow the w_, in this special case to be
matrix valued if we add in the additional constraints that

(3.29)

and taking ;, = 7 the identity matrix the analogue of (2.23)
is

[@4p0ca] =0,

[01.F1] = [@0,F), (3.30)
and

[@31,F1] = [@23.F3), (3.31)
together with the definition of w, as

@1 = (©403) — @ 1403). 3.32)

These equations greatly generalize some of those presented
in Ref. 9.

We could go on to determine that the analog of the free
Yang-Mills fields that arise in our study of three-dimension-
al examples in Sec. 2 are the self-dual Yang-Mills equations.
Rather than adopt the same approach we attempt in the
following section to show how one may, by using the prolon-
gation method ideas, derive an inverse scattering problem
for the self-dual Yang-Mills equations directly from the
equations themselves.

4. THE SELF-DUAL YANG-MILLS EQUATIONS

The self-dual Yang-Mills fields expressed in the com-
plex coordinates introduced by Yang'' and Zakharov and
Belavin® take the form

az,BZ_azzBl + [BI’BZ] =0) (4'1)

ai,B2+ - asz 1+ + [B 2+ ,B 1+ ] =0, (4~2)
4,B\" +3,B;t +3;B,+3;B,+ [B,B," ]+ [B,B ;"]

=0, (4.3)

and may be expressed by the closed ideal of 4-forms spanned
by the forms «; defined by
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a,=(dB,Ndz, + dB,\dz, + [Bx,Bz}dzx /\dzz)dfx Adz,,
4.4
@, = (B Ndz, +dB; Adz,

+ [B 2+ rB 1+ ]dz_l /\dzz)dzl /\de, (45)
a,= (dB|" Ndz, —dB ;" Ndz,) Adz, \dz, + (dB, Adz,

—dB,ANdz)\dz,Ndz, + ([B,B "1+ [B,B, 1o,

(4.6)
where 0 = dz, Adz, ANdz, A dz,.

Consider a linear prolongation form {2 having the
structure

02 = dé N wpdz, Ndz, + w7dz, Ndz, + o 3dz, Ndz,
-+ (L)z'l'dZZ /\dfl + Cl)zidZZ /\dfz + a)lidzl /\de)
+ (Fidz, NdZ, AdZ, + Fodz, NdZ, N\dz, + Fidz, Ndz,

NdZ, + Fsdz, Ndz, NdZ)E, 4.1

where the w,, are scalars. The requirement that 2 prolong
the ideal {a,.@,,a,> spanned by «,, @, and a, is

dn = f'a, 4 (7.dz, + 7.dz, + 77dZ, + n3dz,) N2,
4.8)

and this shows us that we must have
Fl = Fl(Bz,B 1+ )v (49)

F,=F(B,B;"), (4.10)
Fy=F(B.By"), (.11
F3=F;(B,B "), (4.12)
Frp=Fpp, (4.13)
Fip: =Fpp,s (4.19)
Flpg =Fpp =—Fp=—Fp. (4.15)
the relationships
Fi= — o131 + 0317 — 9,173 (4.16)
Fi= — oy + @ — 0173 4.17)
Fi= —wym + 0i3m — 0,7 (4.18)
F= —o)7 + 070 — 0,7 4.19)

and the central equation
[B.B:)Fy 5 + B B \Fip, +Fop {[B.B )
+ [BuB 3" 1} = (mF — moF, + n7F; — 3F3). (4.20)

From (4.9)-(4.15) we see that possible forms for F,, F,, Fy.
and F; are

F,=(xB,+x,B "), 4.21)
F,=(xB.—x,B;"), (4.22)
F;=(x.B, +x,B; ), (4.23)
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F={(—xB,+xB), (4.24)

where the x; are scalars. In order to reduce the algebra of the
general case we make the additional ansatz consistent with
(4.21)—(4.24), that

F; =AF, (4.25)

F= —AF, (4.26)
which is equivalent to

x,= +Ax; and Xx;= —Ax,. 4.27)

This in not necessary but greatly reduces the required alge-
bra and leads to useful, if not most general, results.

The term (7,F, — 7.F: + 97Fj — 13F5) must be con-
verted into commutation relations between the F, if the nor-
ma! prolongation ideas are to be used. Using our ansatz
(4.25)-(4.26) this term becomes

(M + An)Fi + (Ani — 1) Fy

and we need to express the combinations (7, + A7s) and
(A7 — 7,) in terms of the F,, if we are to obtain a Lie alge-
bra-like structure. Equations (4.16)~(4.19) give

N1(@y3 — Awyz) — 1043 + N3 (@ — Aw7) =0, (4.28)
M@ + N (Ao — ©17) + 1i{we — Awyz) = 0. (4.29)

These are solved by the relations

@3 = Aotz (4.30)

w3 =0=uw, (4.31)

w0, = A1 = Aw,s, (4.32)
in which case (4.16) and (4.17) become

Fi = — op(n: — 477, (4.33)

F,= —on(mn +473), (4.34)

and so we are able to express the quantity
(nF\ — 8% + 7385 — 13£3) as
— (w73) " '[FF]

Clearly we can take wy; = 1 without loss of generality and so
the essential equation (4.20) becomes

[B.B.1Fyp + (B, ,B " |Fp5. +F .5 {[B,B{]
+ [B,B," ] + [FFi ] =0. (4.35)

From the forms (4.21)—(4.24) with condition (4.27) we get

Fip=x, Fig. =x=+ix, Fz =x= -4

and (4.35) becomes

(x +x){[B,,B;) + A{[B.B "] + [B,B; 1}
+AYB{",B;71}=0,

which is satisfied for arbitrary A if x, 4+ x} = 0 and
x, = — 1. We have therefore obtained a prolongation form
which looks as follows,

2 =dENEZ NdZ, + A (dzy Ndz, + dz, NdZ,) + A %dz,

(4.36)

Ndz)y — dz, NdZ, AN {dZz, — Adz,) (B, + AB {7 )¢
4 dz, NdZ, A (dz, + Adz,) (B, — AB ;)¢ 4.37
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If we section this onto a solution manifold of the self-dual
Yang-Mills equations we obtain the equations

&, + A8z = (B —AB; )¢, (4.38)
§.,+ AL = (B, +AB[")E, (4.39)
If we denote by D, and D, the differential operators
D, =3, + Ad; and D, = d, — Ad; we have
D¢ = (B, — AB, )¢, (4.40)
D,{ = (B, + AB "), 4.41)
and the integrability conditions D,D, = D,D, give
D,(B, —AB;")—D,(B,+AB ")
— [(Bi—AB, ),(B,+AB )] =0, 4.42)

which is equivalent to

{B,,— By, — [B,B.]}+A{—B;,—B,1— B, —B,;
— (BB "] — [ByB; 1} +AYB,i— B35
+[B, ,BT]}=0, (4.43)

and satisfied for all 4 if B,, is a solution of the self dual Yang-
Mills equation . Belavin and Zakharov have recently
shown'? how this inverse scattering problem may be used to
construct instanton solutions for this set of equations. Draw-
ing on the experience gained from this example we will now
show how a @, constructed from super fields may be used to
determine an inverse scattering problem for the super-sym-
metric sine-Gordon equation.

5. THE SUPERSYMMETRIC SINE-GORDON
EQUATION

A natural way of incorporating fermions into a model is
via a supersymmetric extension. The model which results
from the completely integrable sine-Gordon equation was
considered by Di Vecchia and Ferrara' and Hruby" and
shown to have the interesting property that instanton and
soliton solutions remain along with other attractive
properties.

The model is defined by the action in superspace given
by

fd*xd 0 (— i®D,D\® + mcos®P), (5.10)

where D, and D, are defined below and which yields the
superfield equation of motion

D,D\® = imsin®. (5.2)
@ is the superfield with components ¢, ¥, and F defined by
D (x,0) = ¢ (x) + iGf(x) + LiOF (x) (5.3)

in terms of which the field equation (5.2) can be expressed as

F= —msing, dy= — mycosg, 5.4
O¢ = — m(Fcosp + Ligasing )
= L(m?sin2¢ — imyyfsing ). (5.5)

We will now show how an inverse scattering problem
can be constructed for such an equation. Let us take as defin-,
ing forms
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a,=(d0, Ndx NdT + id6, Nd6, \dTO,) N\ dP

+ imsingo, (5.6)
a, = (d0,Ndx NdT + id6, NdB, \dx8,) Nd¢
— oP, .7

where o = d6, \dO, Adx A dT; where the fermionic fields
are concerned we are using left derivatives, so for example,

dP = (d6,P, + d6,Pg + dxP, + dTPr), (5.9
where P, is the left derivative of P defined uniquely by
P =6,P, + terms independent of 6,. (5.9
Sectioning these forms yields
a, = o{(Py, — i6,P,) — imsing } = 0,
or D,=imsing, (5.10)
where
Dyp= —oy +i0 0., (5.11)
a, = ‘7{(¢9| +i6,¢;) —P}=0,0r P=D,4,
where
D=y +i60,¥ ;. (5.12)

Thus the closed ideal {a,,a,> spanned by @, and «;, is com-
pletely equivalent to the supersymmetric sine-Gordon
equation

D,D,¢ = imsing, (5.13)

and we note that the operators D, and D, anticommute
{D,,D,} = 0. Consider a prolongation term {2 having the
structure

+ [dO, ANdx NdT + d6, NdO, NdTB1FE
+ [d6,ANdx NdT + d6, Ad6, NdxalGE, (5.14)

where F = x, + Px,, G = singx; + cos¢x, and a = i6,,
B=i0,and y = — aff = + 6,0,. Clearly x, and x, may be
functions of 8,, and x; and x, functions of 8, without affecting
the calculation. We then easily determine that

—df) =(d6, Ndx NdT + d6, Nd6, \dTp)
A(ex, — Pex,)dé + (dO, Ndx ANdT
+ d6, AdO, Adxa) N (singex; + cospex,)dé
+ (0, Ndx NdT + d6, NdO, ANdTB Y NdPx,&
+ (dO; Ndx NdT + d6, Nd@, Ndxa) Ndo
X (coséx; — singx,)é, (5.15)

where for a matrix M which may be split into boson and
fermion parts M, and M, so that M = M, + M, we de-
fine eM to be given by

def

eEM=M,— M, (5.16)
In terms of the forms «a,, a, we have
—d) = ax,£ + a)(cosdx; — singx,)E
— imsingox,£ + oP (cosgx; — singdx,)&
+ dO, ANdx ANdT + d6, \NdO, \NdTB)
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X (ex, — Pex,)dE + (dO, Adx ANdT

+ d6,AdB, Adxa) A (singex, + cospex,)6&

G.17
If  is a I-form given as

7 = ndb6, + 17.d6, + n.dx + 1.dT,
then
A2 = (9, — na)(dd, Adx NdT + Bd6, Nd6, NdT) Adé
+ (7: + 786, Adx NdT + adb, Ad6, A\dx)

(5.18)

ANdg + (o — n.@)0GE + (1. + 9B )oFE.  (5.19)
Therefore, we will have
dfl = — 5 A 2mod{a,,a,), (5.20)
provided that
7 — N = (eX, — PeXy,) (5.21)
and
7: + nB = (sindeX; + cosgeX)), (5.22)
together with the relationship
— imsingX, + P(cos¢X;, — singX,)
= (singeX; + cosgeX )X, + PX)
+ (eX, — PeX,)(singX; + cosg.X,), (5.23)
which may be decomposed into the equations
—imX, = (eXp)X, + (X)X, (5.249)
X, = XX, — (X)X, (5.25)
— X, = XX, — (eX,)X,, (5.26)
0 = (eX )X, + (eX,)X,, 5.27)

These equations can be reduced to the form of an in-
complete graded Lie algebra by splitting each of the X, intoa
bosonic and fermionic part. If we write X, = X & + X 4 then
Eqgs. (5.24)(5.27) become

X2x% - {X5xT} = —imXx5, (5.28)
[X3X5 + [XPx5) = —imX¥, (5.29)
XX+ (X3X7)=X3, (5.30)
(X5X5+{x2x5}=x4, (5.31)
X7.X3}+ [X3.X7]1= — X3, (5.32)
(XEx5) + {x5xH= - x4 (5.33)
xXixfy—{xixfr=o, (5.34)
(X2x5) — [x5x%) =o. (5.35)

These equations are a generalized prolongation structure for
the supersymmetric sine-Gordon equation.

A very much reduced algebra may be obtained if X, X,
and X, are taken to be purely bosonic. The algebra then re-
duces to

[X2x71=0, (5.36)
(x3x3]=x3, (5.37)
[X3X7]1= —X3, (5.38)
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[X2.X{]=0, (5.39)
{(X2X5) = _imX? (5.40)

We could also take X | to be zero, but more generally it has
the form

Xf=9,Y, (5.41)
where Y is a bosonic matrix and satisfies the bracket
relations

[X3.Y]=0=[x{Y], (5.42)

and any multiple — A7 of the identity matrix would suffice.
To obtain a representation of the matrices X %, X &, x5, x &
we will first attempt to close the X 2, X %, X # algebra and
then impose the anticommutation result (5.40) as a
constraint.

We can close the X %, X %, X ¥ algebra if we introduce
the additional bracket relation

(X2X8) = — X, (5.43)
If we put

X.=0Y,X;= +0Y, and X,=+Y, (544)
we obtain the algebra

[Y,Y,)] =7, (5.45)

[V, Y] =1, (5.46)

[Y,Y,]= -7, (5.47)
and the constraint to be imposed is that

xir}y= - % Y, (5.48)

A three-dimensional representation of the algebra, (5.45)-
(5.47), which is essentially the adjoint representation, is giv-
en by

0 O 0 0 0 -1
Yl=(0 0 —1), Y2=<0 0 0),
0 —1 0 -1 0 0

0 -1
Y3=(+1 0 0].
0 0O o

If we substitute Y, and Y; into (5.48) we find that any matrix
of the form

(5.49)

a 0 c
. 0 m
X7= o (5.50)
e = im —a
o

will do. We choose to put a = e = ¢ = 0 and take X ? in the
form

/0 0 0
Xf:ﬂ(o 0 1).
Vv -1 o0

Sectioning {2 onto a solution manifold of the supersymme-
tric sine-Gordon equation we obtain the inverse scattering

(5.51)
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problem
£o +108 1= — X + PX), (5.52)
£, — 66 x = — (Xssing + X,cos )E. (5.53)

In terms of the representation just constructed we have the
problem

A8, P 0
—P A6, —im
D= . (5.54)
o I e
42
0 0 — sing
DE=a| 0 0 —cosp |£ (5.55)
—sing — cosé 0

Both ¢ and A are arbitrary constants in these equations.

A connection may be obtained if we try to relate this
inverse scattering problem to the inverse scattering equa-
tions of the classical sine-Gordon. The operator D, has the
property that

DD, = +idp (5.56)
and applying D, to each side of (5.54) gives
—il drd Pm
o
2
=0 -9:4 —i(/i +1) 0 £.
o?
Pm ( m?
—— 0 —iA+ —)
o o’
(5.57)

If we select m¥/o? = — 24, i.e,0= im/V 21 , we obtain

iA dré —iV2LP
o= —dr6 —id 0 £, (5.58)
Nur o —i

which can be thought of as an isospectral 4, 4 = 0 eigenva-
lue problem. We note the similarity of the problem to the
analogous classical equation to which it reduces in the ab-
sence of fermionic operators. Thus, our final inverse scatter-
ing problem is given by
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A6, P 0

Dé=|—-pP A6, -V |g (5.59)
o Vu A6,
_ 0 0 — sing
De=—T_[ o 0 — cosé | €,
Vau \_ sing  — cos¢ 0
(5.60)

and is the inverse scattering formulation recently announced
by Girardello and Sciuto.'®
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Practical methods of computing numerical values for off-shell two-body Coulomb scattering
amplitudes are developed. The methods are based on well-known analytic representations of the
amplitudes. The results of a comparative computational study of the different methods are
presented. It is found that the methods produce numerical values sufficiently precise for use in
treating many-body problems formulated in terms of two-body amplitudes.

I. INTRODUCTION

Many physical problems involving a system of three or
more interacting bodies can be conveniently formulated in
terms of the off-shell two-body amplitudes for scattering be-
tween every pair of bodies in the system. Therefore, an abili-
ty to compute accurate numerical values for these ampli-
tudes is useful in solving the more complex problems.
Examples of such problems involving simple Coulomb inter-
actions are the binding or scattering of an electron or posi-
tron from a hydrogen atom, treated by the Faddeev equa-
tions approach.

For problems involving Coulomb interactions, several
analytic representations are known for the off-shell two-
body amplitude. These representations can be used as the
starting points for developing practical procedures for com-
puting accurate numerical values for the amplitudes. This
author has conducted a comparative numerical study of
three such procedures, each based on a different analytic
representation, and each restricted to use for negative values
of the two-body energy. Two of the procedures were devel-
oped by this author. For a many-body problem involving
negative values of the total energy, the negative energy val-
ues of the two-body amplitudes are the only values entering
the problem’s formulation.

The off-shell scattering amplitude for any two-body
system satisfies the well-know Lippmann—-Schwinger inte-
gral equation. In operator form, this equation is

TE)=V+VG(E)T(E),
where

Go(E)=(E—H,) ',
E is an energy treated as an independent complex variable,
H, is the relative two-body kinetic energy operator, and V'is

the scattering potential operator. In the plane-wave repre-
sentation, this equation becomes

T(kl ’ kz;E) = V(kl s kz)
V(khk)
+jdk—\—— Tk kE), (1)
E — (#k?/2u)
where

“Present address: Department of Physics, University of Nebraska, Lin-
coln, Nebraska.
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Vi, k)= @) [ drexplit, — k] V@)

and y is the two-body reduced mass. The off-shell amplitude
and the potential can both be resolved into partial wave
components:

ks JyiE) = 7 f d (k,K,) PG, 42) Ty KosE),

vk, k) = L fd (1“7\1 Iez) Pl(]él Iez) Vk,,k,),

where P, is the Legendre polynomial. Note thatk,, k,,and E
mathematically are all independent variables. The/ th partial
wave amplitude satisfies the integral equation

t)(ky kyE) = vi(ky k)
2 J kvl k) _EUER) (kg E).
E— Kk /20)
()

For use in most many-body problems, numerical values of
the partial wave amplitudes rather than of the full amplitude
are needed.

For two-body Coulomb interactions, analytic expres-
sions are known for the full potential and for its partial wave
components:

1 Zé?
Vk, .k, ——
R
Ze* (k% +k§)
k. k)= , 3
vk, k) 2%, k, o 2%, k, 3)

where Ze? is the product of the charges of the two bodies, and
Q, is the Legendre function of the second kind.

Il. METHODS OF COMPUTATION

For all of the computational methods developed below,
we rewrite the integral equations (1) and (2) as

Tk, k;E) = Vik, k) + Wik, kyE),
t(ky ks E) = vk ky) + wi(ky ko E).

The functions w, and W, of course, satisfy the angular pro-
jection relation

wiky yE) = 7 f d (B, ;) Py, o)W (, K, E).
@)
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FIG. 1. The contour C along which the integrals (6) and (7) are defined. The
cross-hatched segments along the positive real axis and the unit circle are
the branch cuts in the integrand (7).

In every method numerical values for ¢, are obtained by add-
ing values of v, and w, together. The v, values are obtained
using Eq. (3), for which the values of the Q, function are
obtained using the simple recursion formula

Q@) =4 log[z + 1)/(z— D],
0@ =20, — 1,

0@ =0/D[Q-1DzQ,_ @ —U—-1DQ ()],
I>1. (5)

The methods differ only in the procedure used to obtain w,
values.

The Q, functions exhibit branch point singularities in
the complex z plane at z = 1 and z = — 1. In computing
values of the Q, functions for complex arguments, the cut in
the complex logarithmic function must be selected so that
the Q, functions exhibit a cut along the real axis between
these branch point, but are continuous along all other parts
of the real axis.

A. Method of contour integration

The development of the method of contour integration
begins with the integral representation of the full amplitude
given in a review article by Chen and Chen®:

2
W (ko) = — 028
(e — 1)
x [ ar d ,
c S(—1t)Y—4tk —k,|?

()

where, for negative real energies,

o = (Ze*/#) |u/2E |72,

S=(QuE — 1k ) (QUE — #k 3 )/ QuUET®),
and C'is any contour in the complex ¢ plane of the form
shown in Fig. 1. We obtain a contour integral representation
for w, by substituting Eq. (6) into the angular projection Eq.
(4), interchanging the order of the integrations, and evaluat-
ing the angular integral analytically. This evaluation is sim-
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ple, because the angular integral is of the tabulated form?

[ —5el-3)

with
X = (lél 'lgz ),
a=S(1—ty—4dt(k}+k3),
b=28tk k,.

We thus obtain

w(ky,ky;E)

_ oZé*
2%k k(€™ — 1)

o 4k +kH—SU—1t)
XLdtt Q,( Stk K, ) N

The above integrand exhibits several branch point sin-
gularities in the complex ¢ plane, as shown in Fig. 1. The
t°~ ' factor gives rise to a branch point at ¢ = 0, with the cut
lying along the positive real axis. The Q, factor gives rise to
four branch points lying on the unit circle, two in the upper
half and two in conjugate positions in the lower half plane.
The angular positions of these branch points are

cosa ., =1+ Q/S)k, +k,),

where @ , is the angle between the branch point’s complex
radius vector and the positive real axis. The members of each
pair of branch points are connected by a cut, also lying on the
unit circle. In the limit k, —k,, & _,—0; that is, the two
branch points nearer the positive real axis move arbitrarily
close to the endpoints of the C contour.

We now reduce the contour integral (7) to a form suit-
able for numerical evaluation. We consider the integrals
along the circular segment and along the two straight seg-
ments of C separately, and make the following changes of
variables:

t=x (straight segment in u.h.p.),
t=Re™ (circular segment),
t=xe?" (straight segment in Lh.p.).

The new variables x and « are considered pure real. R is the
radius of the circular segment of C, and satisfies the inequal-
ities 0 < R < 1. The phase factor e 2" assures that the phase
difference between the integrals along the two straight seg-
ments of C, caused by the cut between them, is properly
taken into account.

The integral along the straight segment in the Lh.p. is
equivalent to that in the u.h.p., differing only in the direction
of integration and in the phase factor due to the cut. The a
integral, with limits [0,27], reduces to an integral with limits
[0,77] if the periodicity of the elementary trigonometric func-
tions and the relationship Q,(z*) = Q;(2) are used. Using
these simplifications, the integral expression (7) straightfor-
wardly reduces to

w,(k, ky;E) = — (0Ze/2k, k,)
X {I; + R°[Re(l,) cot(ro) + Im(I,)]},
dx x° ! Q,(A —B————(1 _x)z),

X

where
L:f

R
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L= f da ¢ Q,[4 — Bf@.R)),

A= (ki +k3)/2k k,, B=S/8kk,,
Sf(@R)=R+ 1/R) cosa + i(R — 1/R) sina — 2.

Theintegrals I, and I, can be computed easily by stan-
dard numerical methods. Values for the Q, functions can be
obtained using the recursion relation (5). The arguments of
Q, are always real in computing I, but are complex in com-
puting I,. The R parameter should be chosen so that the
circular segment of the C contour is not too close to either
the singularity at ¢ = 0 or to the singularities on the unit
circle. If k, is nearly equal to k,, then two of the singularities
on the unit circle are near the C contour’s endpoints, and a
dense grid of points must be used near x = 1 in computing
I,.

B. Method of angular projection

The development of the method of angular projection
begins with the hypergeometric function representation of
the full amplitude given by Ford.’ For negative energies this
representation can be written

W(k, k,;E) = (2Ze*/Srsina) Im[F(l,0; 1 + a;¢)],(8)

where F'is the well-known hypergeometric function and a is
defined by

cosa =14 (2/5) |k, =k, |?

In the method of angular projection, we use this hypergeo-
metric function representation to compute numerical values
of W, and then obtain values of w, by performing the angular
projection integration (4) numerically.

We must reduce Eq. (8) to a form suitable for numerical
computation. By substituting the hypergeometric power se-
ries into the equation, we obtain

O<agr.

20Z¢* & sinda
Wk, kyE) = . 2 :
S sina <A +o0

&)

This equation is not suitable for numerical computation. The
magnitude of the series terms decreases as A ' for large 4,
so that the series converges far too slowly for accurate term-
by-term summation. Even slight inaccuracies in the W val-
ues can cause serious errors in the higher-/ w, values when
the integration (4) is performed.

We can convert the series in Eq. (9) to a series in which
the magnitude of the terms decreases as A ~* for large 4,
thus obtaining much more rapid numerical convergence. We
write

o __a (10)

Ao A A2 2 AGto
Equation (9) then becomes

1 1 lod

W(kl Ky E)
= (20Ze*/Sm sina)[S] — 0S5 4+ *S§ — ST},
where
= sinda = sinda
SU = St s Sg - s
: AZ. A : AZ. A2
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50 = i sinda §7— i sinda
A A T At
Only S'{ must be summed numerically, because S ¢, 59, and

S can be summed analytically using the tabulated series*
= sinda

=ir—a), O<a<m,
= A
i co:lt = llog[2(1 —cost)], O<t<2m,
A=1
i L:éﬂl
Al
Clearly,
S(l)zf(w.’“a)’
“ & sit
S‘z’zf dt(z o )
0 A= 1 /{

%f dtlog{2(1 — cost)],
0

cosxlt)
=~ A

[l (s )

=f:dt(éﬂl_%£du(w—u)>

=L a(r —a)2r — a).

We thus obtain

1%}

w O
I
5

o
Ik

2
Wk, k;E)= & ((77' —a) + olalog2 + Sr(a)]
S sina
+1i0?a(r — a)2r — a) — 20°
& sinda )
X e 11
121 AYA +0) b
where
Sr(a)zf“ dt log(l — cost). (12)

Equation (11) is suitable for use in computing numeri-
cal values of W, which can then be used in performing the
angular projection integration (4). A large set of values of the
special function Sr(a) can be tabulated by performing a sin-
gle numerical integration; values tobe used in Eq. (11) can be
obtained from the tabulated values using some appropriate
interpolation scheme. These values can be obtained with a
high degree of precision with little difficulty, if both the nu-
merical integration and the interpolation scheme take prop-
er account of the logarithmic singularity at = 0 of the inte-
grand (12) (see Appendix A). The series in Eq. (11) must be
summed numerically term by term. Such a numerical sum-
mation can include only a finite number of terms; the contri-
bution of those terms 4 > 4., where 4, is the cutoff index,
should be approximated by adding a single correction term
to the finite sum (see Appendix B):

sinda L sinda

_ cos((4. +)a)
/{zl AL +0) ~/1§=:1 A4 +0)

2434, + o) sinja
(13)

The expansion (10), which makes possible the reduc-
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tion of the series (9) to a more rapidly converging series, can
be extended to terms of higher order in o, thus resulting in a
still more rapidly converging sum over A. However, the re-
sulting formula for W involves special functions defined by
successive integrations of the special function Sr(a). Each
such successive integration magnifies the small errors pre-
sent in the original set of Sr(c) values, so that no advantage is
gained.

C. Method of separable series summation

The development of the method of separable series
summation begins with the well-known Sturmian functions
expansion of the partial wave amplitude®:

G (ki ENpni(ky E)

w k ,k ;E = N , (14)
1(ky ka3 E) ngl:ﬂ = 7.1
where
yn(E)= - l’
o
(k)
kyE =Nv,l E
BB = NoB) o s
141 ﬁ2k2/2#+E) 15
xXC T (—_—ﬁzk"/Z,u,—E s (15)
N __h3/21,<241+3n(n—1—1!) )1/2( E)(21+3)/4
S (n+ 1) 2 ,

and C.*!, | isa Gegenbauer polynomial. The w, values are
computed simply by summing the series (14) to a large num-
ber of terms. A limited numerical study of this method has
previously been reported by Chen and Ishihara.®

This author wishes to point out that, although the above
expressions for the Sturmian functions ¢,; appear somewhat
cumbersome, numerical values of these functions to be used
in summing the series can actually be obtained very easily.
The Gegenbauer polynomials satisfy the recursion relation’

Csx)=1 Cix)=2x;
Ciy=1/n) 20 +A-1)x C}_, (x)
—(n+24-2) Ci_, (x)]’

This recursion relation implies the following recursion rela-
tion for the Sturmian functions:

n>1.

_ (fik )’
¢1+1,1 (k,E) = N1+1,1 (E) (ﬁzk 2/2# ——E)[“ ’

&1 121 (KE) = (21 +4) 172 x¢1+1,1 (K,E),
¢u(KE)=(1/4,) [2x¢, ,, (K,E)

—A, ;8. 2,1 (k,E)] n>1+42;
where
xz(ﬁ2k2/2p+E) =((n+l)(n—l—1) )1/2
#wk/u—E) " n(n —1) '

Once the Sturmian functions values for the first two terms of
the series (14) are obtained, the values of all succeeding
terms can be rapidly obtained using this recursion formula.
This recursion formula has in fact been used by previous
workers.®
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D. Systems of units and normalizations

Previous papers on two-body Coulomb amplitudes and
their application to many-body problems differ considerably
among themselves in both the units systems to which their
equations are specialized, and in the normalization conven-
tions adopted in defining the partial wave amplitudes. Before
performing any calculations combining the present work
with any of this previous work, care must be taken to assure
that all formulas involved use consistent units systems and
normalizations.

All equations in this paper have been written without
specialization to any system of units. To specialize them to
atomic units, simply set #iand e  equal to unity in all of them,
and assume that the reduced mass is expressed in units of
electron masses.

Some papers use a system of units involving mass-
scaled momenta, defined by p? = #°k */2u. The equations in
this paper cah be converted to such a system by replacing
each wave number k by (2u) '/* p/#. Papers using mass-
scaled momenta sometimes further specialize their equa-
tions to atomic units, and sometimes specialize them instead
to Rydberg units.

Some papers define the partial wave components v, and
t, of the potential and of the amplitude in a manner differing
by a factor of 2 from the definitions used in this paper. This
difference or any similar difference in normalization conven-
tions causes the multiplicative factors on all angular projec-
tion relations, and on the integral terms of all integral equa-
tions, to differ from the multiplicative factors appearing in
this paper. This differing of multiplicative factors can be
used to detect an underlying difference in normalization
conventions.

lil. COMPARATIVE NUMERICAL STUDY OF THE
METHODS

The author has conducted a computational study of the
three methods described above. This study was conducted in
order to determine whether the numerical values of
t,(k,,k,;E), produced by the methods, become stable for
reasonably small values of each method’s “convergence var-
iables”; and to determine whether the methods’ relative use-
fulness differs significantly in different regions of the space
defined by the variables (k, ,k,;E ). The convergence varia-
bles of each method are: the numbers of intervals N, and N,
used in numerical evaluation of the integrals 7, and 7,
(method of contour integration); the number of terms A,
included in summing the modified hypergeometric series
and the number of intervals N, used in numerical evaluation
of the angular projection integral (method of angular projec-
tion); and the number of terms ¥, included in summing the
Sturmian functions expansion (method of separable series
summation). The radius R of the circular contour segment is
an additional computation parameter involved in the meth-
od of contour integration.

A. Test procedure

A grid of test points in the space (k, ,k, ;E ) was selected.
At each of these points, the values of ¢,, for / = 0 through
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k,=1 k,
FIG. 2. The (k, ,k,) plane. Lines 1 and 2 contain the pairs (k, ,k,) at which
the principal numerical test were conducted. The line k, = &, marks a

logarithmic singularity in all #,(k, ,k.;E ). The coordinates of points @ and
are (1.0, 0.32) and (1.0, 0.68), respectively.

[ = 4, were computed by each of the three methods as func-
tions of that method’s convergence variables. The maximum
values used for the convergence variables were 60 for
N,,N,,A.,and N,, and 200 for N,. The three methods con-
sume comparable computer times using these maximum
convergence variables for this entire range of / values. The
values used for R were 0.2, 0.5, and 0.8.

Atomic units were used in all test computations. Most
were performed for y = 1.0, E= —0.375,and Z =1 and

—1both. Two sets of pairs (k, ,k,) were used. In the first set,
k, was fixed at 1.0 and &, took the values 0.01, 0.02, 0.04,
0.08,0.16,0.32,0.50,0.68, 0.84,0.92,0.96,0.98, and 0.99. In
the second set, the ratio k, /k, was fixed at 0.5 and &, took
the values 0.01, 0.02, 0.04,0.08,0.16, 0.32, 1.0, 3.0, 6.0, 12.0,
25.0, 50.0, and 100.0. A few additional computations were
performed, some for 4 = 0.5, some for E = —0.625 and

—0.187, and some for a few pairs (%, ,k, ) lying off the two
principal sets. These additional computations were used to
check the general validity of conclusions drawn from the
basic tests.

Figure 2 depicts the plane (k,, k, ). Because ¢,(k, .k, ;E)

= t,(k,,k,;E), all tests may be restricted to the region k,
> k,. The two principle sets of test points lie along the two
dashed lines. The first set (line 1) is used to investigate the
limiting behavior of the three methods as k£, —0 and k, —k,
for fixed k, . The second set (line 2) is used to investigate the
limiting behavior as k, and k, both —0 and both — 0. The
line £, = k, marks a logarithmic singularity in z,.

At each of the principal test points (%, ,k, ), the ¢, values
produced by the three methods were compared, to deter-
mine which method’s results converged most rapidly or least
rapidly to stable numerical values as functions of the conver-
gence variables. From these comparisons, general conclu-
sions were drawn regarding the method’s relative usefulness
in different parts of the (k,,k,) plane.

B. Test results

Figures 3 and 4 illustrates the test results, for / = 1 and
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FIG. 3. The convergence of 1, (k, ,k,;E), for Z= 1, = 1.0, E= -0.375,
and (k,,k,) = (1.0, 0.32). Curves 1, 2, and 3, respectively, represent the

methods of contour integration, of angular projection, and of separable
series summation. For each curve the abscissa represents N,, N,, and N,

respectively. For curves 1 and 2, the values of R, N,, and 4, are held con-
stant at 0.5, 60, and 60, respectively.

Z = 1, at the two points (k, ,k,) = (1.0,0.32) and (1.0, 0.68);
these points are labeled a and & in Fig. 2. Each curve repre-
sents the ¢, value, computed by one of the three methods, as a
function of one of that method’s convergence variables. For
the method of contour integration (curve 1) the abscissa re-
presents N, ; for the method of angular projection (curve 2)
the abscissa represents NV, ; and for the method of separable
series summation (curve 3) the abscissa represents N,. For

curve 1, the convergence variable N, is constant at its maxi-
mum value 60, and the parameter R is constant at 0.5. For

curve 2, the convergence variable A, is constant at its maxi-
mum value 60. As mentioned previously, the computations
by the three methods for the maximum values of the conver-
gence variables consumed comparable computer times; it is

.300 |- /\3 -

't1 (auv)

297 - 4

| | L
80 160

Ny

FIG. 4. The same as Fig. 3, but with (k,,k,) = (1.0, 0.68).
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TABLE 1. The convergence test results along line 1 (Fig. 2) for the method
of contour integration; for E= —0.375, Z =1, and z = 1.0. Each entry is
the number of significant figures, in the computed values of #,(k, ,k;;E ),

judged stable as N, varies upward to 60, for a fixed ¥, =60 and R = 0.5.

k, 7k,

~
I
o
.
It
—_
~
Il
)
-
I
w
.
Il
F-y

0.01
0.02
0.04
0.08
0.16
0.32
0.50
0.68
0.84
0.92
0.96
0.98
0.99
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therefore reasonable to plot three curves on one graph for
comparison purposes even though the three curves’ abscis-
sae have different mathematical meanings.

In Fig. 3, we see that curves 1 and 2 very quickly con-
verge to the same stable value of approximately 0.08901,
whereas curve 3 oscillates about this value and converges
very slowly, if at all. In Fig. 4, we see that curve 1 again very
quickly converges to a stable value, and that curve 3 again
oscillates about this value of approximately 0.2996. But
curve 3 now clearly converges to this same value. Curve 2
also appears to converge to this same value, but only very
slowly. Thus, for these two examples of the test results, we
see the following:

(1) The method of contour integration produces rapidly
converging results at both point a, near the k,—0 limiting
region, and at point b, near the k,—k, logarithmic
singularity.

(2) The method of angular projection produces rapidly
converging results at point a but slowly converging results at
point b.

TABLE I1. The same as Table I, but for the method of angular projection.
Each entry is the number of significant figures in ¢, judged stable as N,
varies upward to 60, for a fixed 1, = 60.

TABLE III. The same as Table I, but for the method of separable series
summation. Each entry is the number of significant figures in ¢, judged

stable as &V, varies upward to 200.

ky 7k, =0 =1 1=2 =3 [=4
0.01 2 0 0 0 0
0.02 2 2 0 0 0
0.04 4 1 0 0 0
0.08 3 2 1 0 0
0.16 5 2 2 0 0
0.32 4 1 3 1 1
0.50 4 3 2 3 2
0.68 3 3 3 4 3
0.84 4 3 3 4 3
0.92 2 3 3 3 2
0.96 3 4 2 3 3
0.98 3 3 4 3 3
0.99 4 4 4 4 4

(3) The method of separable series summation produces
very poorly converging results at point a but fairly rapidly
converging results at point b.

These two examples illustrate a general conclusion
drawn from an analysis of all of the test results, which we
now describe.

The test results were analyzed by first condensing the
numerical data generated to 36 tables, six examples of which
are shown here (Tables I-VI). Table I, for example, repre-
sents the test results for the method of contour integration,
for all/ values tested and for all (k, ,k, ) pairs lying along line
1in Fig. 2, for Z = 1, R = 0.5, and for the convergence vari-
able N, held fixed at its maximum value of 60 while ¥, is
varied. Each entry of Table I is the number of significant
figures, in the numerical value of a particular ¢,(k ,k,;E),
judged as having become stable when N, is varied up to its
maximum value of 60. Table VI, for example, also represents
the test results for the method of separable series summation,
for all 7 values tested and for all (%, ,%,) pairs laying along
line 2 in Fig. 2, for Z = 1. Each entry is the number of signifi-
cant figures judged stable when ¥, is varied up to its maxi-
mum value of 200. By studying the 36 tables, general conclu-
sions can be drawn.

TABLE IV. The same as Table I, but along line 2 (Fig. 2).

k,/k, 1=0 I=1 =2 I=3 I=4 k, [=0 I=1 =2 1=3 [=4
0.01 9 8 6 0 0 0.01 8 7 4 1 0
0.02 8 6 4 0 0 0.02 7 7 4 0 g
0.04 9 7 5 1 0 0.04 6 6 5 1 0
0.08 7 7 5 3 0 0.08 6 6 8 4 1
0.16 7 7 4 3 1 0.16 6 6 6 4 3
0.32 5 5 4 3 2 0.32 6 6 6 5 4
0.50 S 4 3 3 3 1.0 6 6 5 5 6
0.68 3 3 2 2 1 3.0 8 8 8 8 9
0.84 2 2 1 1 1 6.0 8 8 8 8 7
0.92 1 1 1 1 1 12.0 8 8 7 8 7
0.96 1 0 0 0 0 25.0 8 6 6 6 6
0.98 1 0 0 0 0 50.0 7 7 6 7 6
0.99 0 0 0 0 0 100.0 6 4 5 4 S
339 J. Math. Phys., Vol. 21, No. 2, February 1980 Stanley J. Sramek 339



TABLE V. The same as Table II, but along line 2 (Fig. 2).

k, 1=0 =1 =2 =3 1=4
0.01 7 5 6 5 4
0.02 6 5 5 5 4
0.04 6 6 4 4 4
0.08 6 4 4 4 3
0.16 6 5 4 4 2
0.32 5 5 4 3 3
1.0 5 4 3 3 3
3.0 5 5 3 3 3
6.0 5 4 4 3 2

12.0 5 5 4 3 3
25.0 6 5 5 4 3
50.0 6 6 5 4 3

100.0 7 6 5 4 4

The results obtained by the method of contour integra-
tion are of comparable precision for R = 0.2 and R = 0.5,
and of poorer quality for R = 0.8. This result is not surpris-
ing, because for R = 0.8 the circular part of the contour (Fig.
1) passes close to the logarithmic singularities on the unit
circle. The results converge more rapidly as ¥, increases
than as , increases; therefore, in comparing the method of
contour integration with the other methods, we consider pri-
marily its convergence precision as NV, increases.

The results obtained by the method of angular projec-
tion converge more rapidly as A, increases than as N, in-
creases; therefore, in comparing this method with the ¢tner
methods, we consider primarily its convergence precision as
N, increases.

Consider now Tables II and II1. Table II shows that,
along line 1 (Fig. 2), the method of angular projection in
general gives good result for &, /k, <0.5. In the limit k, —0
we see that, for / = 0, 1, and 2, the method continues to give
results accurate to approximately four to eight significant
figures. For / = 3 and 4 the method deteriorates as k, —0;
however, approximate values of ¢, for very small k, values
can be obtained by extrapolation from the values obtained
for somewhat larger k,, assuming a k ; dependence. For
k,/k, > 0.5, the angular projection results deteriorate rapid-
ly. As k,—k/, that is, as we near the logarithmic singularity
in ¢, this method becomes useless. On the other hand, Table
III shows that the method of separable series summation in
general gives poor results for k, /k, <0.5 and good results
for k, /k, »0.5. As k,—0, this method’s results deteriorate
rapidly for all/ except / = 0. As k, —k/, this method contin-
ues to give results accurate to approximately three or four
significant figures, for all /. Thus, the methods of angular
projection and of separable series summation can be regard-
ed as complementary: In the region k, /k, <0.5 the former
produces accurate results, and in the region &, /k, > 0.5 the
latter produces accurate results. Figures 3 and 4, previously
discussed, illustrate this general conclusion.

Consider now Table I. This table shows that the method
of contour integration produces good results almost every-
where along line 1, showing only some deterioration for
higher / values as k, —0. This deterioration appears to be
comparable in seriousness to that shown by the method of
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angular projection as k, —0. For / = 0 and 1, this method
continues to produce accurate results as k, —{0, although
this accuracy is not quite as great as that attained by angular
projection. As k,—k, this method continues to give results
accurate to approximately six or seven significant figures, for
all /. Thus, the method of contour integration produces re-
sults superior to those produced by the method of separable
series summation along that part of line 1 where the latter
method produces its best results; there is no portion of line 1
where the method of separable series summation is not infe-
rior to at least one of the other two methods. In the region
k,/k, <0.5, the methods of contour integration and angular
projection appear equally useful.

We now consider the tests conducted along line 2 (Fig.
2). Table IV indicates that the method of contour integration
remains accurate to four or five significant figures for all / as
k, and k, both — 0, but that serious deterioration occurs
for higher /as k; and k, both —0. Table V indicates that the
method of angular projection remains accurate to four to six
significant figures for all / both as k, and k,— o and as k,
and k, —0. Table VI indicates that the method of separable
series summation deteriorates substantially both as &, and
k,— o0 and as k, and k,—0, thus confirming the conclusion
that it is always inferior to at least one of the other two
methods.

We thus reach the following final conclusions, which
are also supported by an analysis of the tabulated test results
not presented here:

(1) In the entire region &, /k, <0.5, the methods of con-
tour integration and of angular projection are approximately
equally useful; the method of angular projection is probably
preferable because its results show no deterioration along
line 2. The method of separable series summation is useless
in this region.

(2) In the entire region k, /k, > 0.5, the method of con-
tour integration is clearly superior to both of the other
methods.

Figures 3 and 4, previously discussed, illustrate these
general conclusions.

C. Mathematical significance of test results

The failures of the methods of angular projection and of

TABLE VI. The same as Table III, but along line 2 (Fig. 2)
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separable series expansion along certain portions of line 1
can be understood in terms of the methods’ basic mathmati-
cal natures.

The method of angular projection fails for higher / val-
ues as k, —0, and for all / values as k,—k, . To understand
these failures, we consider the qualitative behavior of the full
amplitude W (k, ,k,;£), as a function of k| -k, , in these two
limits.

From Eq. (8), we see that W (k, ,k,;E ) is a continuous
function of k, atk, = 0, so that, for k, small but nonzero, its
dependence on the direction X, must be very weak. The inte-
grand of the angular projection integral (4) is therefore a
nearly constant function of &, -k, ; its slight deviations from a
constant value determine the integral’s nonzero value for
higher / values. Even small errors in computing the numeri-
cal values of W will not be small in comparison to these slight
deviations, and will therefore substantially affect the inte-
gral’s value for higher /. The method thus fails for k, near
zero, for higher /.

From Eq. (8), we see that, fork, =k, W(k,; k,;E)isa
singular function of k, -k, in the limit as the angle between
k, and k, becomes zero. Therefore, for &, nearly equal to &, ,
the integrand of the angular projection integral (4) is nearly
singular at &, -k, = 1, so that the integral cannot be accu-
rately computed. The method thus fails for &, near &, .

The method of separable series summation fails as &,
—{0 for / #0. To understand this failure, we consider the
series (14), and investigate the #— o0 behavior of the terms
for small &, .

From Eq. (15), we see that, for k,—0, the argument of
the Gegenbauer polynomial C’*!, | becomes —1. The
values of the Gegenbauer polynomials for arguments of unit
magnitude are known®:

CH (=) =(="""CH (D)
=[(-D""t/@I+1)]
X [(n +10/(n —1 =1 );
furthermore,
n+Wm—1-1)~n**" as n>cw.

The factors involving ¥, (E ) then introduce an n =2 depen-
dence for large n, so that as n— oo the magnitude of the terms
of the Sturmian functions expansion behaves as n*' ~' . Thus,
for [ = 0, the series will converge numerically for small &,
although rather slowly. But for / 0 the series will fail to
converge numerically.
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APPENDIX A: NUMERICAL VALUES OF Sr(a)

To tabulate accurate values of Sr(a), write the inte-
grand (12) as a sum of two terms:
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log(1 — cost) = 2 logt + log[(1 — cost)/t?].

The first term, containing the logarithmic singularity, can be
integrated analytically. The result is

Sr(a) = 2a(loga —1) + f dt log(
0

1~ cost). (16)

t 2

The remaining term must be integrated numerically. Be-
cause this integrand has no singularity at ¢ = 0 the integra-
tion can be accurately performed using some standard meth-
od such as Simpson’s rule.

The numerical value of St(a) for some arbitrary o can
be obtained from the tabulated values by applying an appro-
priate interpolation scheme to those values tabulated at
points lying near the  of interest. The author’s test compu-
tations showed that, for & > 7/20, a simple polynomial inter-
polation scheme applied directly to the tabulated Sr values
produces satisfactory results. The author’s interpolation
scheme consisted of fitting a third order polynomial to the Sr
values tabulated at the four points nearest the a of interest.
The author tabulated the values of Sr at the endpoints of 400
intervals of length 7/400, covering the interval [0,7].

For a < 7/20, such an interpolation scheme produces
unsatisfactory results. The function Sr(a) has an infinite de-
rivative at @ = 0, and no polynomial fit applied directly to
the tabulated Sr values for small a can adequately mimic this
infinite slope feature of the function. To obtain Sr(a) for
small a, the two portions (16) of the function Sr must be
treated separately. The first portion is known analytically;
and the second, because it does not exhibit the infinite slope
feature, can be accurately treated with a simple polynomial
interpolation scheme.

APPENDIX B: NUMERICAL SUMMATION OF CERTAIN
SERIES

Consider two series, of the forms

co = i cosia ’

AT A 4+ o)
ST = i sinda '
AT A 4 0)
A series of the latter form, with # = 4, must be summed
mathematically in computing Coulomb amplitude values by
the method of angular projection. To study the numerical
convergence properties of such series, and to justify use of
the correction term in Eq. (13), we first note that the two
series are the real and imaginary parts of a series

iAo

ES= ¢ 3 A).
Az:"l/l"‘l(/1+0) Aglz()

Let A, denote a cutoff index. We denote the series truncated
after A, terms as

)= i z(4).

A=1
We wish to determine a complex correction terms ¢(4, ) such

that €(4.) + ¢(4.)—E ] much more rapidly as ,—>co than
does €(4.,).

Weregard E';] and all of the z, ¢, and € as vectors lying in
the complex plane, and study their geometric properties.
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FIG. 5. The geometric construction of the complex correction term c(4,).
The labeled points are: I, (4, — 1); I, e(4,); II1, (4, + 1); and IV, E¢.
The labeled vectors are: 1,z(4,); 2,z(4, + 1); 3, (4, + 1);and 4, ¢(4,). The
curve represents the spiral path along which the points € lie. The segment
shown is considered approximately circular, with the point IV lying at its
center.

The most important properties are: For all A, the angle be-
tween vectors z(4 yand z(4 + 1)is exactly equal to«, and, for
sufficiently large A, the ratio of these vectors’ magnitudes
becomes arbitrarily close to unity. Since each €(4.) is the
vector sum of the first 4, vectors z(4 ), these properties im-
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ply: For a sufficiently large minimum A /, the chain of points
€(4,.) for 4. > A lies on a spiral path, which very slowly
spirals inward around the point E¢. Forany A, >4 [, the
points € lying near €(1_) lie approximately on a circle, the
radius of which very slowly diminishes to zero as 4, — .
(This circle’s radius is initially much smaller for n = 4 than
for n = 1, but in either case this radius diminishes to zero
very slowly as A_— «.) The point E ¢ lies very near the cen-
ter of this circle. We therefore choose ¢(4,) as a vector
which, when added to €(4,), reaches the point lying at that
center.

Consider Fig. 5. The points (4, — 1), e(1.), (4, + 1),
and E 7; and the vectors z(1.), z(4, + 1), ¢(4,), and
c¢(A. + 1) are shown. Also shown is a part of the spiral on
which the points € lie. By vector addition,

cA)=z(A, + D+c(d. + 1)
Because of the approximate circular geometry,
z(A, + D)=z(4,) €7,
c(A, + D=c(d,) "
Therefore,
cA)=[2(A.) + )] e” A )=z(A)/ (e — ).

By taking the real and imaginary parts of this ¢(4 ) we finally
obtain correction terms to be used in truncating the series
Cland S¢:
Co~ i cosda  sin((d, +Da)
"TEIATT A +0) 2477 (A, + o) sinja
& sinda cos((A. + Da)
A" A +0) 2477, + o) sinja

o

i~
n o~
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Using the decomposition of the curvature tensor by means of the dual * operator, several useful
expressions for characteristic classes in some kinds of Einstein manifolds are obtained.
Consequently, some topological restrictions of the underlying manifolds are considered.

1. INTRODUCTION

The most intersting Riemannian manifolds in physics
have dimension 4. In this case the duality * operator plays an
important role. The Riemannian curvature tensor can be
decomposed by means of the * operator. Using such a de-
composition, it has been shown that there exist several in-
equalities between the Euler number, Pontrjagin number,
and the Yang—Mills functional on the manifolds. ' This paper
discusses some important special cases. For Einstein—
Kihler manifolds and half-conformally flat Einstein mani-
folds, which are interesting to the gauge theory,” we obtain
several useful expressions for the Euler class and Pontrjagin
class, from which some topological restrictions of the mani-
folds are obtained. In particular, H. Donnelly’s inequality®
for the Einstein—Kdhler manifolds is a consequence of these
expressions.

2. DECOMPOSITION OF THE CURVATURE TENSOR
AND CHARACTERISTIC CLASSES

Let M be an oriented Riemannian manifold of dimen-
sion 4, and let R and A © be the curvature tensor and the
bundle of exterior p-forms of the manifold M, respectively.
The Riemannian curvature tensor defines a symmetric
transformation in A ? given by

1
R (e, Ae;) = _2‘ Z Rhijk(ejAek) ’
ik

where {e, ] is a local orthonormal basis of 1-forms. At any
point xeM such linear transformations form a vector space
with inner product given by (R-R’) = trRR .

The duality operator *:4 >—A ? is defined by

aA *B = (a,f )2,

wherea, BeA 2, (a, B ) is the inner product on 2-forms, and {2
is the volume form.
As is well known, the bundle A 2 splits a direct sum

A2=A% 0A?

where A 2¢ are the 7 1 eigenspaces of the * operator.
For the sake of the simplicity we denote

1 1 .
*R (e, Ae;) = 5 z Ry *(e;Aey) = 2 E Rtu(eAe,) .
Jk Jk

Setting

R rui.jk = R;’:hi ’ 2.9
we define
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R*(e,Ae) =13 R} (GAe,),

ik
*R*(e,Ae) =1 Ri%(eAe,).
A3

Moreover, we define

R*=1R+R*+R*{+R*¥),
R-=1R—R* —R™*+R*),

2.2
R*=1R+R* —R*—R*¥,
R*=1R—R*+R*—R**).

Itiswellknownthat R *~ = OisequivalenttoR ~* = Oand Mis
a Einstein manifold iffR *~ = 0' which is the case of our con-
sideration through this paper. On the other hand, the curva-
ture R can be written as a block matrix relative to the decom-
position A2, &A% :

* B

T A- 4
where |4*)> = |R "% |4"|*=|R ~|?, and
|B|*=|B7|*=|R )% Moreover, we have tr4 * = trd "

= s, where s is the scalar curvature, which is a constant in
an Einstein manifold, and

We=d'— >_id,

12
N
W =4 — —id, 2.3
T 2.3)
W=Ww'+W-,

where id denotes the identity transformation and W is the
Weyl conformal curvature tensor.

We define the manifolds with W* = 0or W~ = Oas the
half-conformally flat manifolds.

From the above relations the Euler characteristic
class*' of M can be expressed as

3—21; Z €. ..R(e Ae )AR (e, Ae,)
1 ++12 -2 |2
= gﬂ—;(lR >+ [R7|* =2|R |02 2.4
and
L gwp wp s S 2rpo. @5)
877 24
Similarly, the first Pontrjagin class* is
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-l—ﬂlz&,‘f’R(e Ae,)AR (e, Ae,)

102

1
— RHz—R"Z.Q
22 (R =R

1
— (W= WD 2.6
S (W= (WP @)
As a consequence, Egs. (2.4) and (2.6) immediately give
Hitchin’s inequality about Einstein manifolds |p|/2<y.’

As is known the Yang-Mills functional of M is

YM(M) = J IR 22 . 2.7

Though this paper, if we do not assume a manifold to be
compact without boundary, but assume that the Yang-Mills
functional is finite, then y and p lose original topological
meanings, but integral inequalities in the paper still hold.
They can be considered as constraints on the Riemannian
metrics.

3. EINSTEIN-KAHLER CASE

Let M be a Kahler manifold.
Lemma 3.1: For the Kahler manifolds

3.1

12
Proof: We take a Hermitian basis e, Je,, e,, Je,,* where

J is the canonical almost complex structure. From this Her-
mitian basis {e,AJe, + e,AJe,, e,Ae, + Je,AJe,,

e,AJe, + Je,Ae,} form abasis for A ?, . Using the properties
about Kahler manifold,* we have

Re.Ae, + Je,AJe, = O > Re. AlJe, + Je, Ae, = 0 »

and
RP.AJE, + e,Ade; = RiC'J (32)
by direct computation. Thus, Eq. (3.2) gives

(Re.AJe, + e,Ade,, e, Ade, + e, Ale, )

= (RicJ, e, AJe, + e,AJe,)

= (RicJ (), Je,) + (RicJ (e,), Je;) = {2—
<Re,/\.le. + e, AJe,, e Ae, + JeAde, )

= (RicJ, e, AJe, + Je,AJe))

= (RicJ (e), e,) + (RicJJ (ey), Je;) =0.
Similarly,

<Re,AJe. + esAde,, e, Adey +Je.Ae,> =0.
So we have

s/4 0 O
0O 0 0].
0 0 O

From Eq. (3.3) we obtain Eq. (3.1). Equations (2.5), (2.6)
and (3.1) give the following:

A= (3.3)
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Theorem 3.2: Let M be a four-dimensional Einstein~
Kaihler manifold. Then its caracteristic numbers have the

following relations
e L (7P e

Oxen = L
(i) p(M ) = ~’— (—— W e,

p
1 sVol(M)
G () + 2-pi) = S00D
. _ _3_ 12
W)y —p= 8”JLIWW,

(V) —2y<p<y
where —2x = p holds iff s = 0 which is equivalent to
W*=0orR" =0, and p = x holds iff W~ = 0. So both are
half-conformally flat manifolds. It is well known that the
first one is the K, surface if it is simply connected, and the
second one has constant holomorphic section curvature
which we shall show later.

Remark 1: if s#0, Vol(M ) < . If s = 0,
¥ (M) + lp(M) = 0 holds also

Remark 2: (V) have been obtained by H. Donnelly in a
different approach’.

If we employ the normal form of the curvature tensor
for the four-dimensional Einstein manifold®, then we can
express characteristic numbers in other forms. This theorem
states that there exists an orthonormal basis such that rela-
tive to the corresponding basis {e,Ae,, e,Ae;, e,Ae,, e;Ae,,
esAe,, e,Ae;) of A %, the matrix of curvature components has

the form
A B
r1=(5 7).
2, 0 O w, 0 O
A=10 A, OJand B={0 u, O]
0 0 A, 0 0 4

where any 2-planes, which form the basis of A 2, are critical
points for sectional curvature function. The relative critical
values are 4,, A,, and A, with A, + 4, + A; = s/4. The first
Bianchi identity implies ¢, + p, + g3 = 0. From now on we
call such an orthonormal basis of A ? to be a normal basis,
from which we take the basis {e,Ae, + e;Ae,,

e Aey + eAe,, e Ae, + e,Aes, e, Ae, — e;Ae,,

e, Ae; — e Ae,, e Ae, — e Ae,] relative to the decomposi-
tion (2.3). It has a more explicit form

0y
A - — 0 0
1+ 12
. 0 A, + -2 0 ,
w 2 T M4 B
0 0 Ao fn — ——
3T H3 12
s
ﬂ'l—,u'l—l—z 0
s
. 0 . S
W= 2~ K ) ’
0 0 Ay — iy — ——
ST T )
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and obviously B = 0.

Lemma 3.3: There exists a Hermitian basis {e,, Je,, e,,
Je,} in an Einstein—-Kéihler manifold such that the curvature
tensor has the normal form in the following basis: {e,AJe,,
e Ae,, e, Ale,, e,Ale,, Je,Ade,, Je Ae,},

Proof: According to the fact that the 2-plane Pis a criti-
cal point of R iff RP = AP + uP'5if Pis a critical 2 planes,
and so is JP. Therefore, there is either P= + JPor P!

= 4 JP, which correspond to PnJP #¢ or PnJP = ¢, re-
spectively, where + means the same or opposite orientation
of the planes. For any normal basis P, = e, Ae,, P, = e,Ae,,
P, =e,Ae,, P! =e,Ae,, P =e,Ae,, P; = e,Aes, it is im-
possible that JP, = + P}, i = 1,2, 3. Otherwise,
J(P\P,)C + Pin+ P; = [e,},namely,Je, = + e,. Simi-
larly, we have Je1 + e,, which is contradictory. There-
fore, there exists a P, such that JP, = + P;. It means P, and
P} are holomorphic 2-planes. (Maybe there is a need to
change the orientation of the planes.) Without loss of gener-
ality, we assume them to be P, and P |. We take that e, and
Je, span P,, ¢, and Je, span P . So we obtain such a Hermi-
tian basis that e, AJe,, e, Ae,, e,AJe,, Je,A Je, are critical 2-
planes. By the symmetry of the Riemmanian curvature ten-
sor ¢,AJe, and Je,Ae, are critical 2-planes as well.

As a result, in any Einstein—Kéhler manifold one can
choose a Hermitian basis {e,, Je,, e,, Je,} with critical 2-
planes of the section curvature function e, AJe,, e,AJe,, ...
Equations (3.1) and (3.4) give

= 3 ) e )
3.5

So we obtain the result as follows:
Theorem 3.4: Let M be a four-dimensional Einstein—
Kaihler manifold, then we have

o= [ 2 o e 5]

s s2>
24, — — |12,
+( ? 12)+ 12

0= 15 [, (55— (- 5) 4 (- )

e

where s is the scalar curvature in M; §2 is the volume form of
M; A, A,, A5 arecritical values of section curvature functions
and A4, is the holomorphic sections curvature also.

Remark 1: Using the relations between section curva-
tures and holomorphic section curvatures, we can evaluate
the upper bound of the Euler number and the lower bound of
the Pontrjagin number, if we give bounds to holomorphic
section curvatures.

Remark 2: W-=0iffA, =5/6,1, =5/24,1; =5/24.

If we notice Egs. (3.1) and (3.4) again, we have
uy=s/12,p, = —s5/24, u, = — s/24. Consequently, its
holomorphic sections curvatures equal a constant s/6, which
are already obtained by Gu Chaohao and Hu Hesheng.”
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4. HALF-CONFORMALLY FLAT EINSTEIN CASE

Recall that conditions for half-conformally flat Ein-
steinare W~ =0 (or W* = 0)and R * = 0. We have the fol-
lowing results:

Theorem 4.1: Let M be a four-dimensional half-confor-
mally flat Einstein manifold. Its characteristic numbers have
relations

Oxon= 5 [ (1w S)a
oL (e 20
(i
pon = L [ 1wra(orpon = - L [ 1wa)

(M)| + s$*Vol(M)
2 20372

Proof: (i) and (ii) can be obtained from Egs. (2.5), (2.6),
and the conditions for half-conformally flat Einstein mani-
folds. (iii) follows from (i) and (ii).

If we name the half-conformally flat Einstein manifolds
with.S #0and W 0 as nontrivial half-conformally flat Ein-
stein manifolds, we have the following corollary.

Corollary 4.2: There are no nontrivial half-conformally
flat Einstein metrics with the global topology of 4, §2x §'?,
and K;.

Proof: According to the Theorem 4.1, § #0 is equiv-
alent to X' > |p|/2 and W #0 is equivalent to p(M )70 from
the facts that p(s*) = p(s* X5%) = 0, p(K;) = —48 and
X (K;) = 24; hence, we obtain the conclusion.

If we employ the normal form of curvature tensor for a
four-dimensional Einstein manifold, we have another ex-
pression for characteristic numbers. W~ =0 gives A, — u,

= 5/12, so we have

W= (o= ) + (- )+ (- 5)
(4.1)

Substituting Eq. (4.1) into expressions for the Euler number
and the Pontrjagin number, we get

)
o s
)

=g (A
6
If we assume that 4,4, >0, ij = 1, 2, 3, we obtain then

(i) y () = 2

M) =

4.2)

+(”3‘€)]”'

s2
O<|W*|2<?. 4.3)
Theorem 4.1 and inequality (4.3) give
s*vol(M) 5s%vol(M )
— . K YM ) ——— 4.4
28.377 XM)< 28377 “4)
and
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2
0<p(M)< % (4.5)
so we have
pM) _ s*vol(M) 5.52vol(M)
> S geap KT

For W* = 0 we can obtain similar results. We summarize the

results as follows:

0< (M) s*vol(M) 5.s?vol(M)
co2 2037 20377

Theorem 4.3: Let M be a four-dimensional half-confor-
mally flat Einstein manifold with nonnegative (or nonposi-
tive) section curvatures. Then its characteristic numbers,
scalar curvature, and volume satisfy inequality (4.6).

For CP, with the Fubini-study metric, which is a non-
trivial half-conformally flat Einstein manifold, we have
p=23,x=23,5s =24, Vol(cp,) = /2, which obviously sat-
isfy inequality (4.6). It is not known whether there exist any
other nontrivial half-conformally flat Einstein manifolds ex-

<Y(M)< (4.6)

N
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cept the Einstein-Kdhler manifolds with constants holo-
morphic sectional curvatures.
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The equilibrium conditions of a relativistic fluid with nonzero viscosity and heat conduction
coefficients are known to reduce to Einstein’s equations for a barotropic perfect fluid in rigid
motion. We consider here the linearization of these equations on a static spherically symmetric
background and show that the solution space is three-dimensional (parametrized by the angular
velocity vector, for example), provided the exterior vacuum region is asymptotically Euclidean
and the equation of state p = p(p) (satisfying p >p >0 and dp/dp > 0) is fixed, as well as the
central values of the pressure and the gravitational potential. In the exterior region this solution
agrees with the Kerr solution, linearized on the Schwarzschild background. This result is the first
step towards proving a certain uniqueness of the possible equilibrium configurations of slowly
rotating relativistic fluids. It is obtained using invariantly defined global conditions, without
assuming the existence of particular coordinate systems.

1. INTRODUCTION

We begin in this paper a mathematical analysis of the
set of possible equilibrium configurations of a slowly rotat-
ing (simple, thermodynamic) relativistic fluid body sur-
rounded by vacuum.

Slowly rotating relativistic stars have been extensively
discussed during the last decade, but mainly from an astro-
physical point of view.! Our objective is to extend the classi-
cal mathematical theory of the equilibrium configurations of
nonrelativistic self-gravitating fluids?® to Einstein’s theory of
general relativity. The main tool in the Newtonian case is the
classical potential theory which does not generalize easily to
Riemannian manifolds. On the other hand, for the station-
ary vacuum equations in general relativity, together with the
boundary conditions of asymptotical flatness and regularity
at a horizon, one has the uniqueness theorems for black holes
of Israel, Carter, Hawking, and Robinson.? The situation is
considerably more complicated if sources are present. Nev-
ertheless, if the equation of state is given and fixed and the
field equations are supplemented by the conditions for rigid
motions, one obtains a system of equations whose lineariza-
tion may be expected to be elliptic, once the coordinate free-
dom is factored out. The set of solutions of these linearized
equations together with appropriate boundary conditions
will then be finite-dimensional.

Of course, this reasoning is very heuristic and only a
very general guideline. Proving that there exists a solution to
the linearized system does not guarantee the existence of a
solution to the nonlinear equations (it could be linearization
instable®). Nor does uniqueness of the solution to the linear-
ized system imply uniqueness for the nonlinear case (there
could be bifurcation points). However, the general relativis-
tic case is less degenerate than the Newtonian one, so there is

“Partially supported by the National Sciences and Engineering Research
Council, Grant No. A8059.
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more hope of proving that there exists a finite-dimensional
family of slowly rotating configurations with a given equa-
tion of state. (In the Newtonian case elliptic configurations
with constant density have received by far the greatest atten-
tion,* but both these special assumptions do not make much
sense in general relativity.) For static (nonrotating) cases the
result is intuitively obvious: The equilibrium configuration
must be spherically symmetric. But while a mathematical
proof exists for the Newtonian case,® it is not yet complete for
the general relativistic case.”™

In this paper our aim is quite modest. We consider the
linearized equations on the static spherically symmetric
background, where they simplify considerably. This allows
us to show that for a fixed equation of state and fixed central
values of the gravitational potential and pressure the space of
solutions is three-dimensional and can be thought of as para-
metrized by the angular velocity vector. This result is ob-
tained by means of elementary estimates very similar to
those used in Ref. 8.

In the rest of this section we will make our assumptions
more precise and outline the method used. We consider a
simple relativistic fluid with viscosity and heat conduction,
i.e., we assume that there exists a timelike vector field ¥ “ and
a matter (baryon number) density » satisfying'®

v, (nu*) =0, (W)
as well as a specific thermal energy ¢, specific entropy s,

thermodynamic pressure p, and temperature 7' (> 0) related
by

de = Tds + pn ~*dn. (1.2)
The stress—energy tensor is assumed to be of the form
T = putf 4+ 2u“gP + (p — £0)E™ + uuf) — 7%,
(1.3)

where p: = n(1 + €) and 6: = V,, u* (expansion rate), and
where the heat flow vector ¢ “ and the shear stress tensor 7 *#
are orthogonal to #* and of the form
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Topg = 200, (1.4)

¢ = — k@ +u w3, T+ Tu,)::=uV,). (15)
Here 0,5: = Vg, — 10 (Qop + U, ug) + ti, Ug, is the
shear deformation rate. Thermal equilibrium is then defined
by the condition that

V,.s#=0
for the entropy flux vector s*: = nsu* + T ~ 'g*.

Now Eqgs. (1.1)-(1.6), together with the conservation
law

(1.6)

V. Th =0, (.7

and the assumptions that the shear and bulk viscosities 77 and
¢ as well as the heat conductivity « are all strictly positive,
are known!' to imply that

(i) the Lie derivative with respect to 8*: = T ~ 'u” of
the metric g,z and all thermodynamical quantities vanish, in
particular the motion of the fluid is rigid (0,5 =0=0);

(ii) the heat flux ¢ * vanishes;

(iii) the equation of hydrodynamical equilibrium (mo-
mentum balance) is equivalent to

Tdp = (p + p)dT. (1.8)
From (1.2) and (1.8) it follows, moreover, that the fluid is
barotropic [with an equation of state of the form p = p( p),
say]. Properties (i) and (ii) of a fluid in equilibrium can also
be derived from relativistic kinetic theory.*

By (i) the space-time region occupied by the fluid is
stationary. It would seem reasonable that for an isolated
equilibrium fluid in empty space the space-time region out-
side the material must also be stationary. But this is not easy
to prove rigorously and the resuit would depend crucially on
the asymptotic conditions imposed. On the other hand, if
one assumes the space—time to be stationary a priori (with
timelike Killing vector field £ %, say) then the matter region
is either static (8 is hypersurface orthogonal and propor-
tional to § ) or 6 “ and £ “ are non paralle]l commuting Kill-
ing vector fields, which means that this region of space-time
is axisymmetric. Lindblom'® has shown that one can extend
6 “ to a Killing vector field in the vacuum region near the
boundary of the fluid and can thus argue that, with reason-
able asymptotic conditions, the whole space-time must be
axisymmetric. We will not assume global axisymmetry,
however, since it does not lead to any major simplification in
our approach.

We therefore consider an equation of state p = p( p)
given and propose to study the set & of all globally station-
ary and asymptotically Euclidean space-times supporting a
perfect fluid, T,.; = (p + p)u,ug + pg.s, in a spatially
compact region B such that the scalar 7, defined on B by
(1.8) (up to a constant) makes 8 = T~ 'u* into a Killing
vector field. The conjecture is that this set can be described
by a finite number of parameters (at least locally, i.e., in a
neighborhood of the spherically symmetric static solutions).

The paper is organized as follows. In Sec. 2 we define
globally stationary space-times and then write the field
equations and equilibrium conditions in terms of the three-
dimensional quotient geometry consisting of a Riemannian
metric 7, a vector field 4 * (related to the angular momen-
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tum), and a scalar field U (the gravitational potential). This
formalism goes back to Lichnerowicz" and our version is
closest to the one of Ehlers." The vector field & ‘is divergence
free and its curl is a kind of mass current so that it behaves in
most respects like a magnetic field. Our derivation of these
three-dimensional equations uses the global theory of con-
nections,'® but this argument need not be followed in detail
for an understanding of the remainder of the paper.

In the static case (characterized by 4 '=0<——=6'=0) it
follows that all thermodynamical quantities are functions of
U only, in particular the pressure, so that the surface of the
fluid coincides with an equipotential surface that will be to-
pologically spherical. For configurations close to spherically
symmetric ones it is then very convenient to study the family
of two-dimensional geometries of these equipotential sur-
faces since one can use mathematical results that hold only
for compact manifolds. We choose to use this approach also
in the stationary case, although it is much less convenient
since p is no longer a function of U only. Using another glo-
bal assumption (namely that there exists a f-invariant 1-
form a such that d,a; = €, *) one can construct a modi-
fied potential U,y on whose level surfaces p will be constant.
But this effective potential satisfies much more complicated
equations and can only be extended into the vacuum region if
global axisymmetry is assumed a priori. Moreover, its level
surfaces near infinity degenerate into cylinders, rather than
remaining topological spheres.

In Sec. 3 we translate the field equations and equilibri-
um conditions into a set of equations for quantities defined
on a family of 2-manifolds, parametrized by U. (We assume
that U has only one critical point at the center so that all
equipotential surfaces are diffeomorphic to 2-spheres.”*)

These equations are linearized on the spherical back-
ground in Sec. 4, where we also establish what constitutes a
physically nontrivial deformation, namely one not due to
coordinate transformations.

In Sec. 5 we show that the solution space of this linear
system is three-dimensional for an arbitrary equation of state
p = p(p) with p>p>0 (Hawking’s dominant energy condi-
tion'") and dp/dp > O everywhere. This is achieved by exactly
the same method as in Ref. 8 since on the spherical back-
ground the stationary case reduces to a large extent to the
static one. We find, not surprisingly, that the only quantity
that does not vanish to first order on the spherical back-
ground is 4 ’. Moreover, 84’ in the vacuum region is exactly
of the same form that one obtains by linearizing the Kerr
solution on the Schwarzschild background.

The equations for 84 ‘ can be solved numerically quite
easily for any explicitly known static and spherically sym-
metric background solution. As an example we give in Sec. 6
the results for the case of the interior Schwarzschild and one
of the Tolman'® solutions.

2. GLOBALLY STATIONARY SPACE-TIMES

In the entire paper we assume for simplicity that all
manifolds and tensor fields are C * except at the (C *)
boundary of the region occupied by matter. We shall call
such tensor fields regular. Our other basic assumption is that
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the space—time (M,g) is globally stationary, i.e., that there
exists a one-dimensional isometry group whose orbits are
timelike submanifolds diffeomorphic to R and whose gener-
ator is therefore an everywhere timelike vector field £ tan-
gent to these orbits. Let

V= —g(&L)
so that £ (U) = 0 and U is a regular function on M.

We assume that the set of all orbits 3 has a manifold
structure such that the canonical projection m: M—Z is C =
This is the case iff for all x,€:M there exists a neighborhood
¥V3x, that is intersected by each orbit in at most one con-
nected segment.?® Thus M is a principal fibre bundle over 2
with structure group (R, + ).

We orthogonally decompose T, M into a one-dimen-
sional vertical subspace V, parallel to £ and a complemen-
tary horizontal subspace H, by writing neT M as 7 = 7°¢

+ 7 with 7° = e ~2Yg(7,£). This decomposition defines a
connection since it is invariant under the group action of
(R, + ).' It can be equivalently characterized by a connec-
tion form, i.e., in this case a real valued 1-form a that satisfies

@1

G) L,a=0, (i) alX,)=0==XeH,, (i) a)=1.

2.2
These equations define a uniquely if the horizontal subs(paczz
is given. The curvature form H associated to the connection
form a is then H = da + a Aa = de and H = 7*H for a
unique 2-form H on 3. Similarly we have U = 7*U.
We define a Riemannian metric  on 2 by

71.6)): = %8s | @.3)
for any xer ~ (%), where 7,§€T, M are the unique horizon-
tal lifts of 7,{eT . X, respectively. Then we find

g= —m*@aoa+ r*e %) 2.4
We now drop the tilde and consider only the three-geome-
tries (2,y,a,U ) assumed globally defined and C *, except at
the star boundary, with ¥ a positive definite Riemannian
metric, a a smooth connection form on an R-principal bun-
dle over X, and UeC ~(Z,R). Note that there is no reason for
the closed 2-form H to be exact.

‘Onalocal neighborhood of xeM there exist coordinates
(tx)=x"suchthat{ =4,, i.e, L8 = 0c—=d,g,5 =0.
Letting

u
— et 20U,

Y — ezuakal’
2.5)

_ — 2 B
8oo = , Bk = —e€'a,, gu=e

we have that
a=dt+adx*, y=y,dx*edx, H;=29,a,. (2.6)
We now use such local adapted charts to derive the three-
geometry formulas. First we observe that for any vector field
7 such that .% . = 0, 7° = g(£,) and 79, are a scalar and
vector field, respectively, on 2. By writing all the tensorial
equations with the O index lowered and the Latin indices
raised, the g, does not appear except through H;. Weuse y,;
to lower and raise all Latin indices.

Einstein’s equations for a perfect fluid,

Rog — (D) *Reop = Top = (p+P)T 6,65 + PLesp
2.7

then become in the three-dimensional formulation
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AU =N U=M—1*"h* + (p +ple*'T?6%, (2.8)
€4, (*Vh,) = 2(p + p)e ~2UTE, 2.9)
SR = 279, Uy d, U+ 1e*h'h i + (p + ple *T09
— [2pe 2V + (p +p)e U T?0 ], (2.10)
where b = Le"*H,, h* =y ;h'h’, 0% =y,;0'07,
M=(p+3p)eY,and v = — u, >0so that v’ = *Y
+ T*@7. On the other hand 8 “ is a symmetry of the space—

time metric and all thermodynamic quantities iff (for
6=0173)
LU=0, Loy=0, Lop=Lop=5,T=0,
(2.1H
and
6AH +-d (T e ?Y) =0,
which impiies that

L H=d@JdH)+ 6JddH =0 whence .Z ,h=0.
(2.13)

(2.12)

Since H is closed we also have
V.,h"=0. 2.14)

It can be shown that (M,g) is static iff # ==0. Then (2.9)
implies 8 = O and the field equations reduce to those in Ref.
8.

We assumed M to be C * and the metric to be regular,
i.e., C ™ except at the star boundary where we now require it
to be C! and piecewise C* (i.e., second and third derivatives
have finite limits on both sides of the hypersurface.)'* We
also assume £ to be regular and C © at the boundary. Togeth-
er with the Killing equations this implies it is C' at the
boundary. Hence U and y,, are C ! and piecewise C*; 4 and
;U are C°and piecewise C* while *R; may have a jump
singularity. As in Ref. 8 we assume the space-time to be
asymptotically Euclidean in the sense of Lichnerowicz.** In
terms of the 3-geometry this means

(i) there exists a compact K C 3 and a diffeomorphism
#:3 \K—R >\ B, where B is a closed ball centered at the
origin;

(ii) with respect to the standard coordinate system in R

Vi ‘:61‘1‘ + O(IXI B k)’ ak?’ij = O(‘x| 72)s

U=0(x|"") 8,U=0(x|"?, (2.15)

hi=0(|x|~?), where |x|>= i ).

i=1

3.(2 + 1)-DIMENSIONAL FORMALISM

In this section we rewrite our equations in terms of the
two-dimensional geometry of the equipotential surfaces
(which are all Riemannian 2-spheres since we assume that
the space-time is nearly spherically symmetric). Let S be an
abstract 2-sphere and i, :S5—J% be the imbedding map of S
into 3 such that i .(§) = U ~'(¢) = :S. for any ce(U,,,,0).
Then any X 1-form is characterized by @: = i*® and

% = *(VU_w) . (3.1)

This decomposition extends to any Z-tensor field since 3 is
Riemannian. An intrinsically defined normal derivative to
the S, surfaces is given by
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Do =i*(|VU |~ Vy,w) (3.2)

while the second fundamental form of S, is'®
2=v(IVU|~'v)). (3.3)
To find the local coordinate expression let (¥ 4,4 = 1,2)

beachartof Sand i, :x* —(U = ¢,x* = ¥*(¢)) [using (U,x*)
as a chart of X' ). Then for a 1-form

= aU 4 9 axB cw
* ax" @ c?x 4
(3.9
o’ = l""(VUJa)) = i*(a)i}/jajU) =
In particular
Yag = 77,43 , Y= VjaanjU= W2,
7/0A = }}rar U}’,’A = aA U=0 N (3.5)

and y,, is used to raise and lower all indices of S-tensors.
Since U has only one (nondegenerate) critical point at the
center, 7 Uis a vector field that vanishes nowhere else and is
orthogonal to the surfaces U ~'(c). It can thus be used to
construct a global polar type coordinate system (U,x *) on 3
such that

w2 0
(?’ij) = (0 77,43).

Regarding an S-tensor K as a function of U we then see that
oK

3.6)

DK = == 3.7

30 3.7
and, in particular,

Dy.p =2W " 'Q,,, (3.8)

where {2, are the components of the second fundamental
form 2.

After some work it is found that the Einstein equations
take the form

DW= —0+MW ' — 1YW ~h” + W ~'h ~?)
+(p+pW " le *T?0%, (3.9)
dhg,=0, (3.10)
Dh, =3,(h°W ~3) —4h, +2(p +p)W !
Xe *YWTE0°%, (3.11)

D, =2W " '2,.02%5 —
+ W N, W+ AW 'RV 4
—(p+p)W 1ew‘sz(é;e—B - 6—277AB)
+20W e Y4,

W00, —2W 20, Wi, W

3.12)
V.28 —3,0=4iW ~'¢**h°h,, (3.13)
R-0*40,0"+2W> LV — W ")
= —2pe Y (3.14)
where A% = 78h by, 0% = 77“30_,,_@, 0:=7"0 4 ,
Ep:= We g =776%, Ryp = LRV ,5, and V is the covar-

iant derivative with respect to the connection defined by
7. - Using 8° = 09, U =0, Eq. (2.11) becomes

FLsW=0,
DG =0, V6, =0,

(3.15)
(3.16)

350 J. Math. Phys., Vol. 21, No. 2, February 1980

— W ~'e*Yh h,

while Eqgs. (2.14) and (2.12) yield, respectively,

Dh® — W ~'h°DW — W ~ 'R A, W+ V '+ W ~'Qh°
=0 (3.17
and
DT e )y=W " '€,,0h® 9,@wT ‘e ?Y)
=W ‘h %,;0° (3.18)
and Eq. (2.13) translates into
Lh°=0, FLsh, = (3.19)

Note that, in fact, the Lie derivative with respect to 8 “ of any
S tensor vanishes. We can now regard a stationary, rigid,
perfect fluid space~time with a fixed equation of state and a
fixed central potential U, = min(U |x€3') as characterized
by theset & = (7.02,W,h,h°, p,é, T} where all these tensors
are functions of Ue(U,,0) and where we drop the bars from
now on when there is no danger of confusion.

Since U is only a C' function on X the junction condi-
tions must be derived with some care in this formalism. Let z
be a coordinate such that z ~ (0) defines the surface of dis-
continuity, the star boundary, and use z and x* as C = co-
ordinates. Let

[K]= limK— limK

20" z—0 "
for any 2 tensor or S tensor K. The first discontinuity in
derivatives of Uis [U,,] = :J (while [U,,] = 0). Translating
the junction conditions of Sec. 2 to the coordinates { U

= U(zx?), ¥ =x*}, using d,¢ = (3¢ /U, =:¢4'U,,
d,0 =356 + ¢'U,, where ¢ is any scalar, and noting that
U, = —(dz/3x*)U,, we obtain

(3.20)

[DW] = JW (Dz)> (3.21)
[2.,]=JU, W ~'U,U,
=JW - (3(12" )(-) (3.22)

4. LINEARIZATION ON THE SPHERICALLY
SYMMETRIC BACKGROUND

Consider now a one-parameter family % (4 ) where
%(0) is the spherically symmetric solution and let
§f=[df(A)/dA] ], _, be the variation of any fc¥ on the
background. Specifically, we write 8y, = C, 5, W = w,
5h° =K, 6h, =k,, 80" = 6", 85T = 7. Now, on the com-
pact Riemannian manifold S there is a decomposition

Cip=Pup + ‘fgyAB 4.1)
such that
V@5 =0, 4.2)

where @ is unique and £ is unique up to a Killing vector field
of y.* Here the @ ,; measures a physical change of the geom-
etry while £ represents an infinitesimal coordinate change.
Therefore, if we select any such £ and define 6f df

— % fforany fe&, then the change of & is due to a mere
coordmate transformation iff 5f £ f where 7 satisfies
£, v = 0. Since the Lie derivatives of all the equations for
& simply give the linearized equations for variations of the
form . .f we now drop the caret and compute the vari-
ations of (3.9)~(3.19) assuming that
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Vs =Pup, VP4 =0. 4.3)

A Riemannian 2-sphere .S has no closed two—dimen-
sional subgroup of its isometry group Z, and is isometric to
the Euclidean 2-sphere if dim/ = 3.2 Therefore, in the case
dim/J < 3, we have inside matter 7 * = ¢ for some constant
ceR. But all the quantities are invariant under 6 so all vari-
ations vanish under a coordinate transformation. Outside
matter 8 and 7 are no longer defined, but we expect axisym-
metry,”’ so it is likely that all variations will vanish under a
coordinate transformation. If.S is isometric to the Euclidean
2-sphere (for all U'), all quantities become functions of U
only, 8% = h* =0, and all variations will vanish under a
coordinate transformation. On a spherical background we
have 8% = h* = h° = 0 and as shown in Ref. 8, 12,

= 402y, . Linearization of (3.18) gives Dr + 7
=0=9,7 whence 7 = 7o¢”~ Y which vanishes since
8p = (p + p)T ~ ' and we keep the central pressure fixed
under the variation.? Using these facts we now find for the
linearized Einstein equations

MW ' + 2)w+ WDw + sW?D® =0, 4.9
NW ~29,w+3,DP =0, 4.5)
(A +iR)P + AWND® = —2W ~ (R + 2pe ~*Y)w, (4.6)
AW~ 'w)— WOD(W ~'w) — 4pW ~le Y

_ {W?DD® — yMDP =0, @7
Dk, +4k, —W 23,k —2W '(p+ple VT e%, 0"
=0, (4.8)
Oiaky, =0, 4.9)

where @ = y "2, . Linearization of the remaining equilib-
rium conditions yields

Vubs, =0 and DO4=0, (4.10)
when p#0, and similarly, linearization of °\7,4 " gives
Dk + 20QW ~' — MW Yk +7,.k*=0. 4.11)

5. SOLUTION OF THE LINEARIZED EQUATIONS

Referring to Ref. 8 we can show that (4.4) — (4.7) are
equivalent® to the linearized field equations in the static,
spherically symmetric background, and the argument® in
that paper gives us the result that w and @, vanish. Since
the 1-form k,dx* is closed on S, by (4.9), and since
P8 =0, k,dx" is exact so that there exists a function
K (Ux")on S, determined up to an additive function of U
only such that k, = d,K. Equations (4.8) and (4.11) now
become

3, (DK +4K — W “2k)=2T,e" *“w -
X(p + p)e 505, 5.1
AK= —Dk— W ~' (202 — MW ~")k. (5.2)

To solve for K and k we let ¥, zdx*dx® = (U )(d6?
+ sin’6d¢ *). Equation (4.10) implies that 84 is a U inde-
pendent Killing vector field on the Euclidean 2-sphere.
Choosing the direction of the rotation axis to be the z-axis we
let 643, = ad, and expand into spherical harmonics,
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K= IZK/m NY,,0.4), k= IE kin(NY,,(6:6),  (5.3)

where

fJ Ylm }’l'm' Sln9d9 d¢ = 6[1’6mm‘ .

Asin Ref. 8, 2 = 2W%#' where #' = 3, (Inr). Equation
(5.2) then becomes O = Dk, + W ~'(202 — MW ~ Yk,
for/ =0and

K, =PI+ 1] [Dk,, + R — MW ~ Dk, ]
(£0)  (54)
while (5.1) yields
z (DK;m + 4K1m - W B 2kIm)aB YIm
fm

=2aT,e” W ~'(p + p)r’ sinf

and

Z(Dsz + 4K, — W_Zklm)a(t Y, =0
Lm

so that
DK,, +4K,, — W ~%k,, =0 for m+0 or /50,1
(5.5)
and
DK, +4K, — W %k, = — 2a(4n/3)"* Ty’ =%
XW ~(p+p)r (5.6)

Note that K, is an arbitrary function of U and need not be
known to determine k ,dx"* uniquely.

With the use of Egs. (3.9) and (3.14) on the spherical
background we have, from the equation for &, k, = cW
Xr 2, for ¢ = constant. By doing an expansion in normal
coordinates ( y ) at the center we find that W
=M, | y| +0(| y|)andr=|y| + O(| y|*) so that in
order for k, to vanish at the center (since 2° = A '9,U = Oat
the center), ¢ = 0, whence k, =0. Equation (5.5), with the
use of Eq. (5.4) to eliminate X, ,, and Eqgs. (3.9) and (3.14) on
the spherical background, becomes

W2DDK,, + MDk,, — F,(U)k,, =0 for m=0
or I540,1, ;.7
where k,,, = rW - 'e?Vk,. and
FU)=WX5—-4Z)+1(+ Dr=* 4 2M — pe 2.
(5.8)

Since the three-dimensional Laplacian 4 in the spherically
symmetric case has the form Af = W?*DDf + MDf + 4f,
Equation (5.7) is equivalent to

4k, =F(U)k,, for m=0 or I0,1. (5.9)

We now use an argument similar to that for @ in Ref. 8.
Letu = Wr,v = prre —?Y, and x = Mr*/(3u) so that u,0,x >0
in the physical domain, and ur = constant and v = x = O in
vacuo. We can show that F;(U)>0 is equivalent to
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FIG. 1. Radial (upper curve) and tangential components of the vector field
k as a function of the radial distance from the center for the Tolman solution
IV with total gravitational mass m = 1 and 8 = p, /p, = 10 ~* (qualita-
tively typical for the Newtonian limit). The symbols O indicate surface
values.

121+ 1) + 9u* + 36u°x* +v* + 2[51(I + 1) — 8]u?
+ 121 + Dux — 21 + Dv + 60u’x — 26u%v
— Ruxv>0.

Since p, p>0, we have that 0<v<2xu so that the above in-
equality is implied by
I3+ D)+ 9 + 12u%

+ 8u’x + v*>0.
Since 5/ (/ +1) — 8>2 for /> 1, this shows that F,(U) > 0 for
I>1. Asymptotic flatness conditions with Einstein’s vacuum
equations giveus that A° =0 ~*), U=mr ' + 0(r?),
and W= mr~? 4+ O(r ) in the asymptotic region so that
k,,, = O(r~") in this region. Similarly we find that k,,, =0
at the center. These boundary conditions together with (5.9)
and F,(U)>O0 for />1 yield k,,, = 0 for m#0 or{ #0,1.

Thus the only nonvanishing component is k, = k,,
which, by (5.6) and (5.4), satisfies

W2DDk, + MDk, — F,(U)k, = — core *Y(p + p),
(5.10)

24 2[SI(+ 1) — 8]u?

where ¢, = 4a(4m)*3 T, e"". In vacuo one can easily
show, using the exterior Schwarzschild solution, that
W =m ~!'sinh®’U, r = — msinh~'U and #' = — cothU.
The only solution of (5.10) satisfying the asymptotic condi-
tions is then found to be

k = 44eYinh?U. .11)

It agrees with what one obtains by linearizing the Kerr solu-
tion on a spherical background, in this formalism.
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To determine the solutions in general we introduce a
coordinate z defined by eV = e + a2 where a > 0 is cho-
sen such that z (surface of star) = 1. Note that z behaves like
a radial polar coordinate near the center since U has a posi-
tive definite critical point. Equation (5.10) can then be writ-
ten as

ad*k /dz* + bdk /dz + ck + coq =0, (5.12)
where
a=eYW? b=2a%e""M —z7 (" — a*zY)W?,
— 40 [2M — pe =V — AW?R' + SW? 4+ 2r 7],
and

q = 8a‘*z% ~*Yr(M — pe ~?Y).

From the junction conditions (Sec. 3) we see that a is C°
while b, ¢, and ¢ may have jump discontinuities at z = 1.
Also, since k is C°, k must be C° at the boundary and X is
also clearly C° at the boundary. We assume the equation of
state is analytic in order to do the following expansions near
the center in terms of z. After a lengthy calculation (and
dividing by a common factor) we obtain

b=2z+4+b,2+0(2,
(5.13)
c=-240(@), g9=¢:7' +4:2 +0(),
where the coefficients depend on a, Uy, py, p,, dp/dp
(z = 0), etc. Considering the homogeneous equation to
(5.12), we see that z = O is the only singularity in [0,1] and it
is a regular singular point, so if we make suitable power se-
ries expansions we find that the general solution of (5.12)
satisfying the regularity conditions at the center is
k = pk, + Ak, (5.14)
where k, is the solution of the homogeneous equation with
k +(0) =0, dk, /dz(0) = 1 and k the solution of (5.12) with
K, :(0) =0, dk, /dz(0) = 0. To determine A and u we use the
fact that dk /dU is continuous at the star boundary by (5.4)
and the junction conditions to find that the boundary condi-
tions are kA(l) =de Y(1 — ") =8, dlg/dz(l)
= — 2a2Ae72U( — &1 + 3¢"Y) = :V where ¥
—e¢" + a® Thus A and u are determined by yk 1)
+ /ik (1) =Sand ,udk /dz(1) + Adk, /dz(1) = V. These
equations will uniquely determine x2 and A provided
% (1)#40 where #7(2) = k,,dk /dz — k dk /dz. Now,
¥ (z) obeys, by (5.12),

a=72+a,z* + 02,

a%%: +b¥ +qk, =0

with #7(0) =

(5.15)

A power series expansion gives a unique solution for
(5.15), ¥ = — 2*/5 + O(2’) where the factor g, has been
absorbed into ¢, which is just a fixed constant. Thus for
smallz>0, #" <0andd%/dz <0.Now,a,q > 0in (0,1] [see
(5.13)] and k +(0)>01n (0,1] since K 2(0)=0, dk /dz(O) >0
and if z, €(0,1] is the smallest z such that dk,, /dz(z,) =
then d 2k, /dz*(z,) = (c/a)k (z,)>0 since

= — 4a*2?F,(U)<0. Thus k, has no maximum in (0,1].
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FIG. 2. As Fig. 1, but 8 = 0.28. For 8> 1/3 the condition that p>p every-
where is violated and the magnitude of k at the center becomes infinite.

Now suppose z, is the smallest z(0,1] such that #7(z,) = 0.
Then d % /dz(z,) = — q(z;)k (2,)a ~ '(z,) <0 so that there
exists an € > 0 such that #7(z) > 0 for ze(z, — €,2,) which
contradicts # <0, d % /dz <0 for small z. Therefore,

% (1)7-0 and there exist unique A4 and u solving the equa-
tions giving the boundary conditions of k. We summarize
these results in the following theorem.

Theorem: Let G denote the set of (isometry classes of)
globally stationary, asymptotically Euclidean space—times
consisting of

(i) a spatially bounded barotropic perfect fluid in rigid
motion with a fixed analytic equation of state p = p( p), sat-
isfying p>p>0, dp/dp > 0, and fixed central values p, of the
pressure and U, of the gravitational potential;

(ii) an exterior vacuum region.

Then the space of infinitesimal deformations in 9 of
the unique static spherically symmetric g,€9 is three-di-
mensional (corresponding to the space of infinitesimal iso-
metries 8°d; of y;dx'dx’).

6. EXAMPLES

By (2.9) and (2.14) the vector field k' = 5k satisfies on
the spherical background the equations

€79,k, = 2T e"(p + p)e ~ Y8’ 6.1)
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and

V.k*=0, (6.2)
where 6° = 60 is a Killing vector field of the 3-metric ;.
The field k = (k*) therefore behaves qualitatively just like
the magnetic field of the earth, for example. It does not seem
to change qualitatively under a change of the equation of
state. It vanishes in the nonrelativistic limit, while in the
ultrarelativistic limit the peak of the magnitude of k at the
center becomes sharper.

In Figs. 1 and 2 we plotted the radial component &, and
the tangential component k, of k against » for a weakly and a
highly relativistic case (characterized by the value of the
quotient 8 = p,/ p, of central pressure and density being
small and big, respectively). The plots are for Tolman’s solu-
tion IV.'* We also plotted the curves for the Schwarzschild
interior, but there is no qualitative difference.
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(for m = 1 and B = 0.1). The symbols O indicates the surface (» = 5.408).
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We rigorously characterize the KMS and the limiting Gibbs states for mean field models. As an
application we prove the convergence of the Gibbs states for the Dicke Maser model in the

infinite volume limit.

L. INTRODUCTION

Let 5 be a Hilbert space and let A be a finite ordered
subset {/,,...,i,} of Nlet % , denote the C *-algebra

18w ® B ® 0 B0 X,
T 1 T
where Z is the C *-algebra of all bounded operators on 7.
For A C A’ there is a canonical isotony of % , in 4 , .,
allowing us to define the C *-algebra & ~ as the inductive
limit of { # 4 |A C N}.

A state @ of Z * is called locally normal if for every
finite A C N, the restrictionw, ofw to & , is a normal state
of % ,.

A state w of 4 = is called symmetric if for all elements of
thetype X, ® -~ ® X,, X,€e #,neN

oX, @ -8 X)=0X, & 8X),

where i = (i,,...,{, ) is a permutation of (1,2,...,n).

A state w of % ~ is called a product state if for all A, and
A, finite subsets of N such that A,nA, =dand X,.e # , ,
= 1,2, holds: o(X, X,) = 0(X,) 0(X,).

We denote by w,, the symmetric locally normal product
state defined by the density matrix p on & such that

w,X, ® o X,)= ][] TrpX, .

i=1
Then the following result holds:!

Theorem 1.1: Let w be a locally normal symmetric state
of % <. Then there exists a unique probability measure z on
the set #' of density matrices on 5 such that
o = { du( p)w . We start from this theorem to study gener-
al properties of the equilibrium statistical mechanics of all
models of the mean-field type.

Our main result consists in an abstract proof of the exis-
tence of the so-called “reduced problem” per lattice site.
More precisely: Any KMS state is described by a measure g
with support on those locally normal product states @ ,, for
which p is a solution of the gap-equation. Furthermore for
limiting Gibbs states the support of the measure  is concen-
trated those locally normal product states  , satisfying the
variational principle. As a by-product the convergence of the
free energy is shown. Finally the results are applied to the
Dicke maser model.

“Aangesteld Navorser NFWO, Belgium.
"On leave of absence from Fachbereich Physik, Universitdt Miinchen.
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1l. EQUILIBRIUM STATES FOR MEAN-FIELD MODELS

For purely technical convenience, in this section we re-
strict ourselves to the case dim#” < oo . At the end of the
paper we treat a model where dim#” = «. By mean-field
models we mean systems with a local Hamiltonian of the
following type: for each finite subset A of N:

1
H =S 4,+——75 B, 1
4 1‘;\ 2N(A) % / M
ijeA

whered,;€ %, and all 4,ie A are copies of 4 = A4 *c¢ % and
where B,€ %, ;, and all B; (i, je A) are copies of a self-
adjoint Bin % ® %, which is invariant under the symme-
try ({)—(ji). N (A ) is the number of elements in A. Remark
that our results extend trivially to many body interactions of
mean-field type. For infinite A C N, letw; 4 be the canonical
Gibbs state of % , at inverse temperature >0

Tre — BH 4\
Tre™ BH ,

An alternative way to characterize the canonical Gibbs state
@4 is to impose the condition that for all Xe 4 ,

wpa (X*X)
wpa (XX %)

s (X) = ; Xed, . )]

B o (X *[H, X )35, (X *X) In 3)

of the mean-field character of the Hamiltonian this isomor-
phism maps the Gibbs state w; , into wg | vy - There-
fore for the thermodynamic limit we can restrict ourselves to
increasing intervals A, = {1,...,n}. Wedenote w; , = wg,,.
Consider a w*-limit point w, of the set {w,, [ne N}. Then
due to the symmetry of the H ,, w, is a symmetric state, and
Theorem 1.1 yields

wg = fdy(p)wp , 4

for some probability measure u.
Lemma I1.1: Let X be any element of 7 ,, then withw,
as above

ws (X *X)

w0 (XX*% '
where H} =3, ,H,, and H,,€ 7, isacopy of H,

=A + B, at the ithsite with B, = Tr, (1 ® p)B. Tr, is the
partial trace over the second Hilbert space.

Proof: Because of the assumption and (3) it is sufficient
to compute:

Bf du(p)ew ,(X *[HAX )>0s(X *X) In
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lim g, (X *[H, X ).

Clearly
fim wﬁ'n(x*( 5 A,.,XD =a)B(X*[ S AX )
oo | icA, €A
and
lim w,, (X*| =  B,X
"o 2n 2
- iLje A,

. |
= lim a),),,,(X*—( Z
n oroc ’ 2n C .
iz
i,jejA

+ X o+t X

)[BU,X])

icA JjE€A
EANA
. —N@A .
= lim n———n——(——za)B,,, (X"‘ Y [BiX ]) (Jo£A),
o oe €A

by symmetry. Remark that X *3,_ , [B,,.X Jis a local ele-

ment independent of A, . Therefore

o,(X* 3 (B, X 1) = [ dutpo, (¥* 3 15,,%])
€A €A

Lemma I1.1 proves that any limit point of local equilibrium

states satisfies the inequality: For any Xe Z ,

(X *X)

o(XX*) '

with w = § du(p)w ,. We remark that for any density ma-

trix p on 7, the state  , of % * is a factor state. If p#p’,

then the representations of » , and of w ,” are quasi-inequi-
valent, which implies that the representations are disjoint.>*

Lemma I1.2: If a symmetric state @ of %  satisfies the
inequality (5) then for u almost all p one has

[p.H,]=0. (6)

8 [ du(p)o, G+ [H2X Dro@ D ®)

N-—-1
Yy = %(X@ l1®l-+10X® 1+ @® leX),
then
lim o(Y%Y,) = lim o(YyY%) =0 & X*),
N-soo N— oo

and inequality (5) becomes

By taking X = X * remark that the left-hand side is purely
imaginary, hence

By a straightforward algebraic manipulation (polarization)

J‘du(p)mp(Y)a)p([H;‘,X D=0, for all Xe #,,

and all Ye 4 , . For any measurable set 4 in %, such that
(4 ) >0 consider the decomposition of &

o =pd)os +p( B \A)o, \4,
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into the disjoint states

. 1
0= — Ldu(p)wp

and

_
(B \4)
Now there exists a net { Y, },, of positive elements Y,
€ # 4 such that ||Y,||<1 and lim,0*(Y,) = 1,
lim,0” "™ (¥,) = 0. Since || ,([H2.X DI
SL2NAIX (AN + 1B 1D,

1
— | 4 HAX]=0.
ﬂ(A)L u(plo ,([H,.X 1)

Lemma I1.3: If w is a symmetric state of %  satisfying
the inequality (5), then for x4 almost all p

©,X*X)
o, (XX*)’

du(plo,.

#AN4

@D ya =

Bw ,(X*[H}.X >0 ,(X*X)In Q)

forallA C Nandall Xe Z,.

Proof: Again for any measurable set A in %, such that
u(4) > 0 we consider the decomposition @ = (4 Yw,

+ u(#B\A4 v, 4 into disjoint states and the net { Y, },
as in the proof of Lemma I1.2. Consider now the net {Z },
where

n,—1
Zazi[XaYa®1®---+X® @ 1Y,
na
Xe % , forsomeA C N, and where {n, }, isanet of natural
numbers to be specified later on.
One checks:

limw,(Z*Z,) = w0, (X *X),
lim w,(Z,Z*) = 0, (XX *),

limw, 4,(Z%Z,)= limo, ,(Z,Z%)=0.
Since Z,€ # , o for some finite A (@), for each v,

0, (Z:[H;“Z,])

=L o,@r e V[H} X0 Y,]

[24

n, —1

w,X*eY, 1

a

X[HA@X ® 18 ¥,])

— ;l-—wp(X*[H;,‘,X])w,,(Yﬁ)

a

+ 0, & X0, (V. [H Y, ]

a

n, —1

@, (X *[H3.X Do*(Y,),

where Lemma I1.2 is used. The net {n, }, is specified such
that

lim —— o (¥, [H2®,Y,]) =0,

[2
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forallp® Z%,.Then clearly

limow, (Z*[H} “Z,]

{a)/,(X*[H/’,‘,X D, if peA4,

o, if pe B, \4.

Hence by taking X = Z, in the inequality (4) and taking the
a-limit one gets the results. ]

Now we formulate our main result:
Theorem I1.4: Let o be any symmetric state of Z *,
satisfies inequality (5) if and only if

p=e BofTre ™, u ae. ®)
Proof: Using Lemma I1.3 with Xe 4, one gets
TrpX *X
TrpX*[H >TrpX *X In ———, a.e.
BTrpX*[H, X )>Tip Toxis *

Using the techniques of Ref. 2 the result is obtained. n

From the theorem it follows that the problem of mean-
field systems is reduced to solving the one-site nonlinear Eq.
(8). For high temperatures we have:

Proposition 11.5: For B < 1/2||B ||, Eq. (8) has a unique
solution.

Proof: Let Fbe the map pe # |, —F(p)=e~ oy
Z(p)e %,

where Z (p) = Tre ?>. We show that Fis a strict contrac-
tion if # < 1/2||B ||. Denote by ||*||; the trace norm, then for
P1sPEA,
1F (o)~ F(p)l
= |lexp[ — BH,, —10gZ (p,)]
—exp[ — BH,, —logZ (p,) ]Il

= ‘ ; J: dtexp[ — (1 —1)(BH,,

+1logZ (p)]{ B(B,, — B,)
+10gZ (p,)/Z(p,)} exp{ — ¢ [ﬂsz

+iosZ(poll ||

BBl o1 —p:ll: + [10gZ(p, —logZ(p,)]
<28|Bllpi —pl: -

The result follows from the contraction mapping principle.

This result together with Lemma II.1 implies that the
mean-field models we are considering have a unique limiting
Gibbs state for high enough temperatures.

For low temperatures one cannot expect to have a
unique solution of Eq. (8). In fact for the BCS-model’ one
shows that below the critical temperature Eq. (8) has the
{olutions Prorm cOrresponding to the normal phase, and p(a)
(a€[0,27]) corresponding to the superconducting phase.
Furthermore the limiting Gibbs state is given by the state

1 27
wg = ——217 J; da D gy -

This shows that the support of the measure u( p) defining a
limiting Gibbs state (4), can be strictly smaller than the set of
solutions of (8). We expect this to be a general feature of
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mean-field theories. The support of the measure is reduced
by the following proposition.
Define the pressure

p = sup p(w),

where the sup is taken over all symmetric states of Z =,
p(w) = s(w) — Pe(w), where s(w) is the entropy density and
where e(w) is the energy density of the state w.*

Proposition I1.6: If o is a limiting Gibbs state, then

p(’)=p, u ae
Proof: We denote as before by w,,, the Gibbs state for

the volume A, = {1,...,n} and wg, the restriction of w;, to
the subalgebra %, (m <n). Let {wg, ], be a subsequence

- of Gibbs states converging to w,. Let us divide up the inter-

val [1,n] into equal intervals of length m plus a remainder
interval of length less than m. Then by the subadditivity and
monotonicity of the total entropy S:

%S(wg,,.K %([ %] + 1)S(w;;§,,).

n

Since by assumption wj, — wg as n—co and by continuity

of entropy

lim sup (1/n)S (wg ,,)<(1/m)S (@F),

this implies
lim sup(1/n)S(wg,,)<s(wg).

From the convergence of the energy density

lim sup(1/n) (S (wg,, — By, (H,,)]1<plwp).
On the other hand

lim inf (1/n)[S @) — Bwg, (H ) 1>p>p@5),

as a consequence of Klein’s inequality. Hence p = p(w;).
Since dim#¥ < «, we have®

pwy) = f du(pp(@,),

and the proposition follows. |

From the proof of this proposition we have

Corollary I1.7: The thermodynamic limit of the pres-
sure for the mean-field models considered exists and is given
by

p= lim L InTre "

n-w RN

Ill. APPLICATION-THE DICKE MASER MODEL

As an application we study the Dicke Maser model.’
Hepp and Lieb™ gave a rigorous treatment of the thermody-
namics and of the convergence of the intensive observables
for the one-mode version of the model. Here we discuss the
infinite mode version with the Hamiltonian"

L n
H,= Y afa; +e Y odoc

k=1 k=1
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+ i( zn: ato~ +h.c.),
k

n =1
with 0 <e<A 2

a;, a, are copies of the creation and annihilation oper-
ators (@ * ,a) of the harmonic oscillator describing the pho-
ton mode, acting on a Hilbert space %~ and satisfying the
commutation relation [a,,a*] = 1. o are copies of the
Pauli matrices o * and o ~ acting on a two-dimensional Hil-
bert space C2. They satisfy the relations

forori=2c") =0 0o }=0

fot, o} =1
In Ref. 11 the variational principle of statistical mechanics
for this model was solved partly in the sense that one found
the infimum of the free energy by variation only over a class
of states which factorize with respect to observables in the
photon and atomic algebras. Also the thermodynamic limit
of the free energy was proved.

Clearly, the model is a mean-field model with permuta-
tion symmetry, such that the analysis of the previous sec-
tions is applicable. The main results of this section will be the
extension of the variational principle to all locally normal
symmetric states, and the proof of the convergence of the
Gibbs state.

For this model the algebra % becomes the set of all
bounded operators on the Hilbert space % = %" & C’
which is an infinite dimensional Hilbert space. This means
that as far as the applicability of Theroem 1.1 is concerned
not every state is locally normal. Moreover as the local Ham-
iltonians are unbounded operators, the correlation inequal-
ity in Sec. II should be applied with some care. The problem
consists in extending the correlation inequality (3) to un-
bounded operators. For this model the domain questions are
easily settled by observing that for finite volumes the total
particle number operator is a conserved quantity.'? The
problem of local normality is solved in:

Proposition I11.1: A limiting Gibbs state w, for the
Dicke Maser model is locally normal.

Proof: We have to prove that for any finite volume A,
the restriction w; 4, of wy to A , is a regular state; because of
the symmetry it is sufficient to prove the regularity on 2, .

This follows from von Newmann’s uniqueness theo-
rem, if the map

z€ C—wy; [expi(za,” + za,)],

is continuous at z = 0. Let {w, }, be a subnet of Gibbs
states w*-converging to w,, then

|ws,, [expi(za;' +za,) — 1] [2
<2{1 — g, [cos(za," + za;)]}
<4wg, [sinz(ial—%_%—z_a1 )]
2
g, [(Zal+ + za, )2]
= |z|2a’/3,n(1+2‘11+al)- ©®

For an upper bound of the right-hand side, we apply inequal-
ity (3) with X = a, . then

— Bwg, (@'a)+ /lﬁﬂ)/j,n (G
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w/},n(al' a,)
wy,(aa,") .
With X = o," o, , one obtains

— ABwg, (@, 0, )>0,

hence

>wg,(ata;)In

wg (@ ay)

wB,n (al alJr )

or (10)

a)/}.n (alﬂ‘ a] )< 1/(6/; - l)

Therefore (9) becomes

wp, lexpiza; +2za)) — 1]<[(e? + D) /(e”? - 1] |z~

On taking the limit n— oo, the proposition follows. a
We are now in a position to apply Theorems 1.1 and

I1.4. The problem is reduced to solving the so-called gap Eq.

(8). But its solutions are well known: They exhibit a phase

transition at a critical temperature 7. (0 < 7T, < o). Above

T, equation (8) has a unique solution p, .., corresponding to

the normal phase. Below T, in addition to the normal phase

Prorm ONE Obtains also a one-parameter family of solutions

@ ), labeled by the spontaneously broken gauge symmetry

parameter a€ [0,27]. @ ,,, has the properties that, if 7, is

the gauge autormorphism of % = defined by

- Bw/i,n (a,'a, )>w/x,:, (@’a;)In

ra) =ea’r, r,00 =% (k=12,.),
then

w play 'Tr‘t' =w pla + aYymod 27| * (1 l)
and that"

p = p(w p(a}) >P((U pm,rm)' (12)

Proposition I1.6 holds true also for the Dicke Maser model,
since by Proposition III.1 the local normality of the limiting
Gibbs states is guaranteed and since by bound (10), energy
and entropy densities are finite. For 7> T, clearly w,
=w, . For T<T, Proposition I1.6 and (12) imply

wz = jdy(a) @ pay -

Because of gauge invariance of w; and (11) necessarily
du(a) = (1/2m)da. Therefore the Gibbs statesw,;, converge
tow, = (1/2m)§5" daw otz
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Two models for an infinitely extended boson gas are studied. The aim is to determine
approximate equilibrinm states for them by minimizing the free energy density over a
class of trial states. For one of the models, in which the interaction is proportional to
the square of the number of particles, the equilibrium state derived from the usual
thermodynamic limiting argument (the Gibbs state) is also obtained. It is seen that the
set of approximate equilibrium states consists of this Gibbs state and states with the
same thermodynamic properties. Using the other model, in which the particles are
assumed to interact according to a delta function interaction potential, some of the

problems of approximate solutions are discussed.

1. INTRODUCTION

In this note we discuss two models of infinitely ex-
tended interacting boson systems in quantum statistical me-
chanics. The first one (Sec. 3) we are able to solve exactly; the
second (Sec. 4) we solve approximately and are able to illus-
trate some of the problems of approximate solutions.

The method used is to apply the variational principle
described by Robinson' and Svarc,? amongst others. This
states that the equilibrium states of a quantum mechanical
many-body system are the states that minimize the free ener-
gy density of that system expressed as a functional defined on
a suitable set of states. ‘“‘Suitable” means that we look only at
the physically reasonable states. For example, Robinson' re-
stricts attention to locally normal translation invariant
states and proves, subject to certain restrictions on the mod-
els considered, the coincidence of the free energy density
defined using the variational principle and that defined
through the more usual limiting process.

The difficulty in following this program is that it re-
quires an explicit expression for the free energy density func-
tional in terms of the parameters of the state. This is not
available in general, but for a restricted class of states it is
both available and usable. We describe these states below,
and then by minimizing the free energy density over these
states we obtain an approximate equilibrium state.

2. QUASIFREE APPROXIMATION

A state of an infinitely extended boson system may be
regarded as a functional uz:M—C which is defined on a space
MC L ¥(R’) of test functions and which satisfies conditions
obtained by Araki’ and Segal.® These authors also describe
the connection between this definition of a state and the
more usual algebraic one. Briefly, i is related to the conju-
gate fields ¢(x), ¥*(x) which satisfy the canonical commuta-
tionrelations [¢(x), ¥*(¥)] = & (x — y),inthatu(h )isregard-
ed as the expected value in a thermodynamic (or algebraic)
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state of expli(y(h ) + ¢*(h))/V 2], ie.,
p(h) = <expliCsn) + v*h )/ V21, @.1)

where

Yh) = jl/f(ﬂmd x, YHh) = Jt//*(X)h x)d’x,  (2.2)

and { >denotes the expectation value in the thermodynamic
state. This formal connection motivates the definitions given
below for the physical interpretation of u.

Quasifree states were introduced by Robinson’; they
are states determined by particularly simple functionals. It
has been shown by various authors (Araki and Woods,® Lan-
ford and Robinson,” Lewis and Pule,® Critchley and Lewis®)
that they emerge naturally in the study of boson systems.
The quasifree states considered here are given by

ph)=e~ 11174 gUrV2IHh () + EA(O) p— (hdh 2 (2.3

where a € C, " denotes Fourier transform, and A4 is a positive
linear operator on M. We assume that 4 is a multiplication
operator in the Fourier transformed space:

(huodhy) = f F@a@)hp) 2

2.4
@ )3 (2.4)
The state (2.3) is not invariant under the gauge transforma-
tion A—¢h , but a gauge invariant state is obtained by aver-
aging (2.3) over the gauge group:

f,u(e’e )(—2—) = —e**"'“’/"Jo(\/5|ap|;?(0)|)

X exp( — §(h.dh )), @.5)

where J, is a Bessel function. Lewis and Pulé® showed how
this state arises in the study of the free boson gas. It has the
same thermodynamic properties as the state (2.3), but differ-
ent algebraic ones. Both are interpreted as describing a bo-

son gas undergoing Bose—Einstein condensation. The ™2
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term in (2.3), and the J,(.) term in (2.5) describe the conden-
sate of density || and the e ~ ¢’/? term describes the nor-
mal component of the gas with density fd(p)d *p/(2m)* (see
below). The fact that the state (2.5) can be decomposed as a
gauge average of (2.3) demonstrates the breaking of gauge
symmetry expected of a condensing boson gas (see for exam-
ple Johnston').

The thermodynamic quantities that we require for the
variational problem are defined as follows:

_ pz R d 07 . . .
k)= | =d@) — (kinetic energy density), (2.6)

2 7 2y
) = Jd(p) ap (particle density), 2.7
@n
) = f{(l + a()log(l + d()) — ap)loga(p)] 22,
@n)’

(entropy density). (2.8)

To see how these arise we look by way of example at (). If
< >denotes the expectation in the thermodynamic state cor-
responding to g, then {¥*(x)¥(x)) integrated over a finite
volume ¥ is interpreted as the number of particles in that
volume. So if (¥*(x)¥(x)) is independent of x (as we find is
the case here) then it may be interpreted as the density of
particles in the state. Using the formal identifications of (2.1)
and (2.2) we find that for the state (2.3) [or (2.5)]

PO = |al® + alx — ),
so that
d’p
@n)’
The expression for the kinetic energy density k (x) arises
similarly. That for the entropy density §(u) is to be expected
as it represents the entropy density of a linear superposition
of harmonic oscillators. The problem in passing to the ther-
modynamic limit, however, is that in the weak *-topology
the entropy density is only upper semicontinuous as a func-
tion of the states (Robinson'). The validity of the expression
(2.8) has been established under various assumptions by
Lanford and Robinson'! and Fannes.'? Critchley and Lewis"

have also considered the problem, and Fannes' has derived
the analogous expression for Fermi systems.

() = P = Jaf* + a0) = |al* + Jé(p)

A model of an interacting statistical mechanical system
amounts to the assumption of a potential energy density
functional #(u). For example if the interaction is mediated
by an Euclidean invariant two-body function U (x — y), then
in the state (2.3) [or (2.5)]
=00 — 2| 77 P dp
aw = 2lal* [ 0()E) -

s Fre sy dpd’q U =0 N12
+ 6006~ i@ L L ot

2.9
This arises from the potential energy term,

fw(x)w(yw(x I xd
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in the many-body Hamiltonian, so that the potential energy
density in an Euclidean invariant state [in which

G *)()P(x)> depends only on |x — y[] is
jU <P OY*(x)P(x)(0)>d *x,
which can be evaluated using (2.1) and (2.2).

The free energy density functional at temperature T is
then given by

T = k@) + @) — T5w), (2.10)
and we may now minimize this over the trial states (2.3) [or
(2.5)] subject to the condition that the particle density 7(u)
should take a fixed value denoted by p. To take account of

this we introduce a Lagrange multiplier ¥ and minimize
instead

Fu) =f@) — y(iu) —p). @.11)
We first investigate whether there is a local minimum of

F(u) by differentiating it with respect to the parameters de-
termining the state. This gives the following equations:

oF 1 ' dit

:T'1 1 —_ £ _
94 () Og( + ﬁ(p)) > ' ey &P
JoF i
OF _ ga 2.13
diai e dia| @13
JoF N d’p
L lap 2.14
=l + [ - 2.14)

The argument of the complex number a does not ap-
pear explicitly in F (u) [assuming it does not appear in (1)),
so it is undetermined. Thus, if |@/| is nonzero in the minimiz-
ing state, then there will be a family of states (each deter-
mined by a different value of the argument of @) minimizing
the free energy. This nonuniqueness of the equilibrium stat-
ed illustrates the breaking of gauge symmetry mentioned
earlier.

3. EXAMPLE 1: d(u) = 2c[A(u))?

Davies'* has considered a class of interacting systems in
which the interaction is a function of the particle density.
Here we look at the particular case of this in which the finite
volume Hamiltonian is

H=K +2N¥|V]| (3.1)

(K = kinetic energy term, N = number operator, ¢ is a posi-
tive constant and | V| is the volume). This gives a potential
energy density functional

() = 2ei(u)™. (3.2)

Lebowitz and Penrose'® and Svarc? have shown how this re-
presents a repulsive interaction in the limit of extreme long
range and extreme weakness.

For this model, Eq. (2.12)-(2.14) are

1 P
Tlo (1—+— >= — —y 44, 33
g ) 5 Y (3.3)
2laj(y —4cp) =0, (3.4)
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af + [a) (‘;T’; ~p. (3.5)
To solve and interpret these equations let

p=1/T and z,=exp[B(y — 4cp)]. (3.6)
Then from (3.3), 4(p) = z,(e*7? — z,) ~, 3.7)

from (3.4), |a|logz, =0, (3.8)

from (3.5), p=lal’+@mB) Vg @)y (3.9
where

n

z

8:2(2) = Z 72

n=1

— (278 )3/2f id dp 1. (3.10)

P -z (2m)

From (3.8) either z, = 1 or |a| = 0. Letp. = 278) ~*"*
g:-2(1). Ifp < p., then from (3.9) z, < 1, and so we must have
|a| = 0. Therefore, z, is the unique solution of

p = QaB) ?gy,,(z). If p>p,, then from (3.9) we must
have |a| >0, and so, from (3.8) z, = 1. Hence [a|* = p — p, .
Thus, the gauge invariant state (2.5) that minimizes the free
energy density is

Dp<p.pth)= e W exp[ —1{hA (@ )],
(3.11)

(@ p>po: p(h) = 1749V 20 — p )1 O)])

X expl — [(hA (D)), (.12)
_ ([ Fpehp) dp
where < h,,4 (2)h,> = @) (27)3, z< 1.
(3.13)

This may be interpreted as showing that at density p, the
system undergoes a phase transition. For densities less than
this there is a unique minimizing state and no Bose—Einstein
condensation; at higher densities there is a continuum of
minimizing states of the form (2.3) each determined by a
different argument of the complex number @, and such that
(3.12) is their average. Further, since |a| is nonzero the gas
exhibits a Bose-Einstein condensation. Note that the fuga-
city z' = &7 is related to the parameter z, according to

z,=2'¢  PB,

To see that (3.11), (3.12) is the exact solution to this
problem (not just an approximation) we compute the state
using the Hamiltonian (3.1). If we do this in the canonical
ensemble (in which the number of particles is fixed) then the
interaction term ¢V */| V| is just a constant. So this term can-
cels out in the density matrix expression for the state
(e ~ P stracee ~ #*') and the system is equivalent, from a
mathematical point of view, to the canonical ensemble of the
free boson gas. But Cannon'” has shown that the thermody-
namic limit of this is the state (3.11), (3.12); therefore, this is
also the limit of the equilibrium state determined by (3.1).
Furthermore, Davies'* has shown that, in the limit, the
grand canonical and the canonical equilibrium states deter-
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mined by (3.1) are the same. Therefore, (3.11), (3.12) is also
the limit of the grand canonical state determined by (3.1).
Hence, it may be regarded unequivocally as the solution of
the model.

4. EXAMPLE 2: IMPENETRABLE POINT
PARTICLES

The second example has an interaction given by the
two-body potential

Ux—y)=cb(x—y) 4.1

or, more precisely, U (p) = cforallp € R?. The interaction of
(3.1) is sometimes considered as an approximation to this at
small densities. For larger densities Huang'® suggests that
2c¢(N? — 1nj )/| V| is more accurate, where 7, is the number
of particles in the ground state (the condensate).

To determine the potential energy density we use the
expression (2.9). This gives

() = 2|ale(iu) — |al) + e — laf)?
+e[A@))? = 2e([A@))? — §lal"). 4.2)

As |a|*is interpreted as the density of the condensate, this is
identical to Haung’s suggestion.

With (i) given by (4.2), and with z, = expf (y — 4cp)
Eq. (2.12)—(2.14) can now be investigated. Firstly, we note
that diz/d4(p) is the same in this example as it was in Exam-
ple 1, and so (2.12) becomes, as in (3.7)

ap) =z, —z) " 4.3)

The extra term in the potential (4.2) changes [(3.8) or (2.13)]
to

la(logz, = |a|( — 2¢B |a[); (4.4)
(3.9) [or (2.14)] remains as
p=lal’+Q@2nB)~ 3/283/2(21)- 4.5)

Retaining the notation of Sec. 3, we see that forp <p,, a
solution of these is

la| =0, p=(QuB) g ,(z). (4.6)

But solutions with |40 are also possible for some values of
p, as we now demonstrate. From (4.4) if |a|540, then
z, = exp( — 2¢f3 |a]?). So from (4.5) |a| must satisfy

p—lal?=QaB) " g, (e 2P, CY))

Graphical considerations (Fig. 1) show that for values of p
near to but less than p_, this equation has two solutions for
|a|?. For p >p., (4.5) shows that we must have |a| >0, and
so from (4.4) z, = exp( — 2¢f3 |a|?). Substituting back into
(4.5) shows that || is determined by (4.7). From Fig. 1 this
has a unique solution, and hence there is a unique solution to
(4.3)-(4.5) for these values of p. A further immediate deduc-
tion from Fig. 1 is that when p > p_, the solution |a|? of (4.7)
is greater than p — p_; i.e., the density of the condensate is
greater than p — p_.. This is in marked contrast to the free
boson gas and to the model of Sec. 3.
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We now determine which of the solutions (4.6) or (4.7)
is an absolute minimum of £ (). The expression (4.3) is sub-
stituted into f (i) (2.10) and the integrations performed. This
results in a function f of the one variable |a|:

fla)) =c(2p* — |al*) + B 'logzi(p — |a|*)

— QRaB) B 'gs2), (4.8)
where z, depends on |a| through

p=lal’+Q78)"~ 28 5(21),

p is fixed, and g,(2) = i z"/n". Differentiating (4.8):

n=1

Y selap—
d|al

2
af _ _ 12¢c|a)? — %logz]

Zlg_l logz,,

2|a| dz,
dlaf Bz dlal
Thus the solution with |a| = 0 is a local minimum, since
df
dlal*la=o
Now assume that p is less than p, but such that there are two
nonzero solutions |a,|,|a,| of (4.7). Assume further that

|| < |a,|. We wish to compare f(|a,|) and f(|a,|). Substi-
tuting for z, in (4.8) gives

flla, D) =2¢p* + cla,|* —2¢p| a,|* — @uB) >*B"!

X8s,2 [exp( —2pBc| a; Iz)]
Let
g(x) = 2¢p? + cx* — 2cpx> — 2uB) ~ B g5, (e T ),

then g(|a;|) = f(Ja/) and

ﬁ = —dcex[p—x*— Q2mB)~ 3/25'3/2(6'4 2965y ].
dx
But is is clear from Fig. 1 that if |a,| <x < |a,]|, then
(p — x*) >(@27B) ~¥g,,,(e = "), So for x in this range,
dg/dx <0. Thus,
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FIG. 2. The free energy density as a function of |a|? for four values of p.

f(au]) = g(lan]) > g(laa]) = f(|)).

Hence |a,| is a local maximum of £, and || is a local mini-
mum (as |a|*—p so z,—0 and df /d |@|— « ). Thus the mini-
mizing solution of (4.3)—(4.5) is either the one with @ = 0, or
the one with |@| = |a,| depending on whether f(0) or (|, |)
is the smailer.

Let p, be the value of p at which f(0) = f(Ja,|). Such a
value exists since at the threshold [i.e., the smallest value of p
for which (4.7) has a solution], we have |a,| = |a,| and so
fO<f(|la,]) =f(|a,|), whereas at p = p,.,a, = 0 and so
f©) =f(Ja,])=f(|a,]). It can be shown that p, is unique, so
that for all p < p, the minimum is £(0), and for all p > p, the
minimum is f(Ja,|). (See Fig. 2.)

We now summarize this. There is a critical density p,
such that for p < p, the state is given by
uth)=e- 181274 = €3 /25 hA 20k 2,

where z, is the unique solution of p = (278) —/*g5,»(z,). For
p > p, the (gauge invariant) minimizing state is

p(h) = e~ WI4g (V2 (al [ ©0)] Je ~ e,
where z; = ¢ “2%*/°" and || is the larger solution of (4.7).

If p, is to be interpreted as a critical density at which a
phase transition occurs then it is evident that this transition
manifests itself in a rather dramatic way. The amount of
condensate changes discontinuously from O to |a,|%. Other
interpretations using the two local minima of the free energy
density, and the two critical densities p, and p, are also pos-
sible, but this uncertainty suggests that caution should be
exercised in the interpretation of approximate states.
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Geometrical gauge conditions in Yang-Mills theory: Some
nonexistence results

Alan Chodos® and Vincent Moncrief

Department of Physics, Yale University, New Haven, Connecticut 06520

We investigate the possibility of defining an ‘“‘orthogonal” gauge for non-Abelian
Yang-Mills theory. Such a gauge would generalize, in a geometrical way, the
orthogonality features of the Coulomb gauge in electrodynamics. We show however that
such a gauge does not exist (even locally) in the non-Abelian case. Specifically we prove
that the tangent spaces defined at every point by orthogonality to the gauge group
orbits admit no integral submanifolds. We also study the question of existence of global
gauge conditions in phase space. We show that such global gauges, should they exist,
would induce globally defined gauges in configuration space contradicting Singer’s
result. We thus conclude (modulo certain technical points which might render Singer’s
argument inapplicable to our function spaces) that global gauge conditions in phase

space do not exist.

I. INTRODUCTION

Coulomb gauge plays a special role in electrodynamics.
The gauge condition Y7-@ = 0 serves to eliminate precisely
the gauge variant part of the vector potential 4, leaving only
the physical transverse degrees of freedom in the theory.
While Coulomb gauge may not always be the most conve-
nient for calculation, it tends to be the most useful for the
purpose of laying bare the structure of the theory.

To understand why Coulomb gauge is thus distin-
guished, let us consider the configuration space of gauge po-
tentials 4. At any point of this manifold, the directions tan-
gent to the gauge orbits are given by the gradients Va of
functions a obeying suitable asymptotic conditions. Now a
gauge condition determines a surface in the configuration
manifold, and a geometrical way of defining such a surface
and thus isolating the gauge variant part of the potential is to
require orthogonality (in a suitable inner product) of the
surface to the gauge orbits which intersect it. That is, if  is
tangent to the surface at the point d, we require

(vai) = 3 [ d*xvaeri® =0 L1

for all suitably behaved a. This clearly implies that V-f =0,
i.e., that the tangent space to the surface at any point consists
of the transverse subspace of the full tangent space. Any of
the family of surfaces defined by

vid—f=0, 1.2
where fis a fixed scalar field, has this property. We can
specialize to the usual Coulomb gauge by requiring in addi-
tion that the surface pass through @ = 0.

The purpose of this paper is to see whether this line of

reasoning generalizes to the non-Abelian case. Our objective
is to define, at least in some local region of configuration

#Research supported in part (Yale Report #C00-3075-225) by the U.S.
Department of Energy under Contract No. EY-76-C-02-3075.
"Research supported in part by an NSF Grant to Yale, PHY76-82353.
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space, a submanifold (of the appropriate dimensions) whose
tangent space at any point is orthogonal to the gauge group
orbit through that point. Such a surface would generalize, in
a more geometrical way, the Coulomb gauge condition to the
non-Abelian case. One knows from the work of Gribov' and
Singer® that a global, continuous gauge condition does not
exist. However, as Singer suggests, one might be able to
patch together several local gauge conditions to define a (not
everywhere continuous) global one. Our proposed general-
ization of the Coulomb gauge might then seem to be a natu-
ral candidate for the needed local gauge conditions.

We shall show however that no such gauge condition
exists (even locally) anywhere in configuration space. Spe-
cifically we shall show that the subspaces of the tangent
spaces which are orthogonal to the gauge group orbits at
every point do not admit any integral submanifolds. The
geometrical basis for this argument (in a suitable function
space setting) is discussed in Sec. II. The nonexistence argu-
ment is given in Sec. II1. Section IV discusses the possibility
of global gauge conditions in phase space and shows that
their existence would imply the existence of global gauge
conditions in configuration space, contradicting Singer’s
proof. We are led to conclude (modulo certain technical as-
sumptions which might render Singer’s argument inapplica-
ble to our function spaces) that global gauge conditions in
phase space do not exist.

While writing this paper, we became aware of work by
Creutz, Muzinich, and Tudron® in which, among other
things, they discuss a special case of the problem considered
here. They show that there is no local orthogonal gauge con-
dition through @ = 0. Our results show that the pointd =0
is not exceptional and further avoids using the assumption of
a “function” defining the hypothetical gauge-orthogonal
surface. An earlier study of this same question (pointed out
to us by Michael Creutz) was made by Treat.* His work
made use of certain elliptic operators which, as Gribov sub-
sequently showed, fail to have globally defined inverses. We
avoid using such assumptions and thus extend this earlier
work.
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Il. GEOMETRY OF CONFIGURATION SPACE

Let G be a g-dimensional, compact, semisimple Lie
group and let {6}, witha = 1,2,...,g, be the Hermitian gen-
erators of a representation of G for which

[Ba ’eb] = lfabc ec (III)

and

tr6, 6, = kb, (11.2)
for some constant k. The structure constants £ “*° may be
assumed completely antisymmetric.

A suitable configuration space .« for our purposes
would be a Hilbert or Banach space of vector potentials
d = a'”(x) 9, dx' obeying

trJ dx*d,a,=k dx d?a? < . (IL.3)

Some specific choices for o will be discussed below.

The main reason we want square integrable potentials is
that we wish to define the Riemannian metric &( , ) on &/
by setting, for any pair of tangent vectors ¢, and ¢’ at @,

@(tt)—-trf dx? t ={(t,t") 5

Here t and 7 'eT,.o/ ~ o/ so we require o CL, for 8( , )to
be well defined.

The metric &( , ) is the natural metric defined by the
kinetic energy term in the Yang-Mills Lagrangian. It has the
important property that every guage transformation is an
isometry (or symmetry transformation) of it. To see this, we
let 4(A ) be an arbitrary smooth curve of vector potentials and
d (A4 ) be the transformed curve under a fixed gauge trans-
formation U:

(I1.4)

dy(A)=UiA)U ' +iU@dU — Y, (IL.5)
where
@dU ~') = (3,U ~'dx". (11.6)

Differentiating with respect to A, we get the transformation
law for tangent vectors

- d ) ( da(A) ) .
t,= 2 a, =y 242 U
v (d,z W@ i e
=UtU ~!
or
ty=UtU — . (IL7)
It follows that
Golfa, f d3x (F), (),
=trf d3xUtU~'UrU—"Y
RJ
=tr| d3¢r1;
~~R3
= (6", (I1.8)

Thus for arbitrary @ and arbitrary gauge transformation U
acting on ./ we have, for an ¢ and ¢ 'eT .o/,

(Tt ), = (BE Ve (IL9)
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which is the isometry property of &( , ). Many other me-
trics can be constructed which also have this symmetry but
&( , ) is singled out by the Yang-Mills Lagrangian.

Suppose 2 is a submanifold of ./ with the property that
its tangent space T, 3 at any point deX is orthogonal to the
gauge group orbit & ; through 4. We define such a submani-
fold to be gauge-orthogonal. Then we claim that, for any
Ue¥% = the gauge group acting on .7, the set X', defined by

Sy=lded |d,=UaU ' +iUdU ~!

for some GeX } (I1.10)

is also gauge-orthogonal. Here the orbit # ; is defined by

O,=|ded | @ =UaU ~' +iUdU !

for some Ue¥ |, (IL.11)

and orthogonality means that for any ty€T, 2 and any
t,eT; &, wehave
®(f5,t,) =0. (IL.12)
The tangent space to the orbit T, &, is given explicitly by
the infinitesimal gauge transformations of @
T,0,={tel, o |t, =di+ild,d]
for some el }. (I1.13)
Here £2 is a space of Lie algebra valued functions
& = w(x)8, with suitable asymptotic conditions (dis-
cussed below). The orthogonality condition is equivalent to
0= dxt P(o? —
R3
= | @5 0,600 — 0@, 10— 1P a0)]
]R"

(11.14)
for arbitrary @€f2. For the asymptotic conditions we shall
use, the divergence term drops out, giving

9, t@ —fet® g =0, (I1.15)
Thus teT, & is orthogonal to &, iff it has vanishing covar-
iant divergence

V, =51+ i[t,d] =
(where 8.1=4, t, and [r.d]=[t,,d,]).

We can demonstrate explicitly that X', is gauge-ortho-
gonal, as claimed above. Let 7, be a tangent vector to 3, at

some pomt dyeZ, and let A v(@) be an element of 7, 7,
Then 4,(@) has the form

fabc b a(c))

(I1.16)

hy(@) =dé +i[é,d,] 1117
for some @ef2. We claim that
(hy @)ty Ya, =0 (IL18)
for any such h uv(@), t~U, and
dy =Ual ' +iudU . (I1.19)
This follows from noting that
hy(@)=U{d (U ~'oU) +i[(U ' oU)al}U -
=UhWU ~'aU)U ', (I1.20)

i;e., that 4 ,(&) is the transform of an element
h(U '@U)eT, ;. Furthermore, , is the transform of
some te7; 2. To see this, let d,,(A ) be any curve in X', which
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induces

fy = (idu(,t )) at d, =dy(0). (11.21)
dA i=0
Then, by the definition of X', it follows that
dy(A) = UdA)U ~' +iU@dU ), (11.22)

whered(A )isacurvein X with @(0) = 4. Differentiating with
respect to A gives

fy = UtU ', (11.23)

where teT, 3. Since T, 2 is orthogonal to T, 7, for any GeX
by assumption, we have

(t,h(U ~'aU)),=0. (I1.24)

From the transformation properties of 7 and / derived above
and the isometry property of &( , ) under gauge transfor-
mations it follows that

(tphp(@))s, = (LA (U ~'6U)), =0, (11.25)

proving the claim made in Eq. (I1.18). Intuitively X', is geo-
metrically equivalent to 3 since it is just the image of 3 under
an isometry transformation of &( , ).

So far we have assumed nothing about the dimensiona-
lity of 2. It is easy to show that at least one-dimensional
examples of gauge-orthogonal submanifolds exist. One can
simply take integral curves of any of the invariant vector
fields which we consider below. However, we are interested
here only in the possible existence of maximal gauge-ortho-
gonal submanifolds, i.e., submanifolds 2’ whose tangent
space 7,2 at any point coincides with the subspace of T,/
which is orthogonal to the orbit through 4. Recalling Eq.
(I1.16), we see that such a submanifold would have

T3 = {tel,/ | Vot =0)

at each @ge2. Our main result will be to show that such sub-
manifolds do not exist.

Suppose that a maximal gauge-orthogonal submanifold
did exist (we shall henceforth let 3 represent such a hypo-
thetical submanifold). Then 2 would define, at least locally,
achoice of gauge on 7. That is, for any €3 there would be a
neighborhood .#(d) (in &) of @ in which each potential is
gauge equivalent to a unique potential in /(@2 In geo-
metrical terms 3 would be a “slice” for the group action of
% on & or, if we view ./ as a principal fiber bundle over the
orbit space ./ ¥, then 3 would be a local cross section of
&/ . (We remark that the asymptotic conditions discussed
below ensure that & acts freely on .« and thus that &'/ ¥
would in fact be a manifold.)

Let .#7(@) be as above and d’ be any element of .4 (a).
Then @' is gauge equivalent to some unigue GeX so we can
write

@ =dy,=UaU "' +iU@U " (I1.26)

for some Ue¥ . Now define 3, as before and conclude that
there is a uniquely determined gauge-orthogonal slice
through each point of #7(@). Thus the existence of a guage-
orthogonal slice through G would imply the existence of a
geometrically equivalent slice through each point in some
neighborhood of 4.

The main idea of our nonexistence argument is now
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easy to outline. We shall construct a set of vector fields over
&/, which are everywhere orthogonal to the orbits of . On
any neighborhood .4 (@) with the property discussed above
each of these vector fields would be tangent to the gauge-
orthogonal slices defined through the points of .#7(@). If fol-
lows that the Lie bracket of any pair of such vector fields
would have to be tangent to the (hypothetical) slice defined
through any point of .#(3@) and thus orthogonal to the orbit
of & through that point. We shall, however, construct a set
of vector fields which are everywhere gauge-orthogonal but
whose Lie brackets are not all gauge-orthogonal on any open
set of .o/ . This will show that no slices orthogonal to ¥ exist
anywhere in ..

The basic property of Lie brackets alluded to above is
discussed in the context of Banach manifolds by Lang.® The
existence of a neighborhood .#"(@) foliated by gauge-ortho-
gonal slices X', would define, in the sense of Lang, a subbun-
dle of the tangent bundle of .#(d@). Any pair of vector fields
lying in that subbundle (i.e., tangent to the slice ', through
any given point) would have a Lie bracket lying in that sub-
bundle (and thus tangent to the slice X', through the given
point). Since our hypothetical slices are orthogonal to %, the
Lie brackets of vector fields tangent to these slices would
have to be orthogonal to & . We shall see in the next section
that this is impossible.

For our purposes the most convenient representation of
a vector field X on .«¢ is that of a linear, first-order functional
differential operator acting on the space of real-valued func-
tions .¥ on &/

F X7 .

Thus X can be written in component form as

v _ 3 @z
X L d x[X, @2 (11.27)
The Lie bracket [ , ] of any pair of such vector fields X, Yis
then simply the commutator of the two differential opera-
tors. (See Lang® for a coordinate free discussion of differen-
tial geometry on Banach manifolds.)

Given a smooth function .% , we can define the gradient
(or differential) d.# to have the “components” 8.7 /8a{”(x).
Using &( , ), which in this formal notation has the compo-
nents 8, 6Y5(x,x"), we have the associated vector field

= 65 1)
Yar = J d'x [ (2) (a) ]
R Sa;(x) ba;(x)

X, will be everywhere orthogonal to the orbits of & iff
8F /8a‘® obeys suitable differential and asymptotic condi-
tions (so that it defines an element of T,/ at each @), and it
obeys the orthogonality condition

| ﬁi _fﬂbc EZ a9 =0.
\ 8at® sa®
Z I3
Contracting this equation with an arbitrary &ef2 and inte-
grating over R 3, we get

0= [ a% [3,-(&)(") i"i)
R\

(11.28)

(11.29)

8a®@
5F
be, (h)
— @~/ a0 S ] (I1.30)
i
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With appropriate asymptotic conditions (see below) the di-
vergence term drops out so that the transversality condition
reduces to the condition that 5 be invariant under arbitrary
infinitesimal gauge transformations (induced by elements
@ef?). Conversely, the gradient of an invariant function
gives rise to a vector field which obeys Eq. (11.29).

It is straightforward to construct a large class of gauge
invariant function on ., to derive their associated gradient
vector fields, and to compute the Lie brackets of pairs of such
vector fields. We shall do this in the next section for func-
tions of the type

Fo=tr f d’x s, (x)B' A, (I1.31)
-

where 5,(x) is any smooth symmetric tensor field over R 3

with suitable asymptotic behavior (it suffices to consider

functions of compact support) and where % is the magnetic

field of @

3@i==%e”k}ik,

F, =8 6, — 3.4, —ild.a.).

(I11.32)
(11.33)

Since 5,(x) is independent of 4 by assumption, it is straight-
forward to show that % | is gauge invariant.

In the computations to follow it will be convenient to
have the following lemma on gauge transformations. We
claim that for any de.o” and any x,€R * there is always a
gauge transformation U such that

ay(xg) =0
i.e., one can always transform the gauge potential to zeroata
fixed point in space. In fact this can be accomplished with a

U of the form U = exp(in'?8,), where (9”)(x,) = 0. To see
this, we write out @,,(x,) explicitly [putting U (xg) = 1]:

dy(Xo) = UaU ~ (xo) + iU @U ~ ')(x,)
= a(Xo) + dax(x,)
= [a((%,) + 30 (x0)16, dx’' (I1.34)
and note that one can always choose @ such that d»(x,)
= — a?(xo).

In arecent paper® one of us applied Cantor’s”® weighted
Sobolev spaces of functions to the study of Gribov degener-
acies. Such spaces have a number of convenient analytical
properties and were used previously by Cantor’® and by Fi-
scher, Marsden, and Choquet-Bruhat® to solve several out-
standing problems in general relativity. We shall adopt them
here for our function spaces .« and £2.

Following Cantor we define the Banach space of func-
tions from R™ to R” (m = 3 in our case) with the norm

Wlpss = X llo**° Dfl,,

O<axs
where 1 <p < «, d€R, s is a nonnegative integer, and
o(x) = (1 + |x]|*"*and || ||, is the usual L, norm on R*:

Wi, =( [ a=irrr)”

Following Cantor, we shall designate these spaces as
#*° s(R*,R") or simply as .#7 ;. With a suitable choice of ,
one can make .#7 s spaces of vector potentials .« or Lie-

(I1.35)

(I1.36)
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algebra-valued functions £2. The choice of p, s, 5 assures cer-
tain differentiability and asymptotic properties. In particu-
lar the space .#? 5 includes functions which behave asymp-
totically as
1 1
I~ |x|8+ €+ 0GP » Df~ |x|8+ 1+t G/ ’
1

s e e et e .
D f~ |x|8+s+e+Om ’

(I11.37)

where € is an arbitrary number greater than zero and D “
designates the partial derivatives of order a.
The choices found most convenient in Ref. 6 were

=M oA =MH"_ 5, (I1.38)
where

p>3, 84 3/p>4,

523, 0<6<1-—13/p.

These ensured the invertibility of certain elliptic operators
such as the Laplacian and guaranteed the square integrabi-
lity of the potentials. They also ensure that the integrals

j dx [3® tD)]
R]

vanish identically for ef2 = .#% s and €T, of = M*_ L6+ 1
since (@@ ¢t )~ 1/|x|*>* < for some € > 0. Though we do
not require the inverse Laplacian in the present context, we
shall retain {Eq. (II.38)] for convenience.

There is a technical difficulty associated with regarding
the gradients of the invariant functions .# _ and their Lie
brackets as vector fields over .«7. The variational derivatives
85 /b6d involve the second spatial derivatives of @ and so, for
a generic @de.«/, are less differentiable than necessary to lie in
T,of =M% _ s, However, we can restrict the definition
of these gradients to the dense subspaces (k = 0,1,2,--)

@kz‘lg+k,5+lc‘jl;—l,5+l' (II.39)

On &, the gradient fields ;Y;(;‘ are densely defined vector
fields, i.e., X, (@)eT o for all e, . Similarly the Lie
brackets

[Y dy‘»j(vdy‘,]

are defined on the dense domain ¥, C.#.

This necessity of restricting the domain of definition of
“vector fields” to subspaces of the original configuration (or
phase) space is a common problem in the Hamiltonian dyna-
mics of infinite dimensional systems. It is discussed exten-
sively by Chernoff and Marsden in Ref. 10. It arises there for
the same reason that it occurs here; one “loses” derivatives in
taking the gradient (or symplectic gradient) of some relevant
function (e.g., the Hamiltonian).

A natural way of circumventing this complication (pro-
posed to us by J. Marsden'") is to require that our hypotheti-
cal submanifolds 2 restrict to submanifolds of &, and &,
as well, i.e., that 3n%, and InY ; are submanifolds of & ,
and & 4, respectively. In this case one can show that the Lie
brackets of the gradient vector fields we construct would
have to be tangent to X at every point of 2 ,, the dense
domain on which these brackets are defined. By showing this
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to be impossible we rule out the existence of such gauge-
orthogonal slices.

The asymptotic behavior of the potentials required in
Eq. (11.38) allows potentials which decay as G~ 1/|x | <.
This is a minimal requirement for the potentials to be square
integrable. If we want . to be a vector space (rather than say
an affine space obtained by “shifting” .#%_, , ., by some
fixed potential a* with different asymptotic behavior) on
which the metric 8( , ) is well defined, we need this square
integrability. Note, however, that this requirement excludes
configurations with nonvanishing magnetic charge for
which d ~ 1//x| behavior would be needed. The reason such
monopoles are not excluded a priori in Yang—Mills theory
(by, say, the requirement of finite energy) is that the metric @
enters the Yang-Mills Hamiltonian only through the con-
traction of the electric fields. This contraction reduces to an
inner product of velocities dd@/dt (i.e., tangent vectors in &)
only in a gauge with @, = 0. This ®&( , ) is not, strictly
speaking, a natural metric to define on ./ unless one de-
mands that d, = 0 always be an allowed gauge condition.

I1l. THE NONEXISTENCE THEOREM

In this section we shall use the family of gauge invariant
functionals

F . la) = z dx 55 (X) BN(x) %}")(x), (I1IL.1)
a.dj JRY

where

@(.“)Ele”"(a a® —3d,a® + £ a af?) (I11.2)

is the magnetic field and s;(x) is an arbitrary smooth sym-
metric tensor field with compact support on R *. The vector
field

X, =X, (IIL3)
associated with each such functional is defined as in Eq.
(11.28). We shall compute the Lie brackets

(XX, =X, (I1L4)
of pairs of such vector fields and show that they cannot be
orthogonal to the orbits of & for all possible 5,,(x) and s;(x)
on any open set in functional space. This will show that no

& -orthogonal slices exist.
The Lie bracket of X and X is given by

52
[XX1= J d’y [&z(ﬂ)(x) 8a%(x) aa“”(y)
&/ . 87, s

 8a(x) 8a‘-"’(x) 5a"(y) 1 8 a®(y)

(b)
f d’y (X, (y)6 (,,)( % (IIL.5)
Now we wish to test whether
0=3; (X, ) x) +fa® X)X, ) (I1L.6)

We know, from the gauge invariance of % | and .% , that

5?5 abc (b) f
a"( 8a(x) ) / ™ )5 @()
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(I1L.7)

and similarly for & . Thus we have

[6, 6% +1 aﬂ"’](zs, YO

— d} [ a 6ac abc (b)Y ]
LJ (a)( ) ( f i )5 (C)(X)
87, 6%,
fabc (‘975(_)'/675")
8a{®(x) 6a{9(x)
55 . &/
= 2 fo (I11.8)

8aP(x) 8a9(x)
So, in order for a ¥ -orthogonal slice to exist through 4, , we
must have
87, b5,
=0 (I1L.9)
a(b)(x) 8a{(x)
for all d in some neighborhood of @, and for all choices of 7,
and .7 ... Note that we shall encounter no trouble in the
Abelian case for which f “* = 0. This accords with our
knowledge that the surfaces defined by V-d = f(x) are & -
orthogonal slices in that case.
Returning to the non-Abelian case, we evaluate

Q (a)(a X) f abc _ 7 S

8.F 8RBy
- d*y)5. (N BY) ———— I11.10
o = Y@ | @O
and find, with the definition {Eq. (I11.2)] of Z, that
8F .
= e [g, C® 4 freg CP], L1
5a}b)(X) [ k f k ] ( )
where
CP(x)=s,,(x) B " (x). (I11.12)

In order to simplify the succeeding steps, let us imagine
that we are seeking to verify the equation

Q@@E,x)=0 (I11.13)
at some point x for a particular choice of 4. Since this equa-
tion must hold for all possible choices of § and §', we can
choose them both to vanish at x and regard their derivatives

s;(x)and d,, s;;(x)as arbitrary parameters (symmetric in
i and j). Then Q (“)(a,x) 0 implies
fet €™ €351 57,) B () F P(x) = 0. (IIL.14)
Symmetrizing in the index pairs (ki) and (/p), we derive the
requirement

OzfabC(Ejmk Ejn[ %(b) ‘@;c) +€jmk Ejnp %?b) %?c)
+ 6jmi €jnl .@ib) .@;c) + e.jmi e.jnp (@g{b) %?c))’
:fabc[(5mn5 kl__5ml‘skn).@§b) '@,(,C)
+ (5 mnékp_amp(skn)‘@gb) *%EC)
+ (6""15” _ (SMI(SM)-@S:)) ‘@S)

+ (8 mn&ip _ 5"11’5"")‘@;:’) %gc)]' (III]S)

Now let us choose, for example, m =n=1,k=1=2. we

have

0—_—fabc[‘@$b) ‘%;JC)'*_‘SZP .@Eb) ‘@(ZC)_}_&Q .@(zb) @;c)
+ (6 __ g s li)'%(zb) ‘@(25)]. (11116)
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The last term vanishes by the antisymmetry of £ “*°. Since i
and p are still at our disposal, we deduce

O0=f* B B, ip=123 (11.17)

So it remains to show that this condition cannot be satisfied
everywhere throughout any neighborhood of the given point
d. To do this, we shall show that if the condition holds at 4,,,
one can always find arbitrarily small perturbations of @,
which violate the condition.

For this purpose we need the following

Lemma: It is always possible, by an appropriate pertur-
bation 84'®(x) of a'?(x), to induce an arbitrary perturbation
8B V(x,) in B'9(x,) at some fixed point x,,.

Proof: If we perform a gauge transformation with some
fixed U (x), then

AB(x)=UX)B . (x)U ~'(x) (I111.18)
and similarly
8B !(x) =UXE,(x)U ' (x). (111.19)

By the lemma at the end of Sec. II we can always choose U'so
that a/(x,) = 0. In this gauge let us choose, near x = x,

8a;(x) = Ci(¥ — x})) (111.20)
with Cj = — C7. Then
BB (x,) = 1€ 13,80/ — 3,60 ") (xo)
= —€,; C§. (I11.21)
Defining
c,=C;8,, (111.22)
we have
C, = —~ L€ 8% (%)

i

— 1€, U(X)0A 1 (%0)U 1 (x0).
Since the constants C;; can be chosen arbitrarily any desired
value for §% , (x,) can thus be achieved.

Now suppose that Eq. (II1.13) is satisfied at some point
a@,. We shall show that it cannot be satisfied throughout any
neighborhood of @, by appropriately selecting % .

There are two cases to be distinguished.

Case I. f “* #(x) is not identically zero for all p and
all x. Suppose in particular that f *** 2(x,)5~0. Then we
have

0=fab ¢ )(xo)%;f)(xo) (111.23)
and we let Z{(x,)—Z (x,) + 8B (x,) where, by the
lemma above, we can regard §.% {)(x,) as arbitrary. If condi-
tion (II1.13) is to be satisfied every where in a neighborhood
of d,, then we must have
0 =f [8FPAx)RB (%) + B (x)EB D (%0)]-

(I1L.24)
Let us choose §% 2(x,) = 0. Then 88 ™(x,) is still arbi-
trary for i%p,. Then the only way Eq. (II1.24) can hold is to
have

0=F B,
which contradicts our assumption.

Case IT: f *° # (x)=0. In this case the first order

(I11.25)
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variations of Eq. (II1.17) vanish so we must consider the
second order variations which are

S8 BP0 A (o).

For this to vanish for arbitrary %, we must require f **
= 0, which contradicts our assumption that the gauge
group is non-Abelian.

This completes the proof that, for non-Abelian gauge
theories, no ¥ -orthogonal slices exist even locally in func-
tion space. Roughly speaking, the orbits are sufficiently
“twisted” in function space that no local slices can be ortho-
gonal to every orbit which intersects it.

It is important to remember that the question of exis-
tence of orthogonal slices to a particular group action de-
pends crucially upon the metric used to define orthogona-
lity. Consider, for example, Euclidean 3-space in cylindrical
coordinates for which

ds’ = dp* + dz* + p*dp*. (111.26)
The vector field
G196 ,9 (L1.27)
[ dp dz

where / is a nonzero constant, defines a group action on this
space whose orbits are the helical curves

PA)=po, (111.282)
2A) =2z, + A, (111.28b)
pA)=@, +4A/], (I11.28¢)

where pg, z,, @, are constants.

Since the metric is simultaneously invariant under both
translations along, and rotations about, the z axis, it is invar-
iant under the helical motion defined by their combination
(i.e., the motion generated by G ). Any single orthogonal slice
through a point p could therefore be dragged along the orbits
of G to yield a neighborhood of p filled with orthogonal
slices. We can prove, however, that such slices do not exist
by displaying a set of vector fields orthogonal to G whose Lie
brackets are not orthogonal to G throughout any open set in
the space. For example, we can define the gradient fields of
the invariant functions

h=’, k.=l’sin(p —z/]+c), (111.29)

where ¢ is an adjustable constant. Computing these vector
fields and their Lie brackets, one finds

(X Xu JG= — @ /1) cos(p —z/1+¢).  (I11.30)
This vanishes for all values of ¢ only on the axis o = 0 and so

not on any open set.
However, if we take the alternative metric

ds'y? = dp* + dz* + pX(dp — dz/1)?, (I11.31)
then the coordinate transformation
p=p, 2=z, ¢'=¢-—2z/1 (ITL.32)

reduces (ds")” to Euclidean form and the “helical” curves to
vertical lines. In this case the existence of orthogonal sur-
faces z = const is obvious.

IV. CONCLUDING REMARKS

In this paper we have formulated a criterion, gauge-
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orthogonality, by means of which we tried to find a Cou-
lomb-like local gauge condition in Yang—Mills theory. We
have shown that in configuration space, gauge orthogonal
surfaces do not exist. In addition, we know from the work of
Singer? that in configuration space no global gauges exist.
The question arises as to whether if we work in phase space
instead of configuration space, either or both of these restric-
tions can be circumvented.

It turns out that the question of gauge-orthogonality is
clouded by the fact that no obviously natural metric exists on
phase space, and, as we pointed out above, the choice of
metric is crucial for orthogonality. Instead of pursuing this
question we shall devote the remainder of this section to
showing that since, as Singer has proved, there are no global
sections on configuration space, then there cannot be any on
phase space either.

The phase space for Yang-Mills theory may be regard-
ed as a space of pairs (@,¢), where d and € are the potential and
electric field respectively. We shall abbreviate this space as
T * .o/ = the cotangent bundle of .. Some specific models
for T'*.o/ using .#?% 5 spaces are discussed in Ref. 6.

The gauge group ¥ actson T *.o7 in a well-known way:
G—Uau ' +iUudU —*, (IV.1a)
e=UeU . (IV.1v)

If we consider only gauge transformations which reduce to
the identity as |x|— o0, we find, as in Ref. 6, that & acts
freely on T*.&/ (i.e., no point (4,€) remains fixed under any
infinitesimal gauge transformation other than the trivial
(identity) transformation). In this case we may regard T *.o/
as a principal fiber bundle over the quotient space T*.«'/ ¥,
and it is natural to ask whether 7 *.&/ has any global cross
sections.

Let us formulate this question more explicitly. Does
T*./ admit a submanifold which intersects each of the or-
bits of & at one and only one point? The orbits of & in T *.o/
are, of course, just the equivalence classes of gauge equiv-
alent pairs (@,) and the existence of a global section would be
equivalent to a continuous global choice of gauge (to get the
strongest possible result Singer assumes only continuous sec-
tions; for simplicity we shall look for differentiable ones).

The main idea for reducing the question of existence of
global sections of 7 *./ to that of global sections of & is to
note that the submanifold defined by ¢ = 0 may be naturally
identified with .o itself and consists entirely of orbits of ¥
acting in T*.« (i.e., all gauge transformations preserve
¢ = 0).If 2 * were a global section of T * ./, then the intersec-
tionof 3 * with ./ (regarded here as the submanifold € = Oin
T * /) would intersect each of the orbits of .« at one and
only one point. Therefore, we need only to show that X *n.o/
is a submanifold of . to conclude that it defines a global

section of .«
This last step follows from noting that the intersection

of the two submanifolds X * and .« is transversal,’? i.e., that
at every point (4,0) of the intersection the tangent spaces
T ;02 * and T, 4,97 together span T, (7 *.o¢). Formally
at least this result follows from the assumption that 2 * is a
global cross section of 7'*.& and the observation that the
base space .o consists entirely of orbits of % . Near any point
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(a,0)e2 *no/, 2 * provides a slice for the group action on
T*.o/ . Therefore, T, (T *.</) is spanned by T(; 2 * and
the tangent space to the orbit through (4,0). However,

T 20,7, the tangent space of this orbit, is a subspace of

T ;0 since 7 consists entirely of orbits of &. Hence for
every (4,0)eX *n.o/ we have

T(,m)Z * 4+ T(d,()yﬁ/ = T(&,O)(T*J?/),

and the intersection is transversal and therefore a manifold.
Since the existence of such a manifold would contradict
Singer’s result, we must conclude that no global section of
T*o exists.

The above formal argument does not adequately treat
the question of appropriate function spaces and asymptotic
conditions. Singer considered C ~ fields which can be com-
pactified to .S * while we have taken .#” ; spaces with asymp-
totic conditions on R*. Subtleties in the different treatment
of asymptotic conditions might prohibit the application of
Singer’s theorem to our configuration space. Nonetheless,
the above argument shows that the question of existence of a
global section in T *.«¢ is reducible to that of the existence of
a global section in .7

A modified form of the above question is to ask whether
global cross sections of the constraint submanifold® of phase
space exist. This question makes sense since the constraint
subset is a submanifold of T *.«# (see Ref. 6), which consists
entirely of orbits of & (i.e., the constraints are preserved by
gauge transformations). However, the constraint manifold
contains the & = 0 space as a submanifold which may again
be identified with the configuration space .«#'. The remainder
of the argument is precisely as before, and we conclude that
global sections are excluded since none exist for <.

Another recent paper (pointed out to us by the referee)
which discusses, for the SU(2) gauge theory, the nonexis-
tence of global gauge conditions in phase space is that of
Narasimhan and Ramadas." They also derive some interest-
ing geometrical results concerning the connection on the
bundle &/ — .o/ /¥ defined by the constraint equations re-
stricted to the @% = 0 gauge. The horizontal subspace de-
fined by this connection at any point of & coincides with
what we have called the orthogonal subspace at the point.
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Employing the L’Huillier, Redish, and Tandy (LRT) wave function formalism we develop a
partially connected method for obtaining few-body reductions of the many-body problem in the
LRT and Bencze, Redish, and Sloan (BRS) formalisms. This method for systematically
constructing fewer body models for the N-body LRT and BRS equations is termed the dominant
partition method (DPM). The DPM maps the many-body problem to a fewer-body one using the
criterion that the truncated formalism must be such that consistency with the full Schrodinger
equation is preserved. The DPM is based on a class of new forms for the irreducible cluster
potential, introduced in the LRT formalism. Connectivity is maintained with respect to all
partitions containing a given partition which is referred to as the dominant partition. Degrees of
freedom corresponding to the breakup of one or more of the clusters of the dominant partition
are treated in a disconnected manner. This approach for simplifying the complicated BRS
equations is appropriate for physical problems where a few-body reaction mechanism prevails.
We also show that the dominant-partition-truncated form of the BRS equations may be obtained
by distributing the residual interaction in the exit channel in a manner consistent with the
dominant partition truncations of the irreducible cluster potential.

I. INTRODUCTION

Connected kernel equations (CKE’s) have enjoyed con-
siderable prominence in the recent history of reaction the-
ory. The equations due to Alt, Grassberger, and Sandhas'
(AGS), Bencze, Redish, and Sloan? (BRS), and Kouri, Le-
vin, and Tobocman® (KLT) are representative examples. In
the formalisms of AGS, BRS, and KLT the many-body scat-
tering problem is formulated in terms of a set of coupled
integral equations for the transition operators. These CKE’s
are often viewed as extensions of the three-body formalism of
Faddeev.*

Although the CKE’s provide mathematically correct
formulations of the N-body scattering problem, these equa-
tions have not inspired extensive usage in direct reaction
analysis. The distorted wave Born approximation continues
to be the primary method employed in the analyses of direct
reactions. Significantly, there exists in the community an
understanding that many-body effects should be included in
reaction analysis;’ however, the CKE’s are not generally re-
garded as offering a viable approach for such inclusions.
Even in the three-body case, the Faddeev equations are often
regarded as useful for mathematical proofs but not as feasi-
ble for calculations.®

The complicated nature of CKE’s as well as an uncer-
tainty about how the dynamics is distributed in these equa-
tions have been important factors in limiting the role of

“'Work based on material submitted in partial fulfillment of requirement
for Ph.D., University of Maryland, 1977.
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CKE’s in reaction analysis. Necessarily any use of CKE’s
must involve truncations. This compelling necessity for
methods of truncating CKE’s probably has contributed to
their limited use.

The application of the CKE’s to nuclear and atomic
systems is rendered difficult because of the number of equa-
tions involved and the fact that many channels are treated
theoretically on an equal footing. We therefore consider
what simplification can be achieved by reducing the number
of equations and/or channels. In practice, since certain
channels may be ignored or treated phenomenologically, it
may not be necessary to preserve connectedness in them. We
call the formalism derived from relaxation of full connected-
ness in a set of CKE’s a partially connected formalism. A
partially connected approach has been advocated by Hahn
and Watson as a means of circumventing the difficulty im-
posed by the coupling of all rearrangement channels in the
three-body problem.’

The choice of criteria by which one truncates a CKE is
an open question. A possible approach to simplifying these
equations for some problems is to map the many-body space
into that of a fewer-body problem. This approach will be
useful in the case that the physics seems to be dominated by a
few-body mechanism. One example is the deuteron-alpha
scattering at energies below the threshold for breakup of the
alpha. Notably, such a mapping does not destroy all of the
many-body information which would be lost in the arbitrary
imposition of a few-body model on a given many-body
system.

Actually, when one considers such a truncation it be-
comes clear that many of the CKE’s do not lend themselves
to such a reduction method. The AGS and KLT equations
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are notable examples. The explicit dependence on the num-
ber of particles as exhibited by the AGS equations and the
dependence on the number of channels as exhibited by the
KLT equations tend to make the structures of these equa-
tions rather rigid. The AGS equations make explicit the
number of particles through kernels which contain all sub-
system transition operators. The KLT equations are written
for a fixed number of channels which structurally excludes
the possibility of later dropping one of the channels.

In this article we develop a method of truncating the
many-body BRS equations to a fewer-body problem. The
method is developed in the LRT® connected-kernel wave-
function formalism, and is similar in spirit to the Hahn—
Watson reduction method.” This truncation is termed the
Dominant Partition Method (DPM). It maps the given
many-body problem to a fewer-body problem whose solu-
tions satisfy the full Schrédinger equation. The equations
obtained constitute a partially connected set, the disconnect-
edness appearing in those channels which are not considered
explicitly.

In Section II the LRT wavefunction formalism and the
related irreducible cluster potential are reviewed. In Section
III the dominant partition theorem is presented and in Sec-
tion IV this reduction method is applied to the BRS equa-
tions. In Section IV it is also shown that the reduced set of
BRS equations may be obtained via a distribution method.
The summary and conclusion are presented in Section V.

Il. THE L'HUILLIER, REDISH, TANDY WAVEFUNCTION
FORMALISM

In this section a set of coupled connected kernel equa-
tions for the wave function describing the scattering between
many-body (V>4) clusters is obtained. These equations are
derived by using the BRS equations and the Green function
for the system. The system under consideration has N distin-
guishable particles which interact via two-body potentials.
(The case of three- and many-body forces is not considered
here.) A division of the N particles into » clusters is termed
an a, -partition. The Greek alphabet is used to label two-
cluster partitions and the N-cluster partition is labelled 0.
The partition Hamiltonians H, residual interactions ¥ “and
associated Green functions are defined by

‘Ha =H0 + Va ’ (1)
Ve=H-H,, @
Ga :(Z—Ha)il’ (3)

where V, is the sum of two-body interactions internal to the
a-partition and Z is the complex energy parameter
(Z = E + ie). The full and free Green functions are given by

G=(Z-H) ', 4)

Go =(Z—-Hp)™ ', (%
where H is the full N-particle Hamiltonian and H,, is the
total kinetic energy operator.

Consider the N-body scattering problem initiated by in-

coming bound states of the two clusters comprising the par-
tition 5. The full wave functions is®
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¥, = limieGP, , ©)

€0
where @, describes a relative motion plane wave times the
internal bound-state wavefunctions for the two clusters. The
Green function is expressible in terms of G,

G=G; +GV°G,. @)
Using that

Gy D, = (i) "'y,
we obtain

Y, =1+ GV, . 8)
Using (7) we have

¥, =GG,; '®,. )]
Noting that

Vew, =T, , (10)
where 7% is a transition operator'® we write (9) as

¥ =GoGy '@y + G, TY D, . (11)
Employing the BRS equation?

T = Vi + ZK?‘,OGOT"B, (12)
we obtain
¥, =G, (Gs '+ V)P, + Z GOKgOGOT"/}<Pﬁ .(13)

(The operator satisfying the BRS equation differs from the
standard transition operators by an off-shell transformation.
See Ref. 2.) In (12) V'§ is the sum of two-body interactions
internal to 8 and external to a. The kernel K ° is the sum of
all Weinberg graphs'! of connectivity? o which begin with
any interaction and do not end with an interaction in a. De-
fining K °’=K,, using (3) and (10) we have

¥, =B+ 3 GK, G, VW, . (14)

This integral equation has a completely connected kernel.
The operator K, is the sum of all o-connected Weinberg
graphs.

Decomposition of the wave function into parts associat-
ed with the two-cluster partitions of the N-body problem is
achieved by writing

v, = Z g/ﬂ(r)’ 15)
Y
where
v, = Dsb,5 + G K, Gy V¥, . (16)

The wave function ¥ § only has outgoing waves of the ¥
type, that is, bound clusters of the y partition or direct
breakup from the y partition. Equation (16) may be written
in a convenient form by considering again (9) and writing G
in terms of G,. We find

¥ =G,G,' Py + G V'GG;' D, . a7n
Using (9) and (10) we have
¥ =G,G;'®, + G, TP, . (18)

Multiplying from the left by G,G ' we have
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GG, 'V =G,G ;' Py + G, TP, . (19
Using (19) in (16) we get
V"= (8,5 — GoK,G,G ;' )Py + GoK,G,G ' ¥, . (20)
We introduce the operator 7”, which is defined by

K, G,=7G,. 21
The operator 7", is termed the irreducible y connected po-
tential. It is the sum of ¥ connected graphs which become

less than ¥ connected if the rightmost interaction is re-
moved.® We have

‘I/B(‘r) — (575 . Go %~7/G?’GB—-X )¢B + GO %}, 'I/g s (22)

and G, 7",G,G ;' on shell is the same as G, 7 38,, . This
yields

WIJ(Y) — 6),/](1 - GO 7’B)¢ﬂ + GO y.‘, WB . (23)
Noting that
(1 -G, 7 5)®, =0, (24)

which is most easily seen on examining the anticluster ex-
pansion for 7, (Section I1II), we obtain

W, =G, 7 W, . (25)

We write this in differential form as

(E—-H, -7 )¥P=7, S v, (26)
a(#7V)
which is reminiscent of the Faddeev three-body result. These
are the LRT® equations. The relation of these equations to
other N-body CKE’s is discussed in detail in Ref. 12.

1ll. THE DOMINANT PARTITION THEOREM

The anticluster expansion for the kernel in the BRS
equation has been previously shown to be'?

K26, =S S N(@a,)VEG,, . @7
m =2 (aD)a,,
The N ’s in the above equation are termed counting coeffi-
cients.'? They depend on both o and a,, . From (21) we have
the anticluster expansion for the irreducible cluster
potential:

7, = ‘2 S N(oa,)V,G G . (28)
m==2 (0D)a,,
Summing the components of equation (26) we note the
interesting result that

(E—Hy— 37 ,)¥,=0. (29)

This property provides the underpinning for the truncation
of the BRS equations that wiil be presented in this section.
Insight into the method is afforded by the following
theorem.

Theorem I. For arbitrary N, if 77 is given exactly then

S 7, =V,

where V is the full potential and ¥, solves the Schridinger
equation for the N-body system.
It is clear that this must be the case from a comparison be-
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tween (29) and the Schrodinger equation
(E—Hy, — V)Y, =0.

Nonetheless, we give a more complicated proof whose struc-
ture generalizes to the approximate case discussed below.
Proof: From (28) we have

DEIE S'S S N@a,)V. 6. G ¥, (0)

o m=2(cD)a,,

Interchanging sums and using

G,'=G,' -V, oDa,, €1Y
we have
z VR P
N -1
=33 ¥ Noa)V, V.G V¥,
m=2 a, o(Da,)
(32)
Noting that
Vir=V, = Vo, =V"~V" o3a,, 39
we obtain
N1
ST =3 3 T NeaV.,
= m=2a, o(3a,)
X(1—G, V" +G, V¥ . (34)
We use the result,*
¥, =08, Py + G, V¥, (3%
to obtain
Z WUWB

V0, + S S S N@a V. G VW, .
2 6 (Sa
(36)

It is known' that

Z N(o,a,)V°=C,V*, 37
a(3a,)
where C,, = ( —1) "(m —1)!. Using this in (36) and again
employing (35) we obtain

N—1
2 Y Wy = z C, 2 V. ¥ - (38)
a m=2 a,,
Now we employ the lemmas:
Lemma 1:'° Y Vir = S¢) Ve and (39)
N1
Lemma?2:'" ¥ C, ST, =1, N>3. (40)
n=2

The S’ , are Stirling numbers of the second kind. S, is
the number of distinct ways of making k clusters out of
(N —1) objects. From (38) we now obtain

S 7,¥ =V¥ . QED. @)

This means that (29) with the o sum taken over the two-
cluster partitions is the Schrédinger equation. This result
motivates the consideration of truncations of 2, and/or 77,
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such that the corresponding summed version of (29) remains
the full Schrodinger equation. We present a method which
satisfies this condition through the following results.

Remark: For a given N, if 7”, is given exactly the sum
(27, Wp) over an arbitrary subset of the two-cluster parti-
tions does notresultin(E — H, — 2,27,)¥,; = Obecoming
the Schrodinger equation.

Example: Consider thecase N = 3forwhich 7", = V.
We label the possible o’s as o, = (1) (23), 0, = (2) (13), and
o, = (3) (12). Note that

2 VW= 3 Vo, 42)
S Y WAV, 43)

Remark: For a given N and 7, truncated arbitrarily
then the sum over all o does not result in (£ — H,
— 21 o 7 LW, = 0) becoming the Schrédinger equation,
where 7" is a truncated version of 7~ .

Example: Consider N = 4 and suppose we truncate 7,
by taking 7", ~ 7' =V¥,_, so

S 7T =3 V,¥,. (44)

all o all o

From Lemma 1, 2V, =S ,V and we have

D 7IW, =SV, . (45)

all o

We now introduce notation to represent a particular
class of truncations of the irreducible cluster potential. The
operator 7" is defined as the truncation of the anticluster
expansion (28) of 77, which includes only those terms corre-
sponding to the partitions that can be formed by joining the
clusters of a single “dominant” partition a,,, with
3<m<N — 1. Explicitly this is

r = N(o,a,)V,G, G, "'. (46)
n=2(u>D),(2a,)

This class of truncated operators allows us to introduce the
dominant partition theorem (DPT). The term dominant
partition derives from the role played by a fixed partition a,,
in the truncation of 77 and in limiting the sum on two-
cluster partitions.

Theorem II: (dominant partition theorem): For arbi-
trary &V, and an arbitrary fixed partition a,,

Y T =V,
o(Da,)
where ¥, solves the Schrédinger equation for the N-body
system (3<m<N —-1).
Proof: Using the definition (46) gives

S rev,= ¥

o(Da,,) o(Da,,) n=2 (o)Da,(2a,)
—1
XV, G, G ', . (47)

We write (46) in a more convenient form by picking off the
a, term

N(o,a,)

7o,
o(5a,)
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m—1
= S Y N@a),G.G,'Y
a(Da,) n=2 (¢D)a,(2a,)

+ 2 N(@,a,)V, G, G;'¥,. (48)
o(Da,,)
Again employing (31) we obtain

e 7S ['"j' S N@a)V.,

a(Da,) o(Da,) L n=2 (0D)a,(2a,)

X(1 =G, V) +N(o,a,)V,,
xX(1 -G, V‘;’”)] v, . 49)
Using (33) and (35) we have

%“;’"WB = VB¢B + z N(U’ an)

o(Da,,) o(Da,) n=2 (6D)a,(2a,,)

XV, G, V¥ + Y N(oa,)
o(Da,,)
XV, G, V¥, . (50)

Interchanging sums we have

m —1
VoWs= Ve®Ps+ N(o,a,)

o(Sa,) n=2 a,(3a,) oSa,)

XVa"Ga"V” 5+ Z N (o, ﬂm)
o(Da,,)
XV, G, VU, 1)

Use of (37) and (35) yields

S = (2
a(Da,,)

n=2 a(2a,)

c.V, +C, V,,M)WB .
(52)

We now use'®
Lemma 3:

Vi =SQ, v (53)

a,(Da,)

This yields
y";,’" WE

o(Da,)

m—1
=[ S C(SDV, +SO V) +C, V,,m]

n=2

X, (54)
where we have used (33) (with o replaced by a, ) to express
V., ,in(52)as V, +V,"

Noting the results

m— 1
Y C.sP=1-C, (55)
n=2
and
m—1
S Cse =1, (56)

=2
which follow from Lemma 2 we have
ToW, =V, .
a(Da,)

Theorem II provides the basis for the DPM. It shows
that we may truncate 7~ through the anticluster expansion

Q.E.D. 57

Robert M. Dixon and Edward F. Redish 375



by retaining only those partitions that contain a given domi-
nant partition. Note that the full partition Green functions
G, are retained in (46). They are not projected on the Hil-
bert space corresponding to bound states of the dominant
partition a,, . The description of the breakup of these clusters
is contained in these Green functions.

The reduced problem is then solved by solutions to the
original Schrodinger equation. This theorem provides a con-
sistent means of reducing the many-body problem in the
LRT wavefunction formalism to a few-body problem.

Nuclear reactions are commonly analyzed in terms of a
few-body picture. For a given N there are S@ =2V -1 -1
two-cluster channels. Any realistic attempt to solve the
many-body problem cannot treat all of these channels on an
equal footing. Moreover, it is reasonable to expect that in
direct reactions the processes involved are not so extensive
that all possible rearrangement and inelastic processes must
be included. In many cases a realistic approach to many-
body reaction theory will be afforded by systematically
building few-body models.

IV. THE DOMINANT PARTITION AND THE BRS
EQUATION

We now obtain dominant partition truncations of the
BRS equations. This is accomplished by restricting the sum
on two-cluster partitions to the class defined by o(Da,,),
where a,, is taken to be the dominant partition. Corespond-
ingly we introduce the appropriate truncation of the BRS
kernel by using the anticluster expansion (27). Restricting
the sum on two-cluster partitions to those that contain a
particular a,, terminates the anticluster expansion with that
term explicitly involving a,,. We write the truncated kernel
as k.., that is

Kooy = > >y N, a )Vt aG, . (58)

n=2(0D)a,l2a,)

With B,a(Da,, ) we write the truncated BRS equations as

Th=V- + KT (59)
o(Da,,)

It will be recalled that in the derivation of the BRS
equations that a crucial step was the democratic distribution
of the residual interaction over all partitions.' If we restrict
the distribution to those partitions containing a,, and pro-
ceed with the derivation, are the truncated equations ob-
tained the same as those we have termed the dominant parti-
tion truncated BRS equations? The answer is yes and
provides the next theorem.

Theorem I1I: The dominant-partition-truncated BRS
equations (59) are obtained by distributing the residual inter-
action ¥"# over the subset of all possible partitions containing
a,, and proceeding as in the derivation of the BRS equations
(Ref. 16).

This theorem provides a satisfying degree of consisten-
cy in the reduction of the BRS equations. These consider-
ations are displayed in Fig. 1.

Proof: From (39) and (53) we have

SViL=8Y.VF (60)
d
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and

Vi =8P v, (61)

dfa,)

Also note that

Vi =89 VB pBDa,, . (62)
d(Da,) !
Using (56) we obtain
Vi='% CV4, B>a, . (63)

j=2 d{3a,)
We use this in the definition of the transition operator?
TP = VGG ;. (64)
We obtain

m —
The —
T =
Jj=2 d{Da,)

CViG,G'
+ 3y 3 ¢viG, T,
i=2 4(5a,)
Using the Lippmann identity'®"® to transform the Born term
gives the following equation for a new set of operators 7%
which are equal to T75¢ on the half-shell

m—1

BDa,, . (65)

The = CV58,a
=2 aSa, o
m--1
+ 'S S ¢VEG, T, BDa, . (66)
=2 d4(5a,) r
This yields

m -1
TB": Vg + Z z qu,Gddeﬂ 4 ajam * ﬁjam .

i=2 d(Da,)
(67)

We use the Yakubovskii cluster expansion'® to decompose
the transition operator internal to partition d; into pieces of
different connectivities. We write

T, =3 Ky, (68)

n=j (D,

and

TP2,Go = V3G, = K3'G, . (69)

n=j (d;D),

The anticluster truncation procedure is to replace K 5°G,, by
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Kgy for n>m and to drop all other terms. We then get

e S K T (70)
=2 d(Sa,) n=j (d;D)d,

We interchange the 7 and j sums realizing that m is the

largest number of clusters that we can have in the limited

space. We obtain

TP =VE +

v+ S Y K 3T GYUG6. T, (D)

n=2d/(>a,) i=2d{(>d,)

where (64) has been used. Employing

Lemma 4:'°
CVhi=86,V", (72)
j=2d{>d)
yields
Th=Vi+ Y R (73)

n=2d(>Da,)

and
TH=vi+ Y T, B,ada,. QED.
o(Da,,)
(74)

V. SUMMARY AND CONCLUSIONS

We have developed a generalization of the Hahn and
Watson’s’ “partially connected” strategy appropriate for
constructing n-cluster models for N-body problems where it
is intended that n<N. The cases treated are those in which
the only channels treated explicitly are obtained by combin-
ing the clusters of an n-cluster “‘dominant” partition, a,,. We
obtain #-body equations of the BRS type for transition oper-
ators and of the LRT type for wave functions. The resulting
equations are connected in the degrees of freedom corre-
sponding to the relative motion of the clusters of a,,, but not
in those internal to a single cluster of ¢, . Following Hahn
and Watson we assume that these degrees of freedom are to
be handled in some manner different from operator integral
equations (e.g., by statistical or phenomenological
methods).

Our main result is that the BRS and LRT equations for
the small number of clusters is in fact exact if the subsystem
Green functions are put in from some other source. This
means that no incoming waves associated with channels
breaking the cluster of a, are to be admitted. Furthermore,
one can obtain the partially connected equations by either
truncating the anticluster expansion for the kernel or by dis-
tributing the residual potential only over the appropriate,
limited set of partitions. The same equations are obtained by
both procedures.

A specific example where a procedure such as described
here may be relevant is in the six-nucleon problem where the
initial channel is a low energy (£ < 20 MeV) deuteron inci-
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dent on a *He nucleus. As is well known?, this is well de-
scribed as a three-body problem. Here, our dominant parti-
tion would be a; = (n) (p) (nnpp) where the effects of
exchange are ignored. The three-body equation would fall
out immediately upon approximating the Green function
G, by its part having the *He pole. This approximation
would yield real effective nucleon-*He interactions.

More general results, including the appearance of com-
plete effective interactions, can be obtained in a number of
ways, the simplest of which is the introduction of projection
operators at the Green function G, . The part corresponding
to everything but the *“He pole is then solved formally a la
Feshback.? This leads to the appearance of generalized opti-
cal potentials as effective interactions plus the well-known?*
effective three-body force.
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We solve exactly equations of motion for two charged harmonic oscillators interacting
with electromagnetic field. Detailed analyses of the system’s behavior for small times is
presented. We go beyond the one pole approximation. A simple model for the so-called
soft mode instability is given. The scattering cross section is derived from time

dependent solutions.

I. INTRODUCTION

The interaction of two atoms with radiation has been
studied for many years.'® This is the simplest system for
which cooperative behavior can be studied and due to its
simplicity a dynamical description can be given.

The long time behavior has been studied in the frame of
the so-called single pole approximation. Stephen’ was prob-
ably the first two found the correct distance dependent ex-
pressions for the width and shifts of the emission line. To
some extent the expression has been qualitatively verified in
the experiments of Drexhage ez al.,” on the scattering of light
by the atom placed in front of the mirror.

The interesting problem was the demonstration of caus-
al behavior of the system due to the finite velocity of light
propagation. If one of the atoms is excited in the initial mo-
ment, one expects proper delay before the other one will be
excited. Milloni and Knight® have shown how this step type
behavior matches the long time description given by single
pole methods.

The purpose of this paper is to discuss the problem of
two sources by means of two harmonic oscillators interact-
ing with electromagnetic field. This problem can be exactly
solved in the frame of the dipole approximation with a cutoff
removing the corresponding divergence for high photon fre-
quencies w— oo

A similar problem of two harmonic oscillators but in-
teracting with the scalar field has been recently discussed by
Aichelburg and Grosse.”® They were able to renormalize
their model and to remove the cutoff parameter from
solution.

In our model the cutoff frequency (2 remains in the
solution via the single oscillator life time and frequency shift.
In the limit £2-» « the single oscillator life time remains
finite while the frequency shift is linearly divergent. One
could remove this divergence by a similar renormalization
procedure as in Refs. 7, 8, but the resulting oscillator dyna-
mics contains so-called “run away” solutions which do not
have any physical meaning.
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Two different methods can be used to express solutions.
One is convenient for short time behavior and study of retar-
dation properties, the other for long time evolution.

We go also beyond the single pole approximation. We
find all subsidiary poles of the resolvent functions in the
problem and point out their role played for short time behav-
ior, especially discussing their contribution in matching the
initial data.

The model predicts instability for very short distance
between sources. This instability is entirely due to the elec-
trostatic dipole—dipole interaction. An instability of this
kind is responsible for the spontaneous generation of the
static dipole moment in the system of two-level atoms, phe-
nomenon recently discussed by several authors.'%"!

The paper contains a section containing a derivation
and discussion of the scattering cross section of radiation on
two sources. The problem was investigated by Lyuboshits’
in a quite different framework.

Il. MODEL AND ITS SOLUTION

We consider a system composed of two harmonic oscil-
lators located at fixed points 7, and 7,. Each oscillator is
composed of two opposite charges e, — e, with Coulomb
interaction represented by the elastic force. One of these
charges is spread out uniformly in a sphere and has infinite
mass. We look for the motion of the second one (electron)
having the mass m and moving inside this sphere.

The Hamiltonian of the system, written in the Coulomb
gauge, is

2 _ 2
He oo 5 (5= 2AG+5) +imo

on
I e

tal

Kal§

2
+ L[, %, <3(F, ANE, D)
"
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8
where x,, x, denote displacements of electrons from their
equilibrium positions , and 7,, p, and p, are cannonical
moments, r, = |F, — |, and A="7,/r,.
For the vector potential A (F) we have the following
plane wave decomposition:

_ (ﬁc)l/Z 2 o e
AP = > | dikegk ' ag e T+ ale ™),
2 =h
(2.2)
where a,/, and ay, are creation and annihilation operators
for photons with the wave vector k and linear polarization
&, normalized according to the following commutation

relations:

lag, a2, =46, 6;(k—k"),

[al?,u Qi ] =0= [ali;rz ’al?,u' ]
The model we will consider corresponds to the Hamiltonian
(2.1) taken in the dipole approximation. In the dipole ap-
proximation we replace A(7, + %,) by 4 (7,). Making such a
replacement, however, we are losing a tempering oscillatory
factor ™ and the model becomes divergent at high photon
frequencies. To stimulate the converging effect of ¢** and to
make our dipole approximation finite, we introduce in the
coupling terms the form factor which cut off high frequency
photons.

With these approximations our model is defined by the
following Hamiltonian:

X I
H= — ‘——A 7)) 4+ imo X2
2mi=1p () 0121

2
SR E, R E D]+ [ i
2 87

X [EL(P) + B*(P), 2.3)

where A, (7) corresponds to Eq. (2.2) with & ~'/? being re-
placed by the form factor g(k ). We take the form factorin the
form

g(k) = L

1/2 (02 + k2c2)1/2
with the cutoff frequency {2 being of the order of 27¢c/d,
where d is the radius of oscillator.

We are going to solve the Heisenberg equations of mo-
tion for the dynamical variables of the system. Instead of the
canonical moments p; appearing in the Hamiltonian (2.1) we
will use velocites (kinetic momenta). This choice is dictated
by causality requirements as was discussed by us in Ref. 12.

The equations of motion for charges are

Q2.4)

dx,  _
7 =V, (253)
dv, _ &2 I
_a_ftl = —wiXx, + -y [x, =3 a(A-%,)]
1/2
vl B i)™ 3 f d°*k kg(k )z,

e (ak” rk Fo ak“ — lk.r,), (25b)

plus the similar equation for the second oscillator (1<>2).
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The field equations are (& = |k |-)
da u

= —imag +i
dt #

e -
Wg(k )2,

(2.6)

plus conjugate equation for ag, .

To solve the set of equations (2.5), (2.6), we will use the
Laplace transform method, f(z) = fedt e ~*f(¢). Using
transformed Eq. (2.6),

A (9) 4 e g(k‘) &

z+iw 2m(fic)'? z + iw
L3 e ),

=1
one can eliminate dynamical field variables from the equa-
tion of motion of oscillators, getting the following set of
equations:

o~ 2 ~
KD, @)+ ——e " “[(I -
mc

a5, () =

27

2

_ z
nen)—
47

- 3n®ﬁ)(——+ —c~)] 5,(2)

rn.
= K;x = —w§x,(0) + 20, (0)
2 ~
— (I -3 A’ n)x,(0)
mry,
. )1/2 J‘ 3 12 = ( al;,u (0) ik.F
d kk L e’
+ ize ; €r, p»
ak,u (0) ik_.F,) (2.8)
z— la)

plus the second equation for v, (z). Here the function #°(z2)
defines resolvent function for single oscillator.'? It is given

by
3
@) = w0+z(1+ f dk gz(k)), 2.9)
3mmc 4o
and with our form factor (2.4) for that branch of H which is
relevent for the future evolution we get
2 2
() = a)0+z(1+-2—e L )
3 medz4+ 12
We point out that the function 7#(z) defined by (2.9) is a
multivalued function of z. With the form factor (2.4) it is
double-valued. In passing to (2.10) we have chosen that
branch which has no zeros for Rez > 0. The same Riemanian
sheet was used when evaluating the contribution to the mo-
tion of one oscillator coming from the second one. This term
appears with the factor exp( — zr,, /c) responsible for retar-
dation effects in the interaction of both oscillators via elec-
tromagnetic field.

Notice that, although the dynamical variables of the
field has been eliminated from the equations of motion, the
initial data for the field are still necessary. This means that
we are still dealing with the coupled problem for the motion
of charges and field. A similar system of equations for N
oscillators occupying a small spherical volume was analyzed
in Ref. 17.

The components of velocities parallel to the vector 7,
0, = (U;-n)n and transverseto 71, U,, = i X U; satisfy separat-
ed equations

(2.10)
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Hoy — U\ by =Ky, Q.11a)
— U)o +Hvp =K, (2.11b)
and
Hv, + %0, =K, 2.11¢)
62/1511 +%p{):12 = _12, (2.11d)
where
_ z 1
Uy =we ¥ S+ <) (2.12a)
P
2
%, =7e“"(—z—+ =+ 13) (2.12b)
P P P

with y = ¢’/mc* andp = r,, /c.
These equations separate further into symmetric 7,
=, + U, and antisymmetric vibrations o, =, — J,. The
solution of Egs. (2.11) reads
1 Ell:’ 5I|a = 1 Ella’
H—u, K+ %,
(2.13)

bs =

= 1 yed = 1 oyl
vy, =———K,, v,=———K,,.
1 F+ U, 1 fl F— U, 1
The functions (% + %) ' and (¥ + %,) ' we will call
resolvent functions of the two oscillator problem.
Using the solution (2.13), we get for the velocity of the
first electron

b, (2) = a@i(@-K,) + B@K, + y@n([A-K,) + 8@)K,,

2.14)
where

7 H
a(z) = EZm ﬁ - FZrr (2.15a)

H
B(2)= EZITY (2.15b)
2) %) %, (2.15¢)

x? 02/2 HKr— @2
W

Before we discuss the time dependence of these solu-
tions, we find the emitted electromagnetic field. We get the
solution for the creation and annihilation operators a,;, (z)
and ag, () substituting (2.14) into (2.7). Using these opera-
tors, one can perform the reconstruction of electromagnetic
field in space. Our procedure and discussion is similar to the
one in Ref. 12.

For the transverse part of the electric field
- 1/2
EGy=iP) s j d*k kg,
pX —
X(a,;“(z)e"" — a,m(z)e‘k’) (2.16)

we get after k integration and polarization summation
E.(2)

== 2 —z|F—Fl/e|l ;7 = o = z
:Efree(r’z)_e z [e | i}/ [(I—niQni)T_—T—z_

= F—Flc
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S A 2.17
z|F =7 | @17
here 7, = (F—7,)/|F — 7, | and E ™ represents the freely
evolving part of the electric field.

The longitudinal part of the field is given by

EL(EZ) —e 2 (I —37,8 ) ——— x4 (2.18)
i=1 |r— r|
Adding both parts, we get
x(0)
F(a) —E™Fz)—e 3 (-3, @n)————rl—
i=1
—e 22: e"V*"/C[(f—ﬁ@ﬁ.) z
i=1 e czlf__,'-ll
s 1 1 =
+{ - 3ni®ni)( + )]-v,(z).
|F=F? z)F—7)?
(2.19)

The first term of the right-hand side represents the static
dipole field initially present due to the initial value of the
dipole moments. The second term gives the contribution to
the field due to the motion of charges. Due to the factor
exp( — z|F — 7;|/c) the field at the point 7 is properly retard-
ed. Notice, that this was not the case either for the transverse
electric field or for the longitudinal one.

The dependence of v; on IE, and therefore on the initial
data [the initial state of oscillators x,(0) and 7;(0) and of the
field ag, (0) and a, (0), [Eq. (2.8)] leads to natural decompo-
sition of the emitted field into spontaneous radiation and
scattered radiation. Because of analytical properties of the
resolvent functions, the initial state of oscillators cannot con-
tribute to the spontaneous radiation at the point 7before time
ct = min(|F — 7, |,|F — 7, |). For times

min(|F— 7, |,|F—7, |) <te <max(|F — 7, |,|[F =7, |)
only one oscillator contributes. For later times both oscilla-
tor contribute, and the radiation is influenced by the interfer-
ence effect.

To demonstrate causal properties of the scattered radi-
ation, it is more convenient to express the initial data for field
by the initial field distributions in space, i.e., E(70) and
B (7,0) instead of a;; a;,(0) and a; & (0).

That part of K, which depends on the initial data for the
field may be written as

(jc)l/z Zjdsk k 172
mTm

- ( aky (0) 2 ak,u (O) — l'l?-F.)
€ e

_ 5
zZ 4 Iw

K:

k,
s z—iw

e —z|F—F'|/c
- [a
drme |rj —7'|

2 —_— ——

X ( Z E. (0 +zcurlB (F’,O)) (2.20)
¢

where we have used the equation
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T d’r o~ kT

2% = =Gy ) amy
x| B - & e 5]
k

plus the conjugate equation for 2, &, aZ,. Again, the scat-
tered field at the point 7is influenced by the initial field at the
point 7' only for times ¢ for which the electromagnetic signal
can travel from 7' to 7 via at least one oscillator.

It is worth adding at this point a remark about an alter-
native approach to the electric dipole interaction which is
usually refered to as the d-E Hamiltonian.'>'*'* One can
write down an alternative Hamiltonian to (2.1) in the form

2.21)

H= L (@ +7) +mai(@ + )
2m
+ —gl—der(Ez+EZ>—e(fl-E(fl)+x2-f(fz»
7

+2r fd PP+ (P, (2.22)
which is unitarily equivalent to (2.1) but has an advantage of
containing no direct interaction between oscillators (explic-
itly!). In this description kinetic momenta 7, and 7, are
canonical; they commute with photon creation and annihila-
tion operators.

The whole difference between (2.1) and (2.22) is in the
different definition of the radiation field.

Studying the Maxwell equation

divE = 4p, (2.23)

we can write its general solution as a sum of the general
solution of homogeneous equation and special solution of
inhomogeneous equation. The latter is not unique. Conse-
quently, the notion of the radiation field and the notion of
the photon is not unique. The 5-4 interaction supplemented
by the Coulomb gauge, used throught this paper, can be
characterized by the special solution of (2.23) which is given
by the Poisson integral:

E®R= - grad(flp() dr)

F—F

(2.24)

On the other hand, in the d-E interaction, the special
solution of the inhomogeneous equation is given by the fol-
lowing distribution:

EF)=4me i ES(F —F) = 4wP (P);

i=1

(2.25)

that 1s, it is proportional to the polarization. Of course, all
physical situations described in terms of the initial distribu-
tion of electric and magnetic field may be equivalently de-
scribed either way, but the answers are ususally a little differ-
ent if the initial state is described in terms of its photon’s
contents. In particular, photon vacua in the presence of the
excited system are different in both descriptions.

The vacuum of the p-4 Hamiltonian analyzed in terms
of photons entering the d-E Hamiltonian contains photons
necessary to build the Coulomb dipole field in the whole
space. On the other hand, the vacuum of the d-£ Hamilton-
ian contains 5.4 type photons. Therefore, the notion of spon-
taneous emission {emission to the vacuum) is slightly differ-
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ent in both cases. It manifests itself both for very short and
very long times. In particular, ¢ powers of the nonexponen-
tial tail of the decay are different.!

It is worth stressing that the scattering amplitude is the
same in both descriptions. In the remote future and remote
past X; excitation amplitudes tend to zero, and Eq. (2.23)
becomes homogeneous and no nonuniqueness arises. For-
mal proof of the above statement can be found in Ref. 14,

Iil. TIME EVOLUTION OF THE SYSTEM

To get time dependence of the solutions, we have to
perform the inverse Laplace transformation of b, b, .(2) and
E (7,2). This inverse transformation is given by

o) = J az (2). G.1)
r 2T
The form of the solutions shows that the analytical proper-
ties of the resolvent functions (#° + % ) ~! and
(F + % )" are crucial for these inverse transformations.
Asis discussed in the Appendix, these functions are analytic
functions of z in the right half of the z plane, Rez > 0, if
separation of oscillators exceeds certain critical distance.
The situation when the distance between oscillators is small-
er than the critical one will be further discussed in connec-
tion with the static phase transition in the Dicke model (Sec.
IV). For typical situations the contour of integration /" may
be chosen parallel and to the right of the imaginary axis.

To perform these inverse Laplace integrals, we can use
the theorem of residues. There are two different methods for
evaluation of these integrals. The first one uses the poles of
the integrand functions. Beyond some imaginary poles
which are connected with field initial data terms, the others
are poles of the resolvent functions.

The second approach uses the resolvent functions ex-
panded into the power series [e.g., (% — %)~

3, 4| 7¢ ~/ '] and theinverse integrals are expressed
in terms of smgle oscillator poles. The order of these poles is,
however, increasing for higher terms in the expansion. With-
in this approach the solution explicitly demonstrates retar-
dation effects in the coupling of both oscillators. It is particu-
larly convenient for description of the short time behavior,
for times of the order of few transit times.

On the other hand, the first method is particularly suit-
able for long time behavior. Then, one can take into account
only poles which are nearest to the imaginary axis. In fact
each resolvent function has two, mutually conjugate poles,
which are close to the imaginary axis. These principal poles
can be easily found by perturbation of the free oscillator
poles. + iw,, and they are known for a long time'-® Beyond
these poles, the resolvent functions, which are associated
with exponential polynomials, have an infinite number of
poles.'® All these poles are much further to the left from the
imaginary axis; therefore their contribution is important
only at the initial stage of the system’s evolution.

We start from the first approach. The principal roots of
the equations #° + % | =0and # + %, = 0 may be
found using the small value of the coupling parameter y and
the expansion
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As the first term §,, we choose the principal root of the single
oscillator function H. It is assymptotically given by
Iwg

£y = i@ — I~ R
’ S+ 3 (1+p0y

(3.3)
In the neighborhood of {, it is convenient to represent the
function & in the form

H =A@z~ L)z~ E3), (3.4
— 2
where A= 225 o4 2, 2% (3.5)
z+ 0 2+ io,
(63~ — £2(1 + 3y22)is the third root of 7#°.] For 77" F %,
we get
I o 1 )
o= 4 — &p( — ), 3.6
;1[: xr la)Ae p2+ p3 ( 3.)
el 1. 2§.p(§°+ 1
)} 2 PP
20
x[ Lo -1(5—3+ i)] (3.6b)
P pFoop
and for zeros of ¥ + %,
fho= 4 e @P(g" by —1—),
I 254 PP
*zé‘op
é—LS:_ 2(§0+§%+%)
2a 40" \p p° p
X[_:(EO_+ §_°+ L)+__; ] (3.60)
W\p p p

Obviously the complex conjugate values are also roots of
these equations.

The imaginary and real parts of these roots describe the
frequency of oscillations and decay constants for different
cooperative modes of the system. Their dependence on the
separation of oscillators was discussed, e.g., in Ref. 5.

Applying these principal poles, one can find approxi-
mate solutions for the motion of oscillators and radiation
field. For the moment we will consider those parts of Eq.
(2.13) which depend on the initial state of oscillators only.
The contribution of the initial excitation of the electromag-
netic field will be discussed in the next section, where we deal
with the scattering.

The assymptotic motion for all four modes of the sys-
tem is given by (7 = vy p)

7, ()R (0)(600?—27/—)
i 5} ll[:} plw,

a

I4 Y]
XRe[ie g [ 1 — 1y + Uyw, + yose ™"

X(;l»?* = )l @

&Vat
xRe[e U (1 — 0 + iyw, F Yo,

)
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+ field contribution

rJ{P*b )

XRe[ze o [1— 2 + ¥yw, £+ § v, e "

A R

St
XRe[e . [1 — 3 +iyw, + Jyo, e m(i — i)”
n
(3.7b)

The amplitudes of oscillations, given by the residua of
(' F %) " and 2(F F %,,)"" include first order
term in ¥ while the second order terms are taken into ac-
count in the oscillation frequency.

Velocities of charges (and hence positions) exhibit
damped oscillations. Each normal component has its own
life time and frequency. Therefore, the spectrum of radiation
may be quite complicated. In the general case it is composed
of four peaks (they may overlap) of different widths and
hights.

For a small system r,, €4 or 7<€27 the decay constants
are equal to

(3.72)

i

+ field contribution.

Iy, =2yre(1 I, =201 — 7)),

(3.8)

1 2
-2_077)’

Iy, =yofn’, Ti,=—yo§n’
The decay times for symmetric excitations are almost two
times shorter than for a single isolated oscillator. That is
caused by a cooperative emission. On the other hand, the
antisymmetric vibrations have very long life time. Their de-
cay is due to the higher multipole radiation, which is very
weak.

The frequency shifts of different modes of the system
measured with respect to the single oscillator frequency o,
are equal to:

x Im f

. I

) L 40

x o \\\
x - / x t+1 \\

c
30 0« -0V Re ?
. !

FIG. 1. Position of poles for the resolvent function of the longitudinal sym-
metric mode.
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TABLE I.

Position term

Velocity term

z
Re Res -7, Re Res ¥_a,

1 Principal pair of

poles 1.2068 x 10°* 1-667.2x10°"
2 First pair of subsi-

diary poles 446 007.3846 < 10°® —9.72 X107
3 Sum of N pairs of

subsidiary poles

N=10 444 522.1x10°* —0.376

N = 5000 1011.9534x 10 —1429112.8x10°*
k) N = 40000 125.4436 x 10°® — 4 +4486.4x 10
4 asymptotic expressions ~ 126.6514x10* — 3820.0x 10*

14344 — 0.0008 x 10™* 1 -08x10"

(3.9)

2

A =iﬂ<_l-__l_+iq7).

it 2 \p» 27 8
The shifts of the symmetric parallel and transverse modes
are of opposite sign. For the transverse symmetric mode the
dipole Coulomb field of one oscillator increases the force
acting on the second one, unlike the case for the parallel
mode when this force is decreased.

It is evident that the solution based on principal poles is
not valid for short times. Then, one has to take into account
also contributions from all subsidiary poles. Similarly to the
exponential polynomials, the resolvent functions have infi-
nite number of poles (Fig. 1). We illustrate their role showing
their contribution to match initial data. Without the subsid-
iary poles, the formulas (3.7) taken at # = O are in a disagree-
ment with the initial data. Although the disagreements are
small, they are of the same order as the relevent physical
quantities like the frequency shifts and decay constants, and
it is worthwhile to comment about possible improvements.

Let us consider, as an example, the parallel symmetric
mode connected with function ° — % . The initial data
conditions require that

dz e
lim (g()= | 2Z£—5 )=,
o (g() 2w H— U, )
(3.10)
dz ze
im(f()= [ 222 _ -1
,ifﬂ(f() rom -, )

Using standard method,' one can find the values of the as-
ymptotic poles of the resolvent function valid for large inte-
ger k

2= — i(lnfﬁ’i - —1—)—1‘[%(%—%)

P G
El(”_"ﬂ/m_‘]+0(k—2) (3.11)
2mpk

For small % this formula is not valid, but may be used as a
starting point for a numerical search of poles.

Fitting the initial data requires high accuracy and com-
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puter analysis. The computer gives the position of principle
and subsidiary poles, calculated residua of the integrand
functions, and sums them. The high accuracy is required
because of a slow convergence of the series. The computer
summed up contributions from 40 000 poles. The remaining
terms were taken into account analytically using asymptotic
formulas. Table I illustrates the procedure and final result.
We have assumed paw, = 1, yo, = 10 ™%, 2 /o, = 10°. The
improvement of the position term is evident. Notice that the
first subsidiary poles give correction which exceeds the ini-
tial discrepency by five orders of magnitude. A slow conver-
gence of the series of residua results in the fact that with

40 000 of them the deviation is still two orders of magnitude
worse than the initial error. Then, however, we can use the
asymptotic formula, matching finally the initial data three
orders of magnitude better than the principal poles contribu-
tion did.

The properties of the velocity term are not so evident.
The initial discrepancy from 1 seems to be equal to
7% 10 — ¢, Adding all contributions, we get the value very
close to 4, namely 4 — 0.8 X 10 ~* This is because, sum-
ming all residua, we get /(0) not A0 * ), which fits the initial
data. As the function f(¢) is discontinuous and, as
S(t<0) =0, we have 0 * ) = 2f(0) and with the help of re-
sidua we get f(0 ) =1 — 1.6 X 10 ~ 8, which is quite good
even in comparison with the erroneous treatment of the
“principal poles” values. It remains, however, a puzzle as to
why the value obtained with principal poles only is so clase to
1 which might suggest that the assymptotic function is also
good for short times.

The above test shows how crucial all subsidiary poles
are for short time behavior. The subsidiary poles are separat-
ed from the imaginary axis by a distance o =(1/p)In(7p/y).
Therefore, their contribution dies in time with the decay
time T, = o~ !, which is a fraction of the transit time for a
light passing between oscillators. This does not mean that
the asymptotic solutions based on the principal poles are
valid for such short times. Large values of residua at the
principal poles results in the fact that their contribution sur-
vives for many decay times T,. The second method, which
will be discussed now, shows that the asymptotic solutions
given by Eqs. (3.7) are valid after several transit times.
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The above discussion shows that it is not very conve-
nient to describe a short time behavior using the first meth-
od. In that case the second, based on the single oscillator
poles, is much more convenient. It is illustrated again for the
vy, mode.

The resolvent function entering the integrands can be
expanded as follows:
1 a7
H—wuy St
Applying this expansion, we can write

_ = (d =/ +1/ p°
UHS(I) _ z J- Z' (2'}’)n (Z/P + /p )
n=0 271

@)
x[ ~ (o - 2—7 ) © +2,0)]

+ field contribution
27 \- _
= — (03 = 2 5. 080 + 05O

+ field contribution

(3.12)

(3.13)

In spite of the fact that the upper limit of the sum is infinite,
for finite times there are only a finite number of terms, name-
ly N = int(¢ /p), which contribute to the sum. Indeed, for

n > N the contour I can be shifted to the right to + o and
all integrals vanish.

The poles which determine the values of relevant terms
coincide with the poles of one oscillator resolvent function
& ', The order of these poles in subsequent terms grows.
It is therefore difficult to use this method for exact treatment
of the long time behavior. On the other hand, one has no
difficulties for short times. For example, it is very easy to
check the initial data condition. Then, there is only one term
relevant (with n = 0), and because the point at infinity has
no essential singularity, the value of (0 *) is given by the
limit

B,0") = lim 25,(2) = 5,0 (3.14)

Before the light signal passes the distance between oscilla-
tors, the motion of each oscillator is not modified by the
presence of the second one. At t = p we have to add a new
term to 0(¢ ). It expresses the mutual influence of oscillators
on their evolution, which is due to radiation emitted by one
oscillator and absorbed by the second oscillator. The third
term, which we must include for ¢>>2p, includes also the radi-
ation emitted by one oscillator scattered by the second one
and reabsorbed by the first one. This effect interferes with
another one caused by spontaneous radiation emitted at time
p <t < 2p by the second oscillator. As time grows, the num-
ber of possible processes dramatically increases.

For long time behavior not all the processes are of equal
importance. Due to the small value of the coupling param-
eter (Yo, =10 * for atomic parameters) the subsequent
terms give smaller contributions. For large ¢, one can sum
the leading terms finding a proper asymptotic behavior
found within the first method. The procedure below, extends
the method presented in Ref. 6.

Substituting in (3.13) the approximate expression (3.4)
for 7 and calculating the residua, we get (we skip indices

119)
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int(t /p) u n
g)=2Re l(ﬁi) 14

n=o A\ A nl dt”
X ez(tfnp)(z/pl_*_ l/pB)n
(z_ggl;)n+1 z=_,

Sl int(t /p) N
(4 P a
~Re —

iwd <=y n!

1
a= Leig"p(%+ —3)=7/§1,
P P

(¢" +¢"~ Yan® + bn) + -],

oA
a= — ——f"—; L s L @
pCo/p” + 1/p7) 2io 2i

For times which are of the order of the decay time and which
are of a physical interest, only a certain number of initial
terms, much less than N = int(z /p), determine the value of
the function g(¢ ). As the remaining terms are very small, we
will make a very small error extending the summation to
infinity. Then we get
o+ vE)

g(t)=Re———
iwg

+raen( L
Y

[ 1— %yﬂ + %imoy

” n
This expression is in agreement with formulas (3.7a) found
using principal poles. Only the second order correction to
the position of the pole, ¥°¢,, appears here as the time depen-
dent amplitude correction.

In the same way one can find the agreement for the
velocity factor /(¢ ). Milloni and Knight® kept only ¢ ” terms,
getting the proper first order correction to frequency shift
and life time but not the amplitude.

(3.16)

IV. INSTABILITY REGION

Up to now we have considered normal situations when
the separation of oscillators exceeds a certain critical dis-
tance and the resolvent functions have no poles in the right
half-plane of complex z plane. If the separation is smaller,
there are poles to the right from the imaginary axis, which
means instability in the model. Similar instability was also
found in the scalar field model in Ref. 8.

Consider the function 7(z) — % (2), which describes
the symetric vibration of longitudinal mode. This function
has one real and positive zero, if

0 <2e*/mr.

Indeed, then 77°(0) — % (0) <O but lim, ., ,  [#7(2)

— % (@} = + . Dueto this zero and instability, the total
dipole moment of oscillators is exponentially growing in
time.

This instability is exactly the same as the recently dis-
cussed'®'" appearance of the macroscopic polarization in
the system of two-level atoms interacting with the electro-
magnetic field, with Coulomb dipole—dipole interaction tak-
en into account. This polarization develops if the density of
two-level atoms exceeds a certain critical value. A similar
instability occurs also in a spherical system of many
oscillators.'”

One can easily understand that linear character of oscil-

4.1
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lators produces unbounded effects once a distance between
oscillators is smaller than the critical one.

Since the “catastrophe” we are discussing now is at zero
frequency (for real z), it can be easily understood from purely
electrostatic considerations.

Two oscillators interacting through dipole-dipole force
obey the following Newton equations:
2I-3n8R ‘3';’ B . @)

For the longitudinal mode X, = Ai[a-(X, + X,)] we get
m¥, = QeE/r — mw)x;, 4.3)

from which we get immediately the instability condition
@.n).

There are two remarks to be added:

(i) One can easily get instability with finite displace-
ment of both oscillators (spontaneous generation of finite
total dipole moment) by taking into account Coulomb inter-
action between different charges constituting oscillators ex-
actly and not in dipole—dipole form.

(it) If elastic force binding oscillators is of electrostatic
origin, w, is not a free parameter, but w = e°/md>. There-
fore, the instability condition requires such two extended
atoms to overlap. In this case none of this results really
holds. For this reason there is probably also very little phys-
ics in the static phase transition for two-level atoms. The
density required would cause electronic shells of atoms to
overlap.

m;uz = — mwéf,,z —€

V. SCATTERING PROBLEM

The scattering problem was considered by Lyuboshitz,’
who applied equations describing the scattering by many
centers. Now, we shall present the derivation of the scatter-
ing cross section starting from our general solution of the
initial value problem. In this solution, we have distinguished
terms which describe the scattering of electromagnetic radi-
ation. These terms contain initial field operators a;,(0) and
a, (0) [or equivalently E(7,0) and B (7,0)]. This scattered

do”
dQ
p=1 L2107
- 107*
1 1L ) -
210°° -107°¢ 0 10°¢ Ao
w.

part of the photon creation operator az, () is given by

e z J‘ 3, 1
a+scz _ d /2
5@ 4rm (z —iv)w'”? g 7P
azt (0) _ az (0) —
X( 2 B kpz) + 2o P (ko )
z—ia)p ”( Pi2) z+iaJP "( p2)

where

F, (k2) = (P 4 &5 P ()@, )@
+ B@E, )] + (€5 7 4 T Ty
X (85N, T) + 8(2)(C5,85.)]

and the functions a(z), 8 (2), ¥(2), and 8(z) are given by Egs.
(2.15).

We have previously used this expression for reconstruc-
tion of the scattered field in space and in the discussion of its
causal properties. However, in a typical scattering experi-
ment such a detailed information about the scattered field is
not controlled. What is usually measured is a scattering
cross section.

To extract the scattering cross section, we have to speci-
fy the initial data for the field to be a monochromatic plane
wave. Assuming that the field is in a coherent state, it is
enough to know mean values for the field strengths:

(Er(rt = 0)) = &%, sin(5-7), (5.12)

(B(r,t=0)) = (FXE)F , sin(g-p). (5.1b)
Using relation (2.21), we find that the expectation values for
a;(0) and aj, (0) are

2 - —
- (:%V; # €8G — p)
i

= E E@(“at ).

2 e {ag(0) =
5.2)

With the help of these expressions we can compute expecta-

L
05-10°¢ Aw

-0510°¢ 0

FIG. 2. Differential cross section as a function of frequency, 4w = o — we(1 — %yﬂ) for different separation of oscillators. The scattering parameters are

a = (1/2)(1,1,0), k; = (0,1,0), k, = (1/2"3(0,1,1), e, = e, = (1,0,0).
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tion values of the scattered part of the field. When doing so,
we get terms of different type. For #— 0 we can neglect
terms resulting from poles of the resolvent functions
( + %) " and (# + %,)~" (they are damped) and
counter-rotating terms because of their nonresonant and
purely oscillatory character.

Remaining is the expression of the following type:

sc . e 2 —_
@z =@)) = +zm—w1/z 7 & o F, 0 (k,qiw)
e,'wt _ eia)qt
—_— 5.3
iw—w,) (5:3)

The density of the energy flux for scattered light in the direc-
tion £ and polarization u is given by

3
Seu(@,1) = Eﬁ%a (a2, (5.4)
where the normalization is such that 2 (dw (d2 S_,;# gives
the total energy flux of the scattered field. The expectation
value of the operator Sz, 7(@,t) can be calculated with the help
of the mean values {(aj (¢)) and (a,,*°(¢)). The other terms
are negligible when t—»oo
The differential cross section is defined by the limit

do, (k) i (Sg,(@,1))
= lim =
dﬂ >0 t lS ’

where | S | = (¢/27)&?2 is the mean density of the energy
flux for the initial field. The time ¢ appearing in the denomi-
nator gives the density of energy flux of scattered light per
unit time.

The linear growth of the numerator is recovered from
the familiar formula

, (55

lim {[{1 — cos(@ — wp)t 1/ (@ — wp)} >80 — w,). (5.6)

t— o0

The presence of the function 6(w — w,) means that we have
only the elastic scattering. For the scattering differential
cross section we get

dap(w) e Cl) ‘
dn; T ot c4

and, writing |

(ko Biio) | %, (.7)

F,.|? explicitly,

90,0 _ 5 €0 (11 4 cos[Fiu -k — p)]){ i) %42,
dn m-c
+ 1B()| Bl +2 4,0 B,o Rela(iw) *(w)]}
+ {1+ 005[712'(’;‘*‘1-’_)]}{ |?’(iw)|2A io

+ |8(@)|’B 5 +2 A0 B, Re[Hiw)5*(iv)]}

+2( cosF, P + cosFy, -k ) Re{d Loalio)r*(iv)
+ B o B (iw)5*(iw) + Ao B 0 [a(i0)5*(iw)
+ B ({w)y*(io)1}) (5.8)
where
A0 = (Eg, M(A-E),
This expression exhibits resonant and interference effects in

the scattering. The spectrum is composed of four peaks re-
sulting from principal poles of the functions «, 3, 7, and &.

B 2o = e,;#'Eo.
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For separation of oscillators 7,, > A these peaks overlap, pro-
ducing single resonance. For r<€A all peaks are separated. In
that case, in the vicinity of all resonances we can get approxi-
mate expressions for the cross section. Near the resonance of
the transverse symmetric mode we have

§=F=—a=—y=V/AF+%)),
and for the cross section we get

dU'# 94(04 _ _ - = a2
0, =4 -nﬁ [(el?,{ﬁ)(eo'ﬁ) - (eE,L'EO)]
1 — 4P — 107’ +

(5.9)

2 232 4 (42 3, 32
@ — @) + Ceoy/mc)
For the resonance of the transverse antisymmetric mode the
corresponding expressions are

1
= - — B3 —(S:l——————’
f=y=—a *F_U)
and
do, 1 ea)
Ty =7 EYE [(ekuﬁ)(foﬁ)"(ekufm]

FEYFp)
(0?—2) + [—lz?(eza)é/m@)nz]2
For the longitudinal mode resonances the polarization term
is replaced by [(&,-7)(ex, -7) ]* and in the denominator we
have the functions |# — % |* and |# + % |* for sym-
metric and antisymmetric modes respectively.

Notice that at the exact resonances the magnitudes of
the cross section for the symmetric and antisymmetric
modes are of the same order. Only the widths of the antisym-
metric modes are much smaller than width of the symmetric
ones, making the symmetric resonances much stronger and
easier to detect.

Some examples of the geometrical and spectral proper-
ties of the scattering are displayed in Figs. 2a, 2b and 3.

We point out Fig. 3, which shows the situation when the
back scattering exceeds 2.5 times the forward scattering.

Summing over the final polarizations and integrating
over directions of the scattered radiation, one can find the
total cross section. Below, we give the value of the total cross
section for unpolarized incoming radiation when both oscil-
lators, separated by a distance 7, are randomly oriented:

(5.10)

167re w

o(w,r) =
(3 (22 )] ar o

X{_L_’_i[sim](simy 4 cosm sim;)
3210 g n 7 7’

_ ( sm377 B coszn )( sing 4 cos217 _3 sm;r] )“
Y n Yl U Ua

(el + 1717 + 2 Retas™ + 5]

+ 2 Re(ar* + as* +ﬂ7/*)( LY —Coiﬂ)
3 7 7
4 4 osmn Re(ﬁt‘i*))- (5.11)
3oy
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0 45° 90° 135° 180°
¢

FIG. 3. Angular dependence of the cross section. The scattering geometry is
defined by n = k; = (0,0,1) e; = e,= (0,1,0), k, = (sing,0,cosg), and
o = ol — 3112,

The total cross section for different oscillator separations are
shown in Fig. 4.

When the separation of oscillators r— oo,
a=y=6=0,F=1/7, and we get

o(w) = 16me’w*/3m?c*| % (iw)|?,
which is two times bigger than for one oscillator.

In the opposite case, when separation of oscillators
tends to zero, we get

(5.12)

o(w) = 16me0®/Im*c*| 7 + U, |? (5.13)
oW
L 510"
-240°¢ -10°¢ 0 10°¢ 240°¢
4w
w,

FIG. 4. Averaged total cross section as function of frequency for different
separation of oscillators.
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Im z
R— oo
R
Re z
Cl
c u

FIG. 5. The contour used
for the principle of
argument.

near the resonance of the transverse symmetric mode and
o(w) = 321re2w“/9m2c“|2f— U, |2 (5.14)
near the resonance of the parallel symmetric mode. The last

expressions maintain the coherent character of the scatter-
ing by two oscillators.

APPENDIX

We are going to consider the possibility of zeros of the
functions 5 + % lying in the right-half plane (RHP) of
complex z plane. These functions written explicitly are

& =z/w,)

F . ¢)=1 +§2(1 + %;f ﬂﬂ;§)i27e§”(§+ #)
(A1)

Since they have no poles in the RHP, the number of zeros is
equal to the increment of argument when the point is enclos-
ing the RHP (see Fig. 5).

The change of argument on the semicircle C " (with
Row )IS

A arg(F  )o» = AargR%*# [1 + O(R ~ 1|2, =2
+ /

(A2)
On the imaginary axis £ = iy
2 n?
Re[F_ ()] =1~ 2(l—+—— ———)
[F. )] y 3702+y2
s 2y L LEWT), (A3)
7 Ui
Im[F , ()]
2.3 :
_2 2y | 3(ycosy17 4 Sy >] (A%)
3 n 2 +y2 1]2 773
When {27 > 4, one can numerically check that
Im[F,())]>0 for «>y>0,
(A5)

Im[F_, ()] <0 for O>y> — oo,

i.e., the contour (REF 4 .ImF ) crosses the real F 4 axis
only for y = 0. Always for F_ and for F_ when 2y < 7?,
these crossing points lie on the positive part of ReF 4 axis.
Therefore, the contours F | encircle the center of coordinate
system and, when y varies from + o t0 — oo, the change of
argF , isequal to — 2. The total change of the argF 4 is
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equal to 0, which proves that there are no zeros of F ,_ in the
RHP of the z plane.

When 2y > 7, the crossing points for F _ lie on the
negative part of the ReF _ axis. Thereis nochangeofargF _
when £ moves along the imaginary axis. The total change of
the argument of F_ remains equal to 27 which shows that
thereis oneroot of F_ lyingin the RHP of z plane. This root
is real and is responsible for the instability in the model dis-
cussed in Sec. IV.

The solutions of the model we have been discussing are
valid only for stable situations, and then the condition is
always satisfied.

A similar discussion can be given for transverse modes
and functions H 4+ U|.
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The scattering of electromagnetic waves by an infinite dielectric cylinder with variable dielectric
permeability presents, in general, certain mathematical difficulties regarding the construction of
rigorous solutions. We give a new divergenceless tensor Green’s function, specially appropriate
for cylindrical symmetry, and, in terms of it, present new scattering integral equations. We prove
that the series for med by all successive iterations of those scattering integral equations converge
under certain conditions. Suitable transformations lead to new integral equations with
Hilbert-Schmidt kernels, which imply further rigorous results.

1. INTRODUCTION

The scattering of electromagnetic (e.m.) waves by phys-
ical systems which can be assimilated to infinite cylinders
constitutes an important branch of e.m. scattering theory.
Moreover, it also provides a useful tool for investigating the
dielectric properties of those systems, as it often happens in
the fields of radio- and microwaves, and even of optics (plas-
ma columns, meteor trails consisting of long columns of ion-
ized gas, optical fibers,-.-). Compared to e.m. scattering by
spherical systems, the corresponding study for infinite cylin-
ders appears as less developed. Explicit solutions are known
for homogeneous dielectric cylinders, while the more diffi-
cult case of inhomogeneous ones, of considerable physical
and mathematical interest as well (our previous examples
are, frequently, inhomogeneous dielectric cylinders), has
been less explored. On the other hand, most research has
concentrated on the case where the incoming wave vector is
orthogonal to the axis of the cylinder, although the situation
corresponding to oblique incidence has also received atten-
tion. As a suitable set of references on e.m. scattering by
cylinders and related subjects. '™

A general study of e.m. scattering by infinite dielectric
cylinders faces, among others, the following interrelated dif-
ficulties: (a) the vector and transverse (divergenceless) na-
ture of e.m. fields in situations showing cylindrical symme-
try, (b) the case of oblique incidence, (¢) for inhomogeneous
cylinders, the wave equations and, then, the associated scat-
tering integral equations contain additional derivatives of
fields, which come from the very structure of Maxwell’s
equations and of the matter equations.

In this paper, we shall present a general and rigorous
approach to the infinite cylinder scattering problem which
solves the above difficulties (a), (b), and (c). Our main results
are: (i) we give a new divergenceless tensor Green’s function,
G 7, specially appropriate for cylindrical symmetry, in or-
der to cope both with difficulties (a) and (b) (Sec. 3), (ii) we
present new scattering integral equations in terms of G <7
and, through suitable transformations, we prove that the se-
ries formed by the iterations of those integral equations con-
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verge under certain conditions, thereby solving the above
difficulty (c) as well (Sec. 4), (iii) we reduce the scattering
integral equations to a new set with Hilbert-Schmidt ker-
nels, which implies further convergence results (Sec. 5).
Some approximate estimates of the convergence conditions
are also presented (Secs. 4 and 5).

il. TIME-INDEPENDENT FORMULATION OF
SCATTERING PROBLEM

We consider a macroscopically homogeneous and iso-
tropic infinite medium (say, the air), with constant dielectric
permeability €, = 1, vanishing conductivity and magnetic
permeability equal to that of the vacuum. Inside it, there is a
dielectric cylinder of infinite length, whose cross section {2
has an arbitrary shape (circular, elliptic,-.-). The coordinate
system is chosen so that the x, -axis is parallel to the axis of
the cylinder and #, will denote a unit vector along it. The
position of a point in space is represented by ( p,x;), where
p = (x, ,x,) is a two-dimensional vector orthogonal to #,.

The dielectric cylinder has variable dielectric perme-
ability e( p) ( p varying inside £2 ) and the same conductivity
and magnetic permeability as the surrounding infinite
medium.

A classical monochromatic (e.m.) wave propagates in
the remote past at infinite distance from the cylinder with
wave vector k = (k,k, ). The two-dimensional wave vector
k = (k,,k,) is orthogonal to iz, and & = (k-k)'/?> 0. We re-
present the e.m. wave by the magnetic field H, (kA )

X expi(kp + k;x,) (time-dependent terms being factored
out in this paper). Here, H,(k,1) is a complex polarization
vector such that £-H, (kA ) = O (the polarization index A
takes only two values), and

Hy(kAY H*kA), =6, — —2 2
; kA HEKA), $ T Lk

, af=123.

2.1
Let H( p)-expik; x; be the total complex magnetic field de-
scribing the propagation of the e.m. wave and its scattering
by the cylinder. The reason for using H instead £ or D is due
to the simplification for the mathematical developments.

© 1980 American Institute of Physics 389



The fact that e( p) be x, -independent leads naturally to fac-
tor out expik, x, . Maxwell’s equations'®" and the above fac-
torization lead to the following basic equations for
H=(H),a=123:

- - 2
@, +kHH=j ¥ _‘7-}1,, + ik H, =0, (2.2)
a= 1 OX,
0, p outside 2
J=<— (e — )(k?>+ kHH — (V Ine)
X [(VXH) + ikyii, xH], p inside £2, (2.3)
where
Nk &
R ax3

We shall assume that €, de/dx,, and de/dx, are finite
and continuous both inside and at the boundary of the cylin-
der, without any discontinuity. Regarding d *¢/dx,,dx,,
a3 = 1,2, they are assumed to be finite and continuous al-
most everywhere inside and at the boundary of £2, but they
are allowed to have a finite number of finite discontinuities.
We remark that our treatment will be valid, without modifi-
cations, for e.m. scattering by a finite number of dielectric
cylinders (each of which fulfills the above conditions) whose
axes be parallel to one another.

Il. THE CYLINDRICAL TRANSVERSE TENSOR
GREEN’S FUNCTION

We shall start by introducing the following tensor
Green’s function G “"( p) = [G(p)], @B = 1,23 (“CT”
standing for “‘cylindrical transverse,” for reasons which will
become obvious soon), in order to satisfy automatically the
second Eq. (2.2), and whose interest will be shortly
appreciated:

G (p)

afd - 1,23

1 JZ expil-p [[lalﬁ]c_(k2+k§)6aﬁ
Q) k24 k3 P —(k? 4+ ie)

L1LC
_ [a/i] ]’ 8__)04, (31)
Pkl
l{x 1/3’ a»ﬁ = 1’2’
Lky, a=12, =3,
C= ) . 3.2
[lalﬁ] k}[ﬁ, a:3, [);: 1,2, ( )
k 32H a=fF=3
Notice that G <7 is a symmetric tensor.
Two important properties of G <" are:
2 9 .
DY —GL(p+ikG5(p) =0,
o= 1 ot
ﬁ = 1)273, (33)J
G
af3 - 1.2

i X

44

@@, +k)G(p—p)=85(p—p) aB=123

3.4
where we have also introduced what may well be called the
cylindrical transverse Dirac’s §-function:

s (p =[5}

55 (p)=

3= 1.2,3

[la ]B ]C]
Ptk
(3.5)

d "1 expil- [6,1 —
(277)2f PP O

The latter also fulfills

2 J . .
Further formal properties which help to clarify the previous
developments and statements are the following. Let
A(p)=[{4.(p)],a =1,2,3beanarbitrary vector and let us
introduce the new vectors:

Ao = [ a6 T(p - (o)

A5 (p) = f d’p'6(p—p)A(p).

Then: (i) both 4 $7( p) and 4 $7( p) satisfy the second Eq.
(2.2)and (4, + kA E'(p) = A §"(p), (ii) if 4 ( p) fulfills
the second Eq. (2.2), one has 4 §7( p) = 4 ( p) and
The formal proofs of the above properties proceed
through elementary Fourier transformations, and, for bre-
vity, we omit them.
Let
H |ph = 4 [Ahemde
im J P —(k*+ig)
be Hankel’s function of first kind and order zero with outgo-
ing-wave behavior." Its short distance behavior is (y being
Euler’s constant):
HO@ -1 & 4 8 “m(i) + y]
z 0 4 T 2
x(l - fi) + i] +0@E" ),
4 4

where O (z* ~©) vanishes as z* ~  for any small strictly posi-
tive ¢, for z—0. Upon starting from the standard large-dis-
tance behavior of H §°,'* one proves easily that if | p|— oo, for
fixed p/|pl, p’ (k' = (k /|p]).p):

H(k |\p—p'|)—[2/mk |p| ] expitk |p| — 7/4)

e—-0"

(3.6)

(3.7

-exp( — k'p’). (3.8)
Upon comparing Egs. (3.1) and (3.6) and differentiat-
ing, one finds the following representation for G “" in terms
of Hankel’s function H §:

— (kT + kDS LH K |p)) —
4(k2+k§)[ (k*+ kDS H P (K [p))

-+

e’ dz
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x [kz(dms)@) +k§(dlﬂg;><z>) ]
lpl  |p] dz? ik dz 2= ilkslip |

X% — P8 [ (dH@) 1 (dH @
k — i)k, | ,
=kip| dz 2o 4+ i|kylip |

(3.9)
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=12
1

CT, .
Gi(p)= _~4(k2+k§)
Another important property is: all G $3( p), for a,8 = 1,2,3,
diverge only as In|p|, if |p| —0. This follows easily by com-
bining Egs. (3.9)-(3.11) with Eq. (3.7) and noticing that the
1/|p|* and 1/|p| singularities cancel exactly.

Thus, the tensor Green’s function defined in Eq.(3.1)
and (3.2), so that it automatically fulfills the second Eq. (2.2)
(say, so that it is divergenceless or “‘transverse™), is as singu-
laras H’(k |p|) as |p| —0 and no more. Actually, G “'( p)
is the direct generalization to cylindrical geometry of a cer-
tain divergenceless Green’s function, G 7 ( p,x, ) introduced
in a sketchy way by Morse and Feshbach® and studied in
detail in previous works, and which turned out to be particu-
larly useful in treating e.m. scattering by dielectric finite-
volume defects and diffraction by periodic slabs.'

Specifically, one has [7=(1,) = (L1,), a = 1,2,3]

GZB( pX3)
_ 1 stl"[lalﬂ—(k“fk?)@aa
Qmik?+k?2) 12— (k2 + k2 +ie)

1.1 ,
- _I—_ZB-] exPl(lP + l3x3)y asﬂ = 1)213;

(3.12)

and the formal connection between G T and G 7 can be easi-
ly seen to be:

+ o
G<I(p) = f dxy exp(— ikyx,)-G Iy( pxy),

aB =123 (3.13)

The direct generalization to cylindrical symmetry of the
commonly used Green'’s function*

2
Fan(pr) = = (6‘1/3 s 41- ko axjaxa)
X(expl‘(kl + k%)l/l( p2 +x§)1/2)
4m(p* +x3)'" ’
af =123,

(3.14)

namely

+ oo
ré(p) = J diey exp( — iks x3) g poxs),

constitutes another cylindrical tensor Green’s function (see
also Uzunoglu and Holt®). However, I {5 ( p) has the follow-
ing disadvantages:

(i) it does not satisfy the Eq. (3.3),

(ii) it is more singular than G S5( p) as |p| -0 [I";(p)
diverges as 1/]p|’].
For these reasons, and except for some further remarks
about I {; in Sec. 4, we shall work exclusively with G §
throughout this paper.

Upon combining Egs. (3.9)-(3.11) with (3.8), one finds
the asymptotic behavior of G {( p — p’) as |p| — o for
fixed p’ and k' = (k /|p|)p
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dH " dH
G, (p= ky | Xa [k( 0 (z)) _f|k3|( 0 @)
: 4k>+k3) |pl dz  /Ji=kip)

[k 2H Pk |p]) + kSHP(+i|ks | [p D]

(3.10)

dz )z‘ +f|k,|;p]

(3.11)

Go(p - P)

172
L L( ) expitk |p| — 7/4) exp( — iK'p’)
4 \rk |p]

XS Hytk', A, Ho(k', A%, a8 =123 (3.15)
A

Here, k' = (K',k,), the polarization index A ' takes oﬁly two
values and the complex polarization vectors H,(k ', 1)
satisfy:

S Ho(k'A"), Ho(k'A ),
Ve

ko kp
=5a/3 _ a,B: 1,2y3y
k*+ k3
k' H,(k'A")=0.

IV. SCATTERING INTEGRAL EQUATIONS

The total magnetic field H ( p) which satisfies both Egs.
(2.2) and which, in a time-dependent (wave packet) formula-
tion, would coincide with the incoming magnetic field at
infinite distance from the dielectric cylinder in the remote
past, satisfies the general scattering integral equation

H(p)=H,(kA)expikp + L d G(p—p'Y(p)
@.1)

In fact, the rhs of the equation fulfills both Egs. (2.2), by
virtue of properties (3.3) and (3.4). (Recall also the formal
properties studied after Eq. (3.5).] On the other hand, the
fulfillment of the incoming-wave condition is warranted, ac-
cording to the general prescriptions of scattering theory,'* by
the recipe used to integrate over the singularity at I = k *in
Eq. (3.1) [namely, the instruction I> — k 2 —I* — (k2 + ig)].

By letting |p| — + oo for fixed p/|p| and recalling
(3.15), Eq. (4.1) becomes

expik |p|

lp|"?
XY Ho(k'A"), Th'AKA), a=123, (4.2)
<,

H,(p)—H,(kA), expikp +

where we have introduced the scattering amplitude

- - l 2 172
Tk'A'kA)= — " (—k—) exp( — in/4)
T
X f d?p'H (k' ") exp( — K'p)j( p').
£p)

4.3)

The presence of derivatives of H ( p) inside the integral

in Eq. (4.1) prevents a rigorous study of the convergence of
its iterations, as it stands. Fortunately, the following trans-
formations will lead to new and mathematically more tracta-
ble integral equations: (i) by applying a standard vector iden-
tityto — GT(p — p){ [V Ine( p)] X [V X H (p')]} [which
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contributes to G “"Jin Eq. (4.1)], we replace derivatives of
H ( p) by derivatives of G “'( p — p’) and V Ine( p’) plus the
divergence of certain products of all of them, (ii) by using
Green’s integral theorem, we transform the contribution
from the above divergence into a line integral over the
boundary of £2, which vanishes since Ve = 0 on the latter.
After some lengthy algebra, one gets the announced integral
equation:

H (p) = H,(kA ) expikp + J. d zp’[G T(p—p)LO(p)
0

T S Gl S Y p')]ﬁ(p'), (44)

i=1 a(x,' - le)
J a
—_— GCT =\ GCT ’ 2= 1’2’3’
ox; (¥ (axi w( p)) “
4.5)
L (h) — (L g'[]))’ a,ﬂ = 1,2,3, h == 071’29
L
., 01
_— [(e— DK + 53D,y + ik, 558,51~ by5)
B
3 d 8(lne))]
N €, £, , 4.6
o,ug: 1 “ i a‘x; ( ax; ( )
3 Jd Ine 3 d Ine
0 - z €103 ax, 2 8102 axi
P . o=1 o
3 d Ine 3 dlne
1) — 0 - [ a. € o4 :
L a; o e U; w2 e | 4.7)
3 J lne 3 dIne
0 - £ o3 T o € 4
agl 303 ax('j 02;—:1 302 c?x[,
3 J lne 3 dlne
£ o 0 - £ o
agl 103 ax; ogl 1ol (9x,',
3 J lne 3 dIne
@ _ £, 0 - &20 S
L 257 G, R
s 3 Ine : d Ine
€y, 0 - €3,
02133 ox,, "Z‘“ 9x;

£, 18 the totally antisymmetric tensor (g,,; = +1).

afBy
Equation (4.4) does allow one to construct a rigorous
iterative solution for H ( p). Let us introduce

H(p) = H,(kA) expikp, (4.9)
3
a= Max fdzp'( > |Gfg(p—p’)l. ILS(p)|
[ 2 By=1

v=1,23
2 aG ST _ I)
+ z __ﬂ_L
i=18y=1 Ix; — x])
Then, the following series, obtained by successive iterations
of Eq. (4.4):

Apy= 5 Hp),

n=20

LG p')l)- (4.10)

(4.11)

Axp) = [a% (67— pILO(p)
‘3 9G7(p — p)

L(i) ’ )’I?("_l) ' ,
2 a0 = (p) (p)

n=123,., (412

392 J. Math. Phys., Vol. 21, No. 2, February 1980

converges when a < 1, since

v— 1,2,3 lHO(];J )\' .
l—a '

Max
Max |H,(p)|<
Vo pI‘Z.,\

The proof proceeds by the direct majoration
Max |H ¢ p) | <a Max |H¢ = "(p)| and the

p

summation of the resulting geo‘rﬁelf;i":: series. Notice that
<s(p) and 3G $5( p)/3x; diverge as In| p| and | p| ~* for

| p|—0, respectively. Since, for finite p,
Sip<nd’p" |In] p—p'|| < + o and
$Slo1<nd’® (| p—p']) 7' < + o (7 being a small strictly
positive fixed number), one proves easily that @ < + o, un-
der the assumed conditions on €( p).

The convergence condition a < 1 holds when &( p) is
close to 1 and varies slowly for any p inside 2.

Having established this convergence result, a comment
on the practical usefulness of Eq. (4.1) is in order. When
a < 1, the series generated by all the successive iterations of
Eq. (4.1) provides another convergent representation for
H( p), which is, moreover, simpler than the series obtained
by iterating (4.4). In fact, the nth iterate of Eq. (4.1) be-
comes, by applying to it the same transformations which led
from Eq. (4.1) to Eq. (4.4), the nth term in the series obtained
by iterating (4.4). Since the latter series converges, so does
that for (4.1).

Let us consider the analogue of Eq. (4.1) using 7" in-
stead of G <7, namely

H(p)=H(p)+ [ d?pT(p—p)i(p). (413)

Then: (a) One can prove formally that the nth iterate of Eq.
(4.13) coincides with H * [Eq. (4.12)]. The proof proceeds
by noticing that since H © [Eq. (4.9)] satisfies the second Eq.
(2.2), so does the first iterate of (4.13) [even if I" © fails to
satisfy Eq. (3.3)], and generalizing inductively, for higher
iterates of (4.13).

(b) Equation (4.13) can be easily shown to lead to the
asymptotic behavior (4.2), with the same scattering ampli-
tude (4.3).

In spite of the formal equivalence between (4.1) and
(4.13), a convergence proof for the iterations of (4.13) similar
to that for (4.11) breaks down. In fact, the analog of @ [Eq.
(4.10)], with G " replaced by I" ©, diverges due to the more
singular behavior of the latter as | p — p'|—0

(Max,, J dp' (| p—p'|") ' = forn>2).
[pl<n

We shall study the convergence condition & < 1 undet
the following assumptions:

(a) ( p) varies slowly throughout {2 (although it is not
constant) so that the contributions from L {} and L $} in
Eqgs. (4.4) and (4.10) are negligible (although they do not
vanish exactly) compared to L {}, which, in turn, reduces
approximately to — (€ —1)(k > + k3)-8,5 (€ being inter-
preted as an average value of €( p) in £2 ). Notice that if e( p)
was a constant throughout {2 and was discontinuous at the

boundary of £2, we would violate the assumptions made in
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Sec. 2, and our previous developments could be expected to
lose their validity, in general.

(b) Ifa(«2 ) is alength characterizing the size of 2 [if 2 is
circular, a(f2 ) is the radius], the conditions ka(f2 )€1 and
k,a(£2)«1 hold, that is, the wavelength is larger than a(£2 ).

Then, by replacing G 55(p — p"), @8 = 1,2,3 by the
most singular contributions for small | p — p’| (which are
logarithmically divergent) and performing some approxi-
mate estimates, the convergence condition becomes a < 1,
where a is the largest of the following two numbers

'6—;l|-[[1«z(rz)]2 | Inka(@)| + [k;a(@2)]?

X |Inkya(2)|],
1= {{ka(@)P + 20k, a@))] | inka(@)|

+ (k;a(2)) |Inksa(@2)]}.
For other rigorous approaches to long-wavelength e.m.
scattering, see Ref. 17.

V. REDUCTION TO INTEGRAL EQUATIONS WITH
HILBERT-SCHMIDT KERNELS

The structure of the kernels in Eq. (4.4) and the fact that
3G T(p — p')/Ix; — x]) diverges as 1/| p — p'| for
| p — p'|—0, prevents those kernels from being Hilbert—
Schmidt. In order to derive further rigorous results, we shall
transform Eq. (4.4) into a new system whose kernels are
Hilbert-Schmidt.

We shall have to add the following new assumption: At
each p in 2 there exist three 3 X 3 matrices [L *( p)]"?
which are square roots of L #)( p), respectively
{[L " (p)]'*} = L ®(p), h = 0,1,2. For later con-
venience, we shall introduce, for any p,p’ inside and at the
boundary of £2:

Q™ (p)=[L*(P)]*H(p), h=012, (5.1)
09 (p) = [L®(p)]"* {H,(kA) expikp
+ f d’p’ [GCT( p—p)L V)
17
L IG(p—p) W o ]
* =1 dx, —x)) L7
X Hy(kA) expfkp'} , h=0,12, (5.2
MO p,p')
— [L (h)( p)]l/2 J.-n dzpn [GCT( p— p")L (0)( pn)
&GP —p") ;o o ]
* ,Z’: Ix; —x[') (e
XG(p" —pHLO(pH]% h=0,1,2, (5.3)

M(h,l')( p,pl)

— [L (h)( p)]l/z J;)dzpu [GCT(p _ p")L (0)( pn)

2 CT, —n”
+3 G~ (p—p")
=1 dx; — X))

Lo
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CT, ” ’
xIG 0" = P) (L o(pn]2, i=12, k=012
ax7 — x7)
(5.4)
Then, iterating Eq. (4.4) once, multiplying the once it-
erated equation by [L ®( p)]'/? and using Eqgs. (5.1-4), one
gets the announced equations:

L0 Y (m=0(p
+ 3

h'=0

dzprM(h,h ’)( p,P') . Q'(h ')( p')-
e}

5.5
The reasons for having iterated Eq. (4.4) and having
introduced Q ’sand M ’s will become clear upon showing that
the kernels of (5.5) are Hilbert-Schmidt. We shall introduce
L *-norms for the set of three vectors @ = (02,0 ",0®),
and for the set of nine 3 X 3 matrices M = [M **"] respec-
tively as

el = |3 3 [ awlewop]”

2 3 172
S 3 [aeaw msceel]”
hhT=0af=1J02
and so on for | |Q, | |,, with @, =(@§,Q.0).

Then, one has the following results:

(a) The set of nine 3 X 3 matrix integral kernels M is
Hilbert-Schmidt: | (M ||, < + . In fact, as commented
before, 3G “"(p — p')/I(x; — x]) divergesas (| p— p’|) '
for | p — p’| =0, but the iteration involved in the transfor-
mation leading from Eq. (4.4) to Eq. (5.5) or, equivalently,
the integration over p” appearing in Eqgs. (5.3) and (5.4) are
enough to smooth out the (| p — p’|) ™' singularity. A de-
tailed inspection shows that the singularities in M **’( p,p’)
as | p — p’|—0 are of the following types:

lef Zp” 1 Wl "1 !
7l <n le—p"l 1p" =9I

” 14 ”n 1
Jz=J dp"Ink | p' —p D —
o7l <7 [P —pl

Jy = fl ! d’p"In(k | p—p"|)-In(k | p” —p'|)
P <7

77 being a small strictly positive fixed number. By setting
p’ =0, choosing p along the x, axis, introducing polar co-
ordinates for the p”-integration and integrating over | p”|
first, one finds

2
Jy = f d¢>ln[[17— lp| cosp
(4]

||MH2=

’

+ @+ |p|> —2|p|n cosp)?] (|p|[1—cosp]) "

which diverges asIn| p| for | p|—0. By looking at the expres-
sions for J,, J;, one realizes that they are less singular than
J, for | p — p'|—0. On the other hand, the factors

[L *( p)]'? (which are assumed to exist) at right and left in
Eqgs. (5.1)(5.4) and the subsequent reduction of M ’s to p,p’
varying inside 2 { [L *’( p)]""* = O for p outside 2!} elimi-
nate any possible divergence in the p- and p’-integrations as
|p|— o0, | p'|—>c. All these facts imply | |[M ||, < + o
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The factors [L “(p)]'/? are the natural generalization
to the actual vector case of a simpler factor, which proves
useful in studying the scattering integral equation for a non-
relativistic scalar quantum particle, which interacts with an
external potential V' (x). In fact, in the latter (quantum) case,
the multiplication by ¥ ' transforms the scattering integral
equation into another one whose kernel is Hilbert—
Schmidt.'®

(b) One has ||Q, ||, < + . This property comes from
the factor [L “)(p)]'”* in Eq. (5.2) and the fact that
Sip1<n d7p'lIn[ p— p’|| < + o0 and
Sipi<n d2p'(lp —p') ' < + o for finite p.

(c) Assume ||M ||, < 1. Then, the series for 0 *’( p),

h = 0,1,2 obtained by successive iterations of Eq. (5.5) con-
verge. In fact, by iterating Eq. (5.5), majorizing term by term
in L *-norm and summing the resulting geometric series, one
gets [|@ [l <(1 — [IM 1)~ "Il -

(d) Moreover, since | M ||, < + o« and ||Q||, < + o,
the modified Fredholm theory gives the solution of Eq. (5.5)
as a ratio of two series, provided that the modified Fredholm
determinant does not vanish. Both series always converge
for any cross section of the cylinder and any magnitude and
variation of €( p) (which be compatible with the assumptions
made upon it). We shall omit the detailed expressions for the
Fredholm series.'®

We shall study briefly the convergence condition
1M ||; <1 under the same simplifying assumptions (a)

[e( p)=~€, L and L @ are neglected, etc.], and (b) [the
wavelength is larger than a characteristic length a(2 ) of £2 ]
as in Sec. 4. Again, the contributions from de/dx;, i = 1,2
are taken as negligible. Upon performing the same approxi-
mation on G S} as there, the condition ||M ||, < 1 becomes

Iigi{{[ka(ﬂ)]z |Inka(2)] + [kya(@2)]?

X |lnk3a(-(2)|}2
+ 3 {{(ka(2))? + 2(kya(2))*]
X |Inka(2)| ~ (k;a(@))* |Ink;a(@) | P} < 1.

This condition, as well as the one obtained at the end of Sec.
4, ensure the convergence of the iterations of Egs. (4.1) [or
(4.4)] and (5.5), respectively, for suitably small values of
ka(£2) and k,a(f2). The latter may well correspond, phys-
ically, to the domain of radio-and, even, microwaves. In the
optical domain, at least ka(f2 ) is, frequently, much larger
than 1, so that our short-distance approximation for G <7
fails. If ka(£2 )> 1 and k;a(£2 )> 1, and under the same condi-
tions upon ¢, the leading contributions to both a and ||M ||,
can be estimated by using Eq. (3.15). One finds:

27

172 s ,
=2 [ka_—(.(l) - te— 1] {[ka(@))* + [ksa(@2)]},
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||M||2z[§;—ﬂ—)] Je—1]

X {lka(@))* + [kia(2)]*}.

Then, the series of iterations for Egs. (4.4) and (5.5) may still
converge provided that |€ — 1| be sufficiently small.
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The equations of plane, steady nondissipative magnetogasdynamics are formulated in terms of an
exterior differential system. Reciprocal-type invariant transformations are derived as symmetries

of this system.

1. INTRODUCTION

It was Haar' in 1928 who first presented explicitly a
class of transformations which leave invariant, up to the
equation of state, the governing equations of plane potential
gasdynamics. However, it may be shown that the pressure-
density approximation to the adiabatic gas law introduced as
early as 1904 by Chaplygin® in his now classical work on gas
jets may be set in the context of a class of Backlund transfor-
mations of the hodograph equations of gasdynamics
(Loewner>).

In 1938, Bateman® constructed a further class of trans-
formations which leave invariant the gasdynamic equations.
These have been termed the “reciprocal relations” and a spe-
cialization of these were used by Tsien® in connection with
the approximation of certain subsonic adiabatic gas flows.
Bateman® subsequently observed that both the Haar trans-
formations and the reciprocal relations are of the Biacklund
type. Since that time reciprocal and other invariant transfor-
mations have been the subject of extensive enquiry.”?

In the present paper, a new class of transformations are
introduced which leave invariant the equations of two-di-
mensional, steady, nondissipative magnetogasdynamics.
The basic equations may be written in the form of four con-
servation laws”?

alAIZ _aZA’1 =07 i= 1,"'94) (11)
together with the relation
u(ul, —vH )= a, (1.2)

where [A ! ] is the matrix

[4;]

puv —u’H H, — {7 +pu’ —p’H?Y}
| Z +p —p’HI}  puv—p’H H,

pv —pu

uH, —uH,

(1.3
while & is the total magnetic pressure, p is the gas density, u)
and v are the velocity components, H, (i = 1,2) are the com-
ponents of the magnetic field, u is the magnetic permeability
(assumed constant), and « is a constant.
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Equations in the form of conservation laws in two inde-
pendent variables may be conveniently expressed in terms of
differential 1-forms. Thus, if we coordinatize R® by x!, x*, u,
v, Z,p, H,, and H, we may introduce coordinates w’

(i = 1,...,4) on R* and an exterior differential system 3 on R®
X R* whose solutions are the solutions of the system (1.1)-
(1.3), namely, the exterior ideal generated by the O-form

h: =u(uH, —vH,) —«, (1.4
and the 1-forms

B =dw — A dx°. (1.5)

A solution of X will be defined as a two-dimensional
submanifold (¢,N ), ¢ : N—R® X R* which is transversal to
the coordinates x°, and satisfies

$*3=0.

A solution of = is therefore given locally by a map of the
form

xl

x2
u(x', x%)
v(x', x%)
Z(x', x?)
plx'x?)
H, (x'x% ’
H,(x', x%)
w'(x', x%)
w(x!, x%)
w(x!, x?)
wh(x!, x?
such that u, v, Z, p, H,, and H, satisfy the system (1.1)~
1.3).
( )A diffeomorphism ¢ of R® X R* which satisfies
Y*3 C X will be called a symmetry of 2. Thus, if pisa
symmetry of 2, and (¢,N ) is a solution of 3, then so is
(¥ o ¢,N) [provided ¢ © ¢ is transversal to the coordinates
(x*)]. We shall demonstrate in Sec. 2 that reciprocal type
symmetries of X exist.
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2. RECIPROCAL TYPE SYMMETRIES OF >

Consider a diffeomorphism ¢ of R® X R* which is linear
in the coordinates x°, ', namely

X =y*x"=Blw’ + Ci x* Q.10
and

0" =¢*o’'=b 0w+, x, 2.2)
where B¢, C1, b}, and c; are constants. The condition

PHEC3

may now be used to determine the remaining quantities

Wi=yru, V:=yr, P :=y*Z, p:=y*
H!:=y*H,, i=1,2,
as follows.

From Egs. (2.1) and (2.2)
B = Y* du — yrA Y dxt
=b!dw! —c, dx* — y*4 (B} dw’ + C; dx°),
and from (1.4) and (1.5)

dw’ = A7 dx", mod 3,
so that
Y*B=[bid) +c, — A" (Bf4%, +CH]dx’, modZ,
where 2.3
Al =yrd, = Al oy,
Thus, y*B'c X iff
bidl +ci —A" (B4, +CH=0. 24)

3. AN INVARIANT TRANSFORMATION

The matrices [6 ], [¢} ], [B }],and [C} ] are chosen to
be of the forms

oz [ ¢ ¢
[b;] = ; 2 , [c’a] = —C C ,
0, Afa,,a,)] 02
2
3.1
b —b
[B)]= 0], [Cil=103],
b b ]
and [4 | ] is written as
S U
. -V S
W=, .| (3.2)
uH, —pH,
where

S:=puv —p*H H,, U:=% +pu>—p’H7,
Vi=2 4+ pv* —u’H? .

In the above, a, i = 1, 2 and b, ¢ are real constants. It follows
that

S+V
S—-V

-+ U)

kgl L Ck =
BXAl +Ck=b s v b

3.3
so that
det(B]’-‘Ai +CH=2*S*-UV)= —-2b%, (3.4)

where

The confiition (2.4) provides eight equations for the six un- J= P+ P(pg* — u*H? — pa’. (3.5)
knowns in terms of u, v, Z, p, and the H, (i = 1,2), together Th
with the constants b/, ¢, B, and C%. The requirement us,
. a K11 1 S—-U S+U
¢h=1h, (2-5) [BJ-A{,-FC,,] :_EE, (S V) S+ V y
where / is a constant, provides a ninth equation. Thus, in ] (3.6)
general, it is to be expected that it will be necessary to impose while
three additional constraints in order to obtain symmetries of ¢ c
the present type. Such overconstrained systems are charac- o ‘ —c ¢
teristic of the algebra associated with Bicklund transforma- [bjdl +c]l=] , _ ; 3.7
) . . L PV a, pu
tions. It is possible however to reduce the number of con-
straints to two as is evidenced in the following illustration of GpuH, —auH,
the method. so that
c(V-U) c2S+ U+ V)
w 1 | ~ec@S-U-V) cV-U) G.8)
Wil= = 57| —ai plZ @+ ) +patl, —H)]  —a, p[ P —v) — patd, +H)] | |
—a,[pPH, +H,)+pau—v)] —a[pn?H, —H,)—pa(u+ V]
In this case, the nature of the matrices B ¥ and ¢/, has guaranteed that 4 '} = 4 '; so that the number of equations for ',

p,u',v',and uH ! (i = 1,2,) has been reduced to seven, obtained by comparison of (3.8) and the primed counterpart of (1.3),
augmented by the constraint (2.5). Thus, in general, Z',p’, ', v', and uH ; may be determined in terms of #, p, u, v, and uH,

subject to two constraints on the latter six quantities.

Now, comparison of the (4,1) and (4,2) terms of (3.8) and

p'u'v'—sz{Hé _{.@:+plul2_‘u2H{2}
. — (P +pv*—u*H P ‘w'v' —u*H | H )
[47]= ( Py TR p o , (3.9)
p —pu
J72: 5 —pH
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produces the required expressions for the new components
H ! of the magnetic field in terms of the original magnetogas-
dynamic variables, namely

pH| = —a,[Zu(H, — H,) — pa(u +v)}/2Jb
and (3.10)

pH} =a,[ZwH, + H,) + pa(u —v)]/2Jb

or,

pH' = — %[%(1 —DH—pa(l +07l, @G.11)

where H: = H, + iH,, ¢ : = u + iv, and similarly for the
primed quantities. On the other hand, comparison of the
(3.1) and (3.2) entries of (3.8) and (3.9), yields

p'u'= —a p[@(u —v) — pua(H, +H2)]/2Jb
and (3.12)
pv =a, p[Z?u+v)+pa(H, —H,)]/2Jb,

or,
—————9’1—1 a(l +DH 3.13
P'q 2Jb[()q,u()]()
Now, (2.5) implies that
dipa'= —ulp'¢dH —p'TH), (3.19)
where a' = la, so that, from (3.11) and (3.13) we obtain the

expressions for the new gas density and the new gas velocity
components in the forms

’

p = —a,a,ap/2b’a'J (3.15)

and
g = (ba'/a,&)[ (1 — )G — pa(l + DH ],
respectively.

Further, comparison of the (1,2) or (2,1) entries of (3.8)
and (3.9) gives the new total magnetic pressure, namely

(3.16)

P =

oy [P+ + pat, — )

£ o )y
+2le +p(u — vy —

2

_4J22

pHH, — H,)’]

[(ZwH, + H,) + pa(u —v)]*.
(3.17)
Finally, the (1,1) terms of (3.8) and (3.9) yield
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pu'v —u*H H,
= (c/2b0)[ p(u* —v*) —u*(H] — H3)], (3.18)

while the (1,2) and (2,1) terms give, for 7’ to be defined
consistently,

p'u? —v?) —p(H{*—H}Y)
= (2¢/bJ ) puv — u*H, H,). (3.19)

The conditions (3.18) and (3.19) may be conveniently com-
bined to give the single relation

p'q* —p*H"” = (c/bJ X pg® — W’H?). (3.20)

Thus, to summarize, it has been shown that the magnetogas-
dynamic Eqgs. (1.1)—(1.3) are invariant under the transfor-
mations defined by (2.1)~(2.2) subject to the requirement
(3.20). Moreover, the new magnetogasdynamic variables are
given explicitly by (3.11) and (3.15)-(3.17).
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Nonperiodic oscillations of Langmuir waves
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It is shown that the single-mode equations derived from Zakharov’s model for Langmuir
turbulence in a plasma in the presence of an external spatially homogeneous electric field
oscillating at the electron plasma frequency has nonperiodic chaotic solutions whose power
spectra have turbulence-like features. Bounds for these chaotic solutions are derived. Typical
numerical results are presented for the one-dimensional case.

1. INTRODUCTION

It has been observed that certain nonlinear ordinary
differential equations have chaotic or turbulence-like solu-
tions.'™ A simple example is the Lorenz model for thermal
convection in a fluid layer.' Recently, Ruelle and Takens
proposed that fluid turbulence can be mathematically char-
acterized by this class of solutions whose trajectories in the
state space are attracted to a nonempty set (“strange attrac-
tor””) which is neither an equilibrium set nor a periodic or-
bit.* On this set, the trajectories exhibit chaotic oscillations.
Moreover, they are sensitive to variations in the initial condi-
tions. Here, we shall demonstrate that the single-mode equa-
tions derived from the Zakharov’s model for Langmuir tur-
bulence in a plasma have nonperiodic chaotic solutions.

We begin with the following dimensionless form of
Zakharov’s equations describing the nonlinear interaction of
high-frequency electron oscillations with an ion fluid in the
presence of an external spatially homogeneous electric field
oscillating at the electron plasma frequency  ,:*

. JE

V-lgt- +VE—nE+E)| =0, 0))
n 2 2 2 *
5;;—vn=v[lE| + E,«(E+ E%], )

where/ = v/ — 1; (-)* denotes complex conjugation, and a-b
the usual scalar product of two real or complex vectors a and
b. E = (£, ,...,E,) is the complex amplitude of the high-
frequency electric field & given by

&(t, x) = Re[E(z ,x) exp( — iw ,1)]; 3)

and # is a real quantity corresponding to the low-frequency
perturbation in the ion density from its constant equilibrium
value n, . The units of time ¢, spatial coordinates x = (x,,
..»Xy), electric fields E,, and E, and ion density perturbation
are respectively, 3/Qaw ), 3/2)a * A, , [(64/3)mn,m,
c2]'/*, and (4/3)an, , where a is the electron-ion mass ratio
m,/m; , A, the Debye length, and ¢, is the ion acoustic
speed. Here, E, = (E,, ,...,E,y)is a real constant vector cor-
responding to the normalized amplitude of the external elec-
tric field. It is of interest to determine the behavior of the
solutions of (1) and (2) (with appropriate damping terms) as
a function of the parameter E, , in particular, the existence
of turbulence-like solutions for some E, , and the onset of
such solutions as E; tends to some threshold values.
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2. SIMPLIFIED MODEL

Let the spatial domain £2 be a bounded open subset of
the N-dimensional Euclidean space R, and L *(2 ) denote
the Hilbert space of real square-integrable functions defined
on £2 with inner product (u,0) = f,, u(x)v(x) df2. Let {6, }
be a countable orthonormal basis for L %(£2 ). We seek solu-
tions to (1) and (2) in the form:

E(x) = 3 E (1), (), n(tx) = D))y, (4

If the boundary of (2 is sufficiently smooth, then the
Laplacian with suitable homogeneous boundary conditions
is a negative operator with a countable point spectrum. We
may take ¢, to be the orthonormalized eigenfunction of ¥/
corresponding to the eigenvalue A, = — u; . In this case,
we may substitute (4) into (1) and (2), multiply both sides of
the equations by ¢,,(x) , and integrate over {2 to give a coun-
tably infinite system of ordinary differential equations for
E,andn, :

dE,,
[ — —~,uf,,E,,, =n,E, + zzamkk'nkEk" &)}
dt i
d’n,, b
mnm
dt? #

= —pnEE, +E)+ 3> B EEc s (6)
ray
where E,°E,. = 2 ,E, E,; and

s = j 8y ()6, (x) d2 . ™

B = f 18008 W1, 0042 ®

By retaining only the terms involving E,, and n,,, in (5)
and (6), we obtain the following simplified equations for a
single mode m:
dE
i d'" — (s —¥n)E, =n,E +a,E,), 9
t

dznm + zr dnm + 2
mnm
d[ > m dt :u'
= ~pnE(E, +E )+ B, |E, |, (10)

where
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an= [ 42040 8, = [ VLW, a0.
a1mn

Also, we have added the phenomenological damping coeffi-
cients y,, and I'",, . They may represent Landau damping of
the high- and low-frequency waves. In what follows, we shall
analyze the behavior of the solutions of (9) and (10) as E,
varies. For brevity, the subscript m in (9) and (10) will be
omitted in places where ambiguity does not arise.

A starting point for searching the strange attractor or
chaotic solutions is to study the nature of the equilibrium
points as E, varies. It is known that chaotic solutions could
arise after finite number of Hopf bifurcations,’ therefore we
shall establish the existence of Hopf bifurcation points.

3. EQUILIBRIUM POINTS
Consider the following equations for determining the
equilibrium points of (9) and (10) for any given E;:
(v — p)E = n(E, + aE), (12
pun= —p’E,(E+E*) + B |E|*. (13)

Using (13) to eliminate » in (12), we obtain an equation
for E:
iy —p)E = [ — Eo(E + E*) + Bu * |E|*)(E, + aE).
(14)
Evidently, since E, is a real N-dimensional vector and n
is real, a solution of (14) must be a complex scalar multiple of
E, (ie.,E = £E, forsome& = £ + i£;). Thus, the solution
of (14) reduces to finding £. Note that E = 0 is a solution of

(14) for any E, . Substituting E = £ E into (14) leads to the
following equations for £, and &,:

“(/‘2§R + ¥&,)
={Bu ML +£H - 26 N1+ agR)|E % (15)
Ve — 16 ={Bu 2% + €D — 265 Jat K %

(16)
and
n={Bu"C% +&DH — 2% 1K, an
where ||E, ||” = E,E, .
Dividing (15) by (16) gives
Er +ET=(an)"'WE — vEr), (18)

which implies that a solution must lie on the circle:
1 2 2 2 4
(et ) +(6- o)=L g
2a 2ay (2ay)
Now, we substitute (18) into (16) and solve for £ in |

4. STABILITY OF EQUILIBRIUM

terms of £, :
Er =&, + By B )
X[y + Qe+ Bu DBl 17" (20)

Finally, using (20) to eliminate £ in (18) leads to the follow-
ing quadratic equation for &, :

AL +BE +C=0, ¥}
where

A=[(B/y) + 8K |*, (22)
B =20 By~ + v — 22y K|, (23)
C=p*+ 7 — 2K | (24)
5=Qa+ Bu?). (25)
IfB?>— AC>0or

Eo || — 4a 86 2| ||* — Qay/8)*>0, (26)

then (21) has real roots given explicitly by

+ Sy’ { :  WB+79)
F= L
Ly Ew oy oy O L
. _, 2 2ay \2]172
+ 1Bl — 4211 - (L)) @)
For ||E, ||*>0, condition (26) is satisfied if and only if

|Eo|*>E 2228 2 [ B+ (B + 87)'°]. (28)

Thus, we conclude that for 0<||E, || < E,. , the origin
(E,n,n) = (0 + j0,0,0) is the only equilibrium state of system
(9) and (10), where 7 denotes dn/dt. When ||Ey|| = E,. , a
new equilibrium state (E,n,7) = (Re(E) + /Im(E),n,0)
emerges, where Re(E) = £, E,, Im(E) = £ E, with £, given
by

e[ WELED) g
(B +8PEL 8u?

and £, ,n are given by (20) and (17) respectively. As ||E, ||

increases from E,, , the foregoing nonzero equilibrium state

bifurcates into two distinct equilibrium states (£ 7 E,

+ i Ey, ,nt,0)and € E, +i& 7 E, ,n~,0) where £ £
are given by (27), whose corresponding £ & and n* are de-
termined respectively by (20) and (17). We note that £ and
&, depend on || E, ||. Also, the coefficient C defined by (24)
vanishes when

IEo| = E5. 2" + )/ Qu?) . (30)
Consequently, £ ;~ also vanishes. Thus, in this case, the equi-
librium set consists of the origin and the point [(£ 7

+ i€ [ )E, ,n*,0] . When ||E, || increases from E,_ , we
have again three distinct equilibrium points.

Let E; = Re(E), E; = Im(E), and z denote the 2(V +1)-dimensional real vector (n,7,E,,E,)7, where (-)7 denotes

transposition. We rewrite (9) and (10) in the form:

n
dz A —pin =20 — 207 Ey-Eg + B (| E|* + |E/|1?)
== f(zE)2 s @31
dt — vEg + (u* + an)E,
— vE, — (* + an)E, — nE,
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Letz, = (n°,0,E%,E}) be an equilibrium point of (31)as given in Sec. 3, and 5z(¢ )2 z(t ) — z, . We consider the following
linearized system of (31) about z,:

L2~ 3,80 32
where J , (z,;E,) is the Jacobian matrix of f at z, given by
0 1 o} 0]8
3, @K, = - Afz —2r 2ABE; —p’E)" 3/)’(1*3 D' ’ 33)
aE] 0 — 7yl w +an9l,
— (B, +aEy) 0 — @ +an)ly — 91,

where O and Iy are the N-dimensional zero vector and N X N identity matrix respectively. It can be shown (see Appendix)
that the characteristic polynomial of J , (z,;E, ) is given by
det [J/ (z.;E)) — A4 IZ(N 41 ]

=[r +AY + @+ anP1"A* 2N + @) 2 [(r + A) + @ + any' 1V

X [(* + anY{(BE; — w?Bo)(Ey + Ep) + a BES} + (7 + A Xaw® + B)E, E;] . (34)
For the case where z, = 0, the above expression reduces to
det[J (OEy) ALy, 1 = [(r + AV + 217 [A2 4200 + p) (@ + ) + 4} 2% B |1P) (33)

Evidently, when E; = 0, the spectrum of J ,(0;0) is given by [ — ¥ + ju” (multiplicity N), — I + (I"'* — p*)'"*] , which
implies the asymptotic stability of the origin for ,I"> 0. For E, #0, the eigenvalues A = — ¥ + iu? [multiplicity (N —1)]
remain invariant, while the remaining eigenvalues are roots of the quartic equation:
A2y + DYA° + b + 12 +4y T + PO 2 [D P +u®) + 1A + 122 [ + ) =2 p2||E|P] = 0. (36)
Obviously, J , (0;E, ) has a zero eigenvalue when ||E,||2 = E 2 2 (u* 4+ ¥*)/(2u?) . This coincides with condition (30) for
which one of the equilibrium points returns to the origin. It can be readily shown by using Routh’s criterion® that the origin
becomes unstable when ||E, || > E,. . In fact, (36) has only one unstable root and it is real and positive. Thus, the origin has a
saddle point structure in a two-dimensional manifold. So we conclude that Hopf bifurcation cannot occur at the origin for any
value of || E, || .

For the case where |E, || >E, , there exist nonzero equilibrium states z, which depend on || E, || . We observe from (34)

that A = — y +i(u’ + an®) are stable eigenvalues of J , (z,;E, ) with a multiplicity of (¥ —1). The remaining eigenvalues are
given by the roots of the quartic equation:

A+ a3A7 +a, (|E DA ? +a, (B [DA + a0 (|Eo ) = 0. (37
where

a; =20 +71), a(|[E ) =7+’ +4y + @’ +an’y,

a,(|E|)= Z{F [¥ + @ + an)’] + yu® + (ap® + B)E, E;}; (38)

o (1B [) = 217 + @? + an®)’] + 2{(w* + an) [( BEx — u?Eo)(E; + aE})
+a B|E;|*] + vaw® + B)E, Ef},
where E% , E , and n° (given in Sec. 3) depend on ||E, || . To determine the value of | E, || for which Hopf bifurcation occurs, it

is necessary to determine the existence of purely imaginary roots of (37) for some value of ||E, || . From Routh’s criterion, we
can deduce that if

‘1302(||E0”)>‘11(“E0”) 39
and

a,(||E, ”)[03‘12(”}30 D —a (E, D] = agao(“Eo”) , (40)

then (38) has a pair of purely imaginary roots given by A = + {a,4, [a:0,(| E,||) — a, (|E, ||)]}”2

Let E,, be the value of ||E, || such that both (39) and (40) are satisfied; and 4, (||E, ) = Ar(|E, )+ il,(||E, ||) be the
roots of (37) such that A (E, ) = 0. By alengthy but straightforward computation, it can be shown that A'. , thederivative of
Ar with respect to the parameter ||E, || , is given by

/l.}z(||Eo = [a%a;)(HEOH) +2a,(|E, “)‘1; (B, ”) - a3a'2(||E0 Na, (1Es )
— a;a,(||E a, (||E0||)]{2(13 [a;a, (IEs D + a3 (| Eo |[) —4 a0 (|| Ey ”)]}_1 ’ (41)

where a; denotes the derivative of a , with respect to ||E, || . For Hopf bifurcation,'® A % (Eox) >0 . Due to the complicated
dependence of a,,a,, and g, on ||E, || , it is difficult to determine the threshold values of ||E, || for Hopf bifurcation. We shall
resort to numerical computation at this point.
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FIG. 1. Locus of equilibrium electric field E€= E% + iE with E] asa
parameter. (E ' =& * E,and E,” = § ~ E, are denoted by solid dots and
circles respectively.

We note here that the Hopf bifurcation problem for (9)
and (10) with spatial dimension N or dim(E) > 1 can be com-
pletely studied by considering only (37) which is the charac-
teristic equation for the case with N = 1. Since for > 0 and
I'> 0, the additional eigenvalues A = — A + i(u? + an®) for
N> 1 are stable, and a, ,a;(||E, [|)> O for all ||E, ||, the di-
mension of the unstable manifold associated with a nonzero
equilibrium state is at most three.

5. BOUNDS FOR CHAOTIC OSCILLATIONS

The existence of chaotic oscillations depends on the
manner in which the stable and unstable manifolds associat-
ed with the equilibrium points intersect with each other. At
present, there are no readily verifiable analytical sufficient
conditions for the existence of chaotic solutions for finite
dimensional systems of ordinary differential equations.
Here, we assume the existence of chaotic oscillations and
proceed to derive bounds for their amplitudes, thus provid-
ing estimates for the size of the invariant manifold generated
by the chaotic oscillations.

First, we shall make use of a function ¥ of the form:

-20

FIG. 2. Locus of equilibrium ion densitities n * and # = with Ejasa
parameter.
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V(E) = |E—E|V/2, (42)

to estimate the magnitude of chaotic oscillations of the elec-
tric field where E = ReE + /ImE is to be determined. By
direct computation:

dav _ -
= Bz + D[y ' @ + an)ImE — ReE] |
+|1E; + O [¥ 7' @ + am)ReE — ImE + y ' nE, | ||*

— [y 7' (* + an)ImE — ReE|?

+ [l¥ " (> + an)ReE — ImE + y ' nE, |*]} . (43)
If we set ReE = — a ~'E, and ImE = 0, then (43) reduces
to

dv _
Z= _7’{“ER +Qa) ' Eo|I* + |E; — p7Eo/Qay)||?
Im
</ “w 8 ///5:
G /
- A
X O . /"
X e /‘
oo L
A /7
N £ 106
’ 14/\\ “zn.m 01 ‘4:4
ofl / -/\/ / -
0.14 7{ 2 0.2
0.404 030)2 /N o.08
0.104
\/ 0.102
o4 o
8 3 3 Fl \ 0 Re 2 4

FIG. 4. Locus of the eigenvalues of J ;(z,' ;E,) with E as a parameter.
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— Q@) (1 +p'y IE [}
= —7[|[E-E/|’~Qa) (1 + 'y DK |I*], (44)

where E, = — (2a) 'E, + it’E,/(2ay). We note that
with the foregoing choice of E, # does not appear in (44).
Moreover, for ¥ > 0,dV /dt < 0 at any point E exterior to the
set £ = {E:|[E— E,|<Qa) ' (1 +u'y 2)"|[Eo ||} . Let
Ey ={E:V(E)=1|E+a'Ey*<8?}. Since for any § > 0,
= is a ball in E-space centered about the point —a ' E,
with radius /28, it is possible to select a & such that = C 5, .
In fact, elementary geometric considerations show that the
smallest 4 having the foregoing inclusion property is given
byd=(2a) "' (1 +p'y 2)"?||E,|| . Evidently,

dV /dt <0atany point E exterior to.=; . This implies that for
a solution of (31) initiated from any point

z(0) = (n(0),7(0),E, (0),E,(0)) at r = 0 with E(0) = E(0)
+ iE,(0) exterior to = , its corresponding E(¢ ), t > Oeither
eventually enters = at some finite time ¢, > 0 and remains in
Zj forallz >, ortendsto = ast — 0. Clearly, = con-

FIG. 6. | E(1)]| and n(z ) vs time 1 corresponding to the solution of (53) and
(S4)ywithm = I, L =a/v10,", = 2.0,y, = 1.0, E} = 1.625; initial data:
E (0) = 1.426 + 0.50714, n(0) = — 40.75 and n(0) = 34.58.
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FIG. 7. Projection of the trajectory of (53) and (54) (with parameters as
given in Fig. 6) onto the (Eg .E,)-plane.

tains all the points E(z ) along any chaotic solution of (31)
when it exists.

Next, we derive a bound for the magnitude of ion densi-
ty oscillations. Let 7 = n + u?8 ' ||E, ||>. We can rewrite
the first two equations in (31) as

av

T:JZM/JF [0,B|E—~u*B 'Ey |*]", (45)
where . 4" = (7,/)” and

v=| % 1] 46)

- —ur =2rl

Given .#7(0), the initial data for .#" at t = 0, (45) is equiv-
alent to the integral equation:

A7) = [expat |A(0) + J-, expl.(t — )]

x[0,8 |E() — B ~'E, |1 dr . (47)
Thus,

L Ol<llexpast 14O + [ | B1llexparc =)
(0]

X |E(r) — 2 B ' E, | dr. (48)
For u’> I' >0, we can find a constant € > 0 such that
llexp (o/'t) ||[<€ exp(— I't). Also, we have already estab-
lished that along any chaotic solution E(¢ )C = or |E(z)
+a 'E,|<6=(2a) " (1 +u'y ) |E,|| for all £,
Hence,
|E(r) — i’ B 'E, |

= lE(T) +a'Ey— (@' +u’B E, I

<|E(T)—+—a"E0 | + |la ' +u*B - HIEo”

<GS+ la ! +pB B ISP IE |, (49)
where ¥ = (vV2a) ' (1 +u*y ) 4+ la™' +u?B 7.
It follows from (48) that
A @Ol<E{¥ | BIEIPT ' + |z

— | BB |11~ Jexp(— I'1)}
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other parameters as given in Fig. 6.

— 8.25344,and

<¢max{||20)[.¥ | B |IEo T '}, (50)
for all r >0 and E(0)e=;. When ||z(0)||<¥| B | |Eo I,
we have || ¥ ()||<E Y| B | |Eo||°T " for all £ >0, a bound
which is independent of z(0).

6. ONE-DIMENSIONAL EXAMPLE

Consider the case where N = 1 with a bounded spatial
domain {2 = [0,L ]. Assuming that both E and n vanish at the
boundary points x = 0 and x = L, we can take ¢, (x)

= (2/L)*sin(kmx/L), u, = kw/L, k = 1,2--.. For this
case, the coefficients o, and 3, defined in (11) become

m

L
a,, = f (2/L)*sin*(mmx/L) dx
(¢]

_ [ 0 for m even, 51y
QL)Y /Bmm)  for m odd,’
403 J. Math. Phys., Vol. 21, No. 2, February 1980

Lo \an d 2
B, = J ( = ) [sin*(mmx/L)]sin(mmx/L) dx
o \ L dx
_ [ 0 . for m even, (52)
—8mm (2/L%'*/3 for m odd.
Thus, for an odd integer m, Egs. (9) and (10) have the

form:

dE, m7r)2 .
[ —|—IE, +iv.,E,
dt ( L v

=n,, [EO + (%7)1/2/(3m7r)Em] , (53)

2

2 d 3
"oy oop, D (—mﬂ) "o
dt? dt L
5y1/2
(2/L3 ) ]l E |

2
- - (%) Bk, + B0 - [var

. (54)

8.90

kol ,w i -
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FIG. 9. Solution of (53) and (54) with £ = 5.05,

E(0) = — 5.0069 + 3.26742i,n(0) = — 8.63114, #(0) = 1.86353, and oth-
er parameters as given in Fig. 6.
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where E, is a real nonnegative parameter.

To illustrate the qualitative features of the solutions of
the above equations, numerical results are obtained for the
case wherem = 1, L =#/v/10,I"') =2.0,and 7, = 1.0.
These values are chosen to simplify the numerical computa-
tion. They may not correspond to any particular physical
situation. Numerical results for specific physical situations
will be presented elsewhere.

First, we compute the locus of the equilibrium electric
field E © as a function of E 2 using (27) and (20). Figure 1
shows the locus in the (E,E;)-plane. It can be seen that
bifurcation occurs at E2 = E2, = 0.09974. AtE} = E,

= 5.05, one of the equlllbrlum points E © returns to the ori-
gin. As E 5 — o, the locus of one of the equilibrium points is
asymptotic to the line E, =¥ 8 ="' Qa, + B, ' )Ex

= —0.1 E, while the other one tends to (E ,E,)

404 J. Math. Phys., Vol. 21, No. 2, February 1980

= (— ,0). Figure 2 shows the equilibrium ion densities #°
as a function of EZ.

Next, we examine the nature of each equilibrium state
z, for various values of E ] by determining the roots of (37)
or the eigenvalues of J - (z,;E, ). Figure 3 shows the locus of
the eigenvalues of J , (0;E,) as E } varies. As established in
Sec. 4, when E2 < E2, = 5.05, all the eigenvalues have nega-
tive real parts implying that the origin is asymptotically sta-
ble. When E 2 exceeds E2_, one of the real eigenvalues
crosses the imaginary axis. Consequently, the origin be-
comes unstable. Figure 4 shows the eigenvalue locus of J ,
(z.' ;E,) for 0.1 <E § <40.0, where the components of z,'
=(n',0,£ 3 E,.& " E,) are given by (17), (20), and (27).
We note that for 0.1<E 2 <0.108, all the eignevalues have
negative real parts, and at £} =~0.108, a complex conjugate
pair of eigenvalues cross the imaginary axis into the right-
half plane. It can be verified that Hopf bifurcation takes
place at this point. The locus of the eigenvalues of J , (z, ;
E,)isshown in Fig. 5. Here, for 0.1<E$<2.669,J ,(z, ;E,)
has a positive real eigenvalue. When E } >2.67, all the eigen-
values of J , (z, ;E,) are in the left-half plane.

An inspection of the eigenvalue loci given by Figs. 3-5
suggests that one might search for the existence of chaotic
solutions in the neighborhood of z, for E2 > 0.108 (Hopf
bifurcation point). Numerical integration of (53) and (54)
with various initial conditions was performed for progres-
sively larger values of E . The results suggest that the peri-
odic solutions in the neighborhood of z,* (whose existence is
ensured by the Hopf bifurcation theorem) are unstable and
the bifurcation is subcritical. Figure 6 shows the time-do-
main buildup of a nearly periodic solution which evolves into
chaotic oscillations. The projection of the trajectory onto the
(Eg,E;)-plane is shown in Fig. 7. Figures 8-10 show the
chaotic solutions for various values of E 2. It was found that

12 /-

/

/

oc

@]
dem

2
|Eq|

FIG. 11. Variation of r,,,, as a function of |E, |.
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FIG. 12. Power spectra of the electric field corresponding to the solutions of
(53) and (54) as shown in Figs. 8-10; frequency scale: 1/40.96 normalized
unit.

these solutions are highly sensitive to initial conditions.
Also, not all trajectories in the z space tend to the chaotic
solutions as f — co. This is apparent from the fact that for
0.108<E2 < E2, = 5.05, the origin z = 0 is a stable equilib-
rium point, and forany E2 > EZ_,z. is always a stable equi-
librium point. We note from Figures 8b—10b that in each
case, there exists a circle with minimum radius r,;;, which
encloses the projection of the trajectories onto the (Eg ,E;)-
plane. Figure 11 shows the variation of r,,,;, as a function
|E0 | as obtained from the numerical solutions. Evidently,
Fmin Can be bounded by a linear fundtion of |E, |. This is
consistent with the estimate § given in Sec. 5. It can be read-
ily verified that in each case, the projection of the trajectories
of the chaotic oscillations onto the (Ey,E,)-plane is com-
pletely contained in 55 = {E:\E+a'E, |

<V/26 =8.3445|E, | }, where a = 1.204367. Also, we ob-
serve from these solutions that the maximum depth of the
ion density troughs increases with E 2, and the electric field
oscillates more rapidly during the ion density dips. This can
be roughly explained by considering the following equations
for E; and E, derived from (31):

d*E i E
ZR N (2},_ an )d R
dt W’ +an)/ dt
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_ t S:: j:n;an)z - Waﬁ"”) )ER (55)
ddzthl + (27/ B (? C—:-ﬁozn)) d:il '
+ (7’2 + @+ an);ﬁ— —————Wa:’;n) ) E,
= —(i+ (y - m)n)E (56)

Considering n as a slowly time-varying parameter, the fre-
quency of electric-field oscillations is roughly equal to

o = [YPW? + an)® — ayi@?® + an) =" 1'%, and the effec-
tive damping coefficient is 2y — an(u® + an) ~'. Let T de-
note the time interval corresponding to an ion density dip,
and ¢ * is the minimum point of n over T where s(z *) = 0.
Then w(t *) > w(t) for all ¢ in T such that #(t ) and

u* + an(t ) have the same sign. This condition is satisfied for
the solutions shown here.

Figure 12 shows the power spectra of the electric field
computed by means of the fast Fourier transform method.
The results resemble those corresponding to turbulence.
Also, the spectral bandwidth increases with £} as expected
from physical considerations. Finally, the truncated discrete
version of the autocovariance function of E given by

1 N-— j+1 —

i) ————— E@(A)-FE

UM = e 3 [Ea) = F]
XAE(G+j-D4 1 - E}* 7

is computed, where E denotes the mean-value of E ,andAis
the time-step size. Figures 13a—13c show the real and imagi-
nary parts of p(jA ) for E} = 1.669, 5.05 and 10.0. It can be
seen that both Re p(j4 ) and Im p(j4 ) decay from their
maximum values and then fluctuate about zero. But we can-
not deduce that the autocovariance function actually tends
to zero as the time delay 7 — oo asin the case of solutions on
a strange attractor.

7. CONCLUDING REMARKS

It was found that the single-mode equations derived
from the Zakharov’s model for Langmuir turbulence in a
plasma with phenomenological damping exhibit chaotic so-
lutions whose power spectra have turbulence-like features.
In the case of multiple modes, if all the mode coupling terms
are omitted, then we obtain sets of uncoupled equations of
the form (9) and (10). Each set is capable of producing chaot-
ic solutions when E § exceeds a certain threshold value (gen-
erally different for each mode). The total power spectrum of
the electric field is simply the sum of the single-mode power
spectra. This seems to imply that energy transfer between
various modes is not necessary in producing turbulence
which is contrary to the cascade theory of turbulence. There
are a number of computer studies’ of Langmuir turbulence
induced by interacting collapsing solitary waves based on
Zakharov’s model with phenomenological damping. Per-
haps these computer results actually correspond to some
form of chaotic solutions which are inherent in the model.
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In this work, we have sought solutions in terms of the
eigenfunctions of the Laplacian operator over a bounded
spatial domain. Of course, we may expand the solutions in
terms of any suitable countable basis for L *(f2 ) and arrive at
a countably infinite system of ordinary differential equations
similar to that given in (5) and (6). One may also consider
directly the Hopf bifurcation problem for Zakharov’s model
(1) and (2) without resorting to modal expansions. Some
results in this direction have been obtained recently. They
will be reported elsewhere.

Finally, we note that the presence of the phenomeno-
logical damping coefficients ¥,, and I, in the simplified
equations for each mode m is essential for the existence of
chaotic solutions. But there does not exist a clearcut way of
introducing the damping terms into the Zakharov’s model
based on physical considerations. Also, a detailed study of
the structure of the stable and unstable manifolds associated
with the equilibrium states is necessary for revealing the na-
ture of the chaotic oscillations described here. Unfortunate-
ly, this task is complicated by the system’s dimensionality.
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APPENDIX
From (33), it is evident that
det[J ,(z%5E,) — ALy 11y ] =4 QI + A )detP — detQ,

(AD)
where
[ -+, @ +an)ly
~@an)ly — @+ L]
—# | ABER —p’E)" 2BED”
aE; (
Q= | P
~ (Ey +aEy) |
l (A2)
407 J. Math. Phys,, Vol. 21, No. 2, February 1980

Sincedet P = [(y + 1) + (> + an®)’]¥>0, P! ex-
ists and is given by

P =+ + @ +any]

—(r+ ) — W+ an9l
[ 2(7' Ny 7 )N]' (A3)
W +amly  — @+l
Now, det Q can be computed by considering the matrix
1 or
iwdl,. %]
0, P
—# 1 20(BER —pE)" BEDTIAT
aE; :
B I Ly
e |
—(E, +aE3) |

(A4)
Since det S = (det Q)(det P~!), detP ' = [(¥ + 1)’
+ (u? + an9)?’] ~Vand
aE; ]

— (&, + akEq

(A5)
we have det Q = det S/det P ~'. The expression (34) is ob-
tained directly from (Al) and (A5).

detS = —u® -2 [(BE; —p’E,) A [
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A comparison of iteration schemes for Chandrasekhar H-
equations in multigroup neutron transport

C. T. Kelley

Department of Mathematics, North Carolina State University, Raleigh, North Carolina

(Received 18 October 1978)

An iteration scheme for the Chandrasekhar H-equations in multigroup neutron
transport is shown to converge to the solution of physical interest. Moreover, the
convergence is more rapid than that provided by direct iteration.

I.INTRODUCTION

Matrix-valued analogs of the Chandrasekhar H-func-
tion ' that arise in multigroup neutron transport theory * sat-
isfy a coupled system of nonlinear integral equations. We
write these equations in matrix form as

(H,(u,a)) 0 )
0 H,(p1,0)

I 0 H/(Uya)) 0
= (0 1) the ( 0 ﬁ,(,u,w))
G 0 (H,(v,w) 0 ) dv
X L ( o @ (v)) 0 Hww)gtv

0]

In Eq. (1), I 1s the n X n identity matrix, ~ denotes
transpose, ¥ is a matrix-valued function of v with integrable,
nonnegative entries, and @ is a complex parameter. n X n
matrix-valued functions, #, and H,, are sought.

If 4, and A4, are n X n matrices and 4 is the 2n X 2n
matrix given by

o )

we define 4 * by
A* = (A’ 9_) . 3
0 A,
If welet E denote the 2n X 2n identity matrix and, as in Refs,
3-6, define 2n X 2n matrices H and D by

O

we may write Eq. (1) in the more compact form,
1
H (10) = B + o (1) | DO *(v0) -~ (5)
0 HAY

If we let L denote the linear integral operator in Eq. (5), we
may write
H(w) =F + oH (@)LH *(w). (6)
Equation (6) has multiple solutions, only one of which
is of physical interest. We denote this solution by H (u,w). H
is the only solution of Eq. (6) that is analytic in @ near » = 0.
If we make the normalization
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1
|| f o] =4 ™

where |-||,, denotes spectral radius, then H ( 1,@) is analytic
in w for |w| < 1 and continuous in # and & for O<u <1 and
lw|<1.

Of interest here is solvability of Eq. (6) by iteration. We
consider two interation schemes. The first is direct iteration:

H,=E, H =E+wH, [LH* _, n>l ®)
The iteration scheme given by Eq. (8) has been studied exten-
sively. >!! The main result ® is that H,, (4,0) converges to
H (p,0) uniformly in z and o for 0<u<1 and |o|<1.

The second scheme is direct iteration of the following
equation, which is equivalent to Eq. (6):

H (@) =[E—-oLH*w)] " 9)
The iteration scheme is
K,=E, K’,,:(E—coLK"‘n_l)'1 (10)

In Ref. 7 the author showed that in the scalar case K,
coverges to H. Bowden ‘2 has also considered this question.
In this paper we show not only that K, coverges to H but
also that the convergence of K, to H is more rapid than that
of H, to H. Before stating our main result, we define a norm
as follows. If 4 is a 2n X 2n matrix-valued function of u for
O<u<l, define

4] = max |4,@u)|. 11
1<ij<2n
O<pesc 1

We prove the following theorem:

Theorem 1: K, (u,w) converges to H (u,») uniformly in
u and @ for 0<u< 1 and |w|< 1. Moreover, for all ¢, 0<e<1,
and n>0,

max||H (@) ~ K, (0)||< ym]a_XHH(w) ~H,@)I| (12

|w|<c

As will become clear, the proof of Theorem 1 general-
izes directly to the more general case of operator-valued H-
functions as described in Ref. 3-5 and 13.

Il. PROOF OF THE THEOREM

For |w|<! we may write

H(po)= 3 o"P(p), (13)
m=0
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Hpo)= 3 o"0,.(m. (14)

m=0
InEq. (14),Q,,,=0ifm>2",and Q,, , = P,,, if 0Km<n.
For matrices 4 and B, wesay A>Bif 4> B foralliandj. We
have, as in Ref. 5, that 0<Q,, ,<@,, , ;. ,<P,, forall m and n.
Now for jw| sufficiently small, we may write

K(po)= 3 "R, (). (15)

m=0
We require the following lemma:
Lemma 1: For all m,n>0 we have

0<Q, 1 <R 1,1 <P (16)

Assuming the lemma for the present, we may now
prove Theorem 1. Note that an immediate consequence of
Lemma 1 is that K, exists for jo|<1.

Lemma 1 implies that the power series cofficients of H-
K, and H-H, are matrix-valued functions of u with nonne-
gative entries. Hence, for 0<c<1

max|H @) — H,()|| = |H () — B, (17
and
fi,‘f;’i”H (@) — K ()| = ||H (c) — K, (18)

As Q,, <R, , wemust have, for 0<c<1,

0<H (¢) — K, (c)<H(c) — H (c). (19)
Hence ||H (¢) — K,(0)||<||H (¢) - H (c)||. This fact, togeth-
er with Egs. (17) and (18) implies inequality (12). As
H, (u,) converges ® to H (1) uniformly in z and o for
0<u<1 and |@| <1, the proof of Theorem 1 is complete.

It remains only to prove Lemma 1. Using Eqgs. (6), (8),
and (10), we derive the relations

P,= S PLP* m>l, (20)
k+l=m-—1
Qnn = Y Qun-LQ*._ m>l, 2D
k+l=m-—1
Rm,n = Z Rk,nLR *l,n —1» m>1 (22)
k+l=m—1

We proceed by induction on m and n. Note that, for all
n,Py=Qy,=R,,=E. Also, forallm, P, >Q, ,
= R, ,>0. Hence inequality (16) holds for all m if n = Oand
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for m = 0 for any value of n. Now assume that inequality
(16) holds for all m if n<N and for m<Mifn =N+ 1. We
will be done if we show that this implies that inequality (16)
holdsforn =N+ landm=M+ 1.

Equation (21), the induction hypothesis, and the fact
that, for allm and n, Q,, ,<Q,, , . imply that

2 QunLQ* N

k+I1=M

< 2 MQk,N+ LO* N (23)

k+ 1=

0<Opmiini1=

< 2 Ryn+ LR * y.
k+1=M
From Eqgs. (20), (22) and the induction hypothesis we
obtain

z Ryn 1 LR* y

k+1=M

RM+l,N+1 =

< 2 P LP* =Py . e)

k+1=M
Inequalities (23) and (24) together imply
O+ 18+ 1<Rps 4 1.8+ 1<Pyr 4 1 This completes the proof.
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